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PREFACE 


The original intention of tho author, when undt'rtaking this work,* 
was to write a single volume general tc'xtbook ch'aling with the 
theory and practice of alternating current electrical engineering. 
As the work progressed, however, it was Realized that thi‘ seop(» of 
the subject was too great for adequate treatment in a single 
volume. Accordingly, the present volume is d(‘ voted to general 
principles, circuits, polyphase systems, non-sinusoidal wave-forms, 
•the 1 magnetization of iron, instruments, measurements, and an ele- 
mentary treatment of the initial conditions in the sim])ler electric 
circuits. 

The author is of opinion that a thorough grounding in the prin- 
ciples of alternating currents is essential before proceeding to the 
study of alternatijjg emrent inachi^^s and apparatus. This portion 
of the subject has, tlu^rdore. beem ti f.ted on a broadt‘r basis than 
is the case in some* textbooks. 

Among the apc*cial features of the present volume arc* an 
extended application of the circle (locus) diagi-am to series, parallel 
st*ries-parallel circuits ; the reduction of the general circuit to its 
equivalent se^es-parallel form and the d(*vt*lopment of a locus 
diagfam thc*tjfor ; the calculation of (*urrents in unbalanced poly- 
phase circuits and the determination of the ncmtral point potential 
in the case* of unbalanced star-connect(*d thre<*-phase circuits ; the 
theory of the principal tyfx*s of measuring instrumc*nts employe d in 
alternating current (*ngineering ; and a large number of worked 
examples in the text. 

The deduction of the circle, or current locus, diagram for a general 
circuit involves the application of geometrical invc'rsion, wliich 
principle has not hitherto received much c‘onsideration in t(*xtbooks 
for the Knglish-sjieaking students, although it has received cod- 
sidtTable develo])ment in Arnold and La Cour’s WechHehtromieclmik, 
a portion of which has been translated into English by Professor 
Stanley Parker Smith. ^ The author has given eonsiderabld 
attention to the application of this (inversion) principle to circle 
diagrams for the simple, or fundamental, circuit, as well as its 
application to* the g(*neral circuit. As an extension of the methods 
here develoiied the student is* referred to the Advanced Course of 

1 Theory and Calculation of Electric Currents* {\^\^). (Longmans Green 
Co.) 
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lecture's in Engin(*rring given, in 1921, by Professor Miles Walker 
unck'r the auspi(*es of the University of London. Some interesting 
applications of th(' j^rineiple of inversion to the p^edeUTinination of 
the p(*rforman<‘(‘ of s|K'eial types of induction motors^ were included 
in the lectures. ^ 

' fn connection with the worked (examples in the text, analytical, 
graphical and complex algebraic methods of solution have l)ocn 
employed. In some eas(‘s alterriativt‘ methods of solution arc 
givf'ii in order to sliow the studtmt the stt'jjs involved in the applica- 
tion of the alternative methods. 

Th(‘ thanks of th(‘ a\ithor are due to his colleagues and nuim/ous 
friends who have made suggestions, criticisms, and given help 
during the preparation of the work. Spe(*ial thanks are dv^' to^ 
Messrs. H. V. Mann, B.Se. (Eng.), A.M.I.E.E., F. W. Harvey, 
B.A., B.Se., and B. Hague, M.Sc. (Eng.), H.l.CJ., A.M.I.E.E. 

The authoi* is also inch'btc'd to a numbi'r of firms who have 
g<*n(‘rously sup])li(‘d him A\ith drawings, photogi'ajdis and difia 
relating to measuring instruments. Among thf>se to whom the 
special thanks of the authcAlare due are the following : Messrs. 
Xalder Bros. & Thompson, i^iUfTinsley & Vo., The Cambridge 
Instrument (^o.. The Weston Electrical Instrument Co., The 
Westcu’ii Ll(‘ctric (V),, The British Thomson- Houston Co., The 
Metro})olitan Vickers Electrical Co., Messrs. CVompton '<fe Co., 
Messrs. Kelvin, Bottomley & Baird, and Messrs. Ferranti. 

Th<‘ thanks of the author are also due to the Senate the Uiiiver- 
sity of Loiiflon for jK^rmission to u.se (piestions from, tlie Final 
Engineering (B.Se.) examination pa])ers, and to th(* City and 
Guilds of London Institute for pe^rmission to use questions from the 
Electrical Engineering examination papers. 

A. T. DOVER. 

‘ Th(‘ loftiin's \v<'ro priiiU'd in tlio fJfrctnriaN, v. xc. (11)21), ])|). 21(1, 247, 
.‘1(»2, .‘11)1, 4 IS, a."!!, 17S, '^riicy wore .subsrqiieiil ly c* vl fiidiMl and published in 
ll^)k ior II I— j\I( t hods of ( 'ontrolUntj the t^perd and Power Factor of Induction 
Motors 
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— Not equal to. 

> Cirrcater than. 

Less tlian. 
fL — Angle. 

! — %^actorial (( .g. 5 ! — 5 X 4 x 3 X 2 X 1). 

oc - Tnfinity. 

Notks. Maximum values of Cjuuntifcios varying willi n^spoct to lirno nro 
doifttod by tlio subscript tn attHcliod to the symbol »)F the ipiantity. 

Vector diagrams. •All vector ilia^rtftns luive been drawn for counter 
clockwise rotation. 


lO.M.K. vectors arc represented by an onlinaiy arrow-head. 
Flux voctoix are rcpresentetl^by a double arrow-head. 
Arnpere-t urn vectoi-s are re})roseiited by a solid arrow-head. 
Current vectors are represented by a closed arrow head. 



Vector quantities are denoted by dotted italic upper-case symbols, thus 
E, /, Z . thei^’ recUnujular cotnponents are denoted by iiea vy-fa<‘ed italic 
lower-<ia.se \vuilj^»ls and numerals, vertical components bein^ compounded 
with the symbolic operator /, thus E 110 1 j 191. 


Phase rota'tion. in the anal_\tical treatment, and v’cetor tliagrams, of 
polyphase systems tho clof*kwise (hrection ol [iha.se rot at ion, or phase sequence, 
is adopted, excejit where statements are made to thf‘ eontraiy. 


Phase and line quantities in polyphase systems. Symbols ilenotin^ “ phase ” 

K.M.Fs. and currents usually ^lave Koinan numeral snb.scri])ts, t Inis Cj, Cjy ; 
those denoting “ line ’’ lO.M.F’s, and i-urrents ha\(‘ Arabic numeral .sidiscripts, 
thus h’ ^ 2 - 

Suggested course of reading. iStudents to whom alternatmg-curront wmrk 
is now should concentrate on tho first six chapters, omitting the sections in 
small type at the first reading. This should bo followed by a study of Chaj) • 
tors VTTT, IX, after wdiich consideration should be giN^en to CfiO^iters XTT, 
XIII, XV (omitting, if desired, the more atlvanced sections in small ty])e). 
The second reading should includt) Chaptei's VFI, X, XI, XIV. 

More advanced stutlents may omit Chapters VII and XVI at the first, 
reading. 




THEORY AND PRACTICE OF 
ALTERNATING CURRENTS 

CHAPTER I 

GKNERAT. CONSIDERATIONS AND DEFfNITfONS 

Defi^tions. An allornating current, or is one which changes 

periodically in inagnitudt* and dir(‘ction. 

* TIj^ graphical representation of an alUrnafing current is shown in 
Fig. 1, in which absc'issai d(‘note tim(‘ and ordinat(‘s current . During 
the time interval AB the eurrtmt in(‘r( as(‘s from zeio to its positive 
maximum value ; it decreases to zero during tlie interval BC, 
aflains its maximum n(‘gative va'iK* at th(' instant J), and returns 
to zero at E. Tlip negative half-A^ave is usually an ('xact reproduc- 
tion of the positive half-wave wiih^he sign reversc'd, and the 
succeeding waves are irhmtical with the initial wave. 

The complete set • hanges through which the caurent, or 
E.M.F., passes is called a cycle^ and the time interval during which 
thes(‘ changes occur is called a period. For (‘xam])k‘, the full-line 
curve ii^ Fig* 1 represtmts a cycle, and the tim(‘ intca-val AE 
reprefsents a jieriod. 

Tlie nui)jber of cych's per second is calked friguency. Hence 
if T denote the tim(', in seconds, of a p(niod, the' frequency (/) is 
equal to 

The graphical representation of Fig. 1 rebus to steady conditions 
in an alh^rnating-current circuit. In special cas(‘s Fig. 1 is also 
reprc.sentativc* of the initial <*onditi(ms occurring when .a circuit is 
connected to a source of alternating E.M.P"., but more gem'rally the 
initial conditions give rise to transient ])h(‘nomcma and the w’aves 
are unsymmetrical.* 

Application of alternating currents in practice. V/hen electric 
power is required in large quantities it is always j)roducc‘d in the 
alternating-current form, as the alternating-current generator cait 
bo built in much larger sizes than the continuous-current generator 
and gives satisfactory operation at the high speeds at which large 
steam turbines have a high efficiency. Moreover, when electrical 

* A few special cases ol transient pneiioruena are con.sidcred in Cliap. XVI. 
For detailed consideration of the subject see Steinmetz’s Tra^isient Phenomei.a 

r~-(5245) 
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ALTERNATING CURRENTS 


energy is generated in the alternating-eurrent form the transmission, 
distribution, and utilization pressures are not limited to that of the 
generator, as by means of stationary transformers the energy may 
be transformed, at high (‘iheiemey, to pressures either higher or 
lower than that of the generator. Thus tJie pressures ^idop ted for 
^transmission and distribution may be chosen entirely front economic 
considerations without reference to the generator pressure, which 
is govcTned by a number of technical considerations connected 
with d(‘sign. 

Production of alternating E.M.Fs. Alternating E.M.Fs. may be 
produced eitlKu* dynamically, by the relative motion of an electric 
circuit and a magn(‘tic circuit, or statically, by the variation of 



Fig. 1.- Roprefet‘Titation, in Rectangular Co ordinates, of an 
Alternating Current 


flux in a stationary magnetic circuit which is interlinked with a 
stationary (‘Icctric circuit. In both cases tlie magr.itu(fe o^ the 
E.M.F. at any instant is pro])ortional to the rate of eh^ngi‘ of the 
linkage of flux with the electric circuit, i.c. e oc N.d<^!dt, whore eis 
the instant am’ous value of the E.M.F., N the number of turns in 
the electric circuit, and dO/r/f the rate of change of the flux. An 
E.M.F. of 1 volt is produced when tlie rate of change* of linkages per 
second is equal to 10^. Thus 

e — 10~® N d^jdt 

In alternating-eurnmt engineering we are coneerned with E.M.Fs. 
produced Jjpth dynamically and statically. For instance, in the 
majority of circuits carrying alternating currents and in electro- 
magnetic apparatus and transformers, E.M.Fs. are produced 
statically ; but in all alternating-current machines operating on 
load both dynamically- and statically-produced E.M.Fs. occur 
simultaneously. In these cases the dynamically-prqdueed E.M.F. 
is usually called the E.M.F. of rotation or the generated E.M.F., 
and the statically-produced E.M.F. is called the E.M.F. of pulsation 
or the induced E.M.F. 



GENERAL CONSIDERATIONS AND DEFINITIONS 3 


Production of E.M.F. in a simple altemating-curreift generator. 

Ijet a singlo conductor i)c rotated at constant angular \('locity in 
a uniform magnetic field, the axis of r(‘V()lution bc*ing p(‘r])endieular 
to the magnetic lines as ijidieatecl in Fig. 2. Al^) kd 

B = flu::^» density (in lines pc'r cm-.) of the magncdic lic*ld, 

I — length (in cm.) of th(‘ eonduetor in the fiedd, 

(i) = angular velocity (in radians pcT second) of tli(‘ eonduetor, 

T = radius (in cm.) of the path in which the condin tor moves, 
r 1= no ~ linear velocity (in cm. ])ct sc^eond) of tlie eonduetor. 



• ElevoLion 



Plan 


Fro. 2. — IVrtaiiiini' To tin* PkkIih lion ot F.M F. in a SnnpJi 
All(*in.itoi 

FurthcT, let time, in seconds, be m(*asur(*d from a plane' of ri'terc'uee 
{YOY\ Fig. 2) which contains the axis of revolution and ts 
perpendicular to the magiK'tie lines. 

Then at any instant /, v^hen the eonduetor oeeu])i('.s the ]K)^i(ion 
Fig. 2, the component of the lini'ar velocity perixndieular to tlip 
riux is 

rco sin L YOC — ray sin cot. 

If the conducTtor were to continue its motion in tins dirc'ction the* 
flux cut in one secoitd would Ite 

B I r CO sin cot. 
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Honce at this ])artic*ular instant, /, the K.M.F. generated in the 
conductor is 

e " Hlr lo sin wl X 10 volts 


— J O cu sin 0)1 X 10 “ volts . . • (1) 


wh(Te O (-- 2Blr) is th(‘ flux cut 1 
of a revolution. 

Thus the p].I\r.F. varit's as a sir 
and if E.M.F. and time he plotte( 



of the conductor is |)erj)endicular 
oTT, !l7T, (‘tc.- and its valiu' (E„^) is 


ly the conductor durf^g one half 

c function of the time-angle cot 
[ in rectangular co-ordinates we 
obtain the curve shown in Fig. 
3, which is called a sine curve. 
An E.M.F. which varies inrthis 
manner is C'alled a sinusoidal^ 
K.M.F. (sometimes the^cerm 
simj)le harmonic E.M.F. is 
us('d) and the gem^rator in 
whic h it is produced is called 
a sine-wave generator. 

The maximum, or crest, 
value of the E.M.F. occurs 
when the direction of motion 
o the Mux — i.e., when o)t — Jtt, 


E„, I d) (0 X 10 

“ 0 ^ 

Hcuice, ecpiation (1) may be writtem 

c E^^nmeot . . . • 


If instead of a single conductor we have a coil consisting of a 
single turn, and the 2)]aiic of the coil passes through the axis of 
rotation, the E.M.F generated in the coil at any instant will equal 
twice that gencrat(‘d in on<' conductor, or coil-side, so that in 
this case* 

e = O CO sin X 10 ® . . . (la) 


* This eqiiarion ni»i> be obtained directly as follows — 

Lot <P - flux ])as.sing through the coil wlien the latter is perpendicular to 
the magnetic lines (i.e. wlien the ]>lanc containing tlie coil coincides with the 
plane of reference). Then the ihix {cp) passing through the coil at the 
instant t is 

q) — <]} cos (ot, 

and the instantaneous E.M.F. generated in the coil is 

c - 10-» X <lp/dt - - lOi* X (OcoswO 
(D Q) sin coi X 1 0“* 
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The sine wave of E.M.F. is therefore produced naturally in the 
simplest type of alternator. The tyx^e of construction represented 
in Fig. 2 vould, however, not be commercially practicable on 
aceount of the poor utilization of the magnetic and I'lectrie materials. 
Commercial alternators are constructed with iron magnetic circuits ^ 
and slotted armatures for the purpose of reducing the magnet i<» 
reluctance and the ampt're-tums nipiind for excitation. ^J'he 
slotted construction results in deviations from the sine wav(‘, even 
when the flux is distribul(‘d sinusoidally in the air ga]), and accord- 
ingly featun^s have to be introduced into the const ruction to correct 
or neutralize the defects due* to the slottc'd construction. 

Forms of E.M.F. equation. Jn each of the above cas(\s the E.M.F. 
passr^ through a complete set of change's during each re\olution of 
the c'onduetor, or coil. Ilenc'e, the fre'qiK'iicy (/) is (‘(jiial to the' 
number of revolutions per second (>/), and the ])e'rie)d (7^) is equal 
to l/n. 

®Now the angular \e'le)city (co) "Inn - 2nJ\ se) that / — cu/27r. 
Equation (2) ma¥ therefore be ex^m'ssed in the following forms - - 

t E„^nm(ol . . . • (^) 

y J<J,„ sin -Iwft . . . . {2a) 

r- Ji,„ sill ( 27 tIT)I .... (20) 

Jn these equations wo observe' that — 

(1) the t^axim^rn value (also called the euvst value' e)r ami)Htude) of 
M E.M.F. *18 given by the coefficient of the sine of the time-angle ; 

(2) the frer^aency is given by : (coe'llicie'nt e)f time - 2-r). 

For example, if the equation to an alte'rnating E.xM.F. is 

e — 100 sin 314 t 

the maximum value of fhe E.M.F. is 100, anel the* freepieney is 
(314/277) = 50. 

Sitnilarly if the equation take's the form 

e — -| sin 3o>/, 

the maximum E.M.F. is given by FJ^ — /,„ y/ (W^ -| anel the 

frequency by 3cu/27r. 

Phase. Consider now the effect of adding adelitie)nal turns to 
the above coil. These turns may be arranged cither radially in the 
same plane, as in Fig. 4, or side by side on the surface of a cylin- 
drical core, aa in Fig. 6. In the former case the time-angle (coO is 
the same for each tym, but t^je instantaneous E.M.Fs. generated in 
the several turns differ in magnitude, siyco these turns do not cut 
the flux at the •same speed. If the turns are connected in series 
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() 

the total E M.F. of the coil at any instant is equal to the sum of 
the instantan(‘ous E.M. Es. in the several turns and is given by 

( \ \ ^3 \ 

- (O/o sin cot + OoO) sin cot j sin -+ . . . ) x 10 ® 

I f f -.-O^inro/ ^ . (3) 

\\h(T(‘ Oj, d> 2 , d>i, . . . denote tli(‘ maximum fluxes enclosed by the 
s<'V(‘ral turns, and E^^,, • • • demote' the corresponding 

inaxiininn E.M Fs. A graphie*al re'presentatiem of the E.M.Fs. for 
the' case' e)f a t hive' -turn coil is shown in Fig. 5, from which it will 



4 Fkj. T) 

J*crtamm" (o lli • Production ot 10 M K. ni a Simple .^llornator 

w itli (^o jdfviiai (Vjils ^ ^ f 


be obse't'ved that the' instantane'ous value of tlie resultant E.M.F., as 
well as tliat e)f eae*li e)f the individual E.M.Fs., is proportional to 
sin (ot. I'lius all the ]^].M.Fs. become zero at the same instant and 
reach tlieir maxima together, i.e. the E.M.Fs. arc in iiihase with one 
another. ThtTcfore, altt'rnating quantitie's of the same frequency 
have tlie same' phase, or are' in phase, Avht'n their zero valuco — or 
the'ir maximum or other corresponding values- occur at the same 
hist ant. 

With Uie>^ conditions shown in Fig. G each turn cuts the same 
maximum flux (O) during a revolution, but the time-angle is 
different for each turn. If the turns arc connected in scries the 
total E.M.F. generated in the coil is given by 

^ ^1 + ^2 I - ^3 + 

— sin sin(a>i-a) l-Oco sin[ce^ - (a -h* • |x 10® 

h>oj X 10 ®|sin cot d- sin(e>/ - a) sin[ce^ - (« + fi)] 

= I sin a)t 1- sin(co/ - a) + sin(co^ - (a -f /8) )+ . . . . J . (4) 
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whore a>t is the tim''-auglo roforroci to tlio first tui*n, aifd a, p, .... 
arc the angles by ^^hieh the planes eontaiiiiiig the several turns are 
displaced from on^ anotlier (see Fig. 6). 

A gra])hieal representation of these conditions is gi\(‘n in Fig. 7, 
which ref(‘y5 to the ease of a coil having three liirns. In tliis easi'^ 
the maxima of the sevei’al E.M Fs. oeeur at difTc'reni instants, i.e^ 
the E.M,Fs. arc out of pha,sc with our another 

In simpl(‘ harmonic motion th(‘ term “ ])liase ” is used to denot(' 
the ])oint or stag(' in the ]> ') iod, eonsid(‘red in n-lation to a standard 
position or to the instant of starting, to \\hi(‘h the oscillation has 



l*<*rtauiuig to tli(' PiodiKtiou ot 1. M P in a Siinpli* Alt«'inntor 
w it }i Dislribut I'd foils 


advaneedt For (*xajn])l(*, in Fig. 2 the jdiast' of the eondmtor at 
time t is givim by th(‘ angle (ot. lienee this angU' is somtdimt's 
called the “ i)hase angh*.” In eh'ctrieal ('nginetTing, however, we 
are coneerned more with Jin* rdatirc phases of all(‘rnating quantities, 
with respt'ct to a quantity ot i‘ef(Tene(\ rather than their absolute 
pl}%scs, and h(*nce the t('rm “ ]diase diffe]*ene(* ' is yiort^ appro])riate. 
Moreover the t(‘rm ])hase ’’ has other meauijigs than that givtm 
above. ^ 

Phase difference. The jdiase diffenuiee betw('en two^ alternating 
quantities is measurt'd by the time-angle b'dwe^en th(‘ir zero values. 
When the quantities have' the same frequene'y* this angle is e’onstant 
for corresponding values (e.g. zero, maximum, etc.) of the c^uantities. 
For the ease representeel in Fig. 7 the phase difT('rene*e between the 
E M.Fs. in tjims I and 11 is a, and is equal to the angle by wdiieh 
these turns are eiisplaeed from each othe'r. Similarly, the phase 

* The meaning of “ phase difforoiice ” u4ioii applied to quantities of 
different frequencies is considered in Chap. X. 
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difference between the E.M.Fs. in turns II and III is while that 
between the E.M.Fs. in turns [ and III is (a + /?). These expres- 
sions, however, need qualification, as they give no indication of 
which of the E.M.Fs. first reaches its maximum value. To supply 
, this deficieney the terms “ lead ” and “ lag ’’ arc emploj^^cd. 

, Lead denotes that the maximum (or zero) value of an 'alternating 
quantity occ'urs earlier than the corresponding value of a second 
quant ity. 

Ijog denot(‘s that the maximum (or zero) value occurs later than 
th(' corresponding value of a second quantity. 

Phase difference accordingly is usually expressed as either the 
“ angle of l(\ad ” or the “ angle of lag.” For example, in I^g. 7 
the E.M.F. wave I is leading with resjieet to II, the “ angle of lead 
being a ; conversely. III is lagging with respect to IT, the “ ai^gle of 
lag ” being 

If in Fig. 6 the time-angle is referred to turn II instc'ad of to turn I, 
as above, and this angle is now deno^ted by ro/', then on substituting 
((oV ^ a) for (i)t in (‘quation (4) m obtain ^ 

e = E^^ |sm {(dV |- a) -j- sin co^'+ sin (a)t' - (i) 4 . . .| (5) 

Th(* E.M.F. in turn I is now given by 

* 

e\ — sin (o)t' H a) , 
that ill turn II is given by 

e '2 = E,n s n col* \ ‘ , 

while that in turn III is given by , 

E„,sn {cot* -ft). 

Now the E.M.F. m turn I is leading, and that in turn III is 
lagging, with respect to the E.M.F, in turn II. Hence a p^us (+ ) 
sign employed in connection with phas( difference denotes “ lead ” and 
a minus (-) sign denotes “ lag,^' 

Thus in general we can determine from the equation of an 
alternating quantity; (1) its maximum value, (2) its frequency, 
(3) its phase difference' with respect to another quantity of the 
same frequency. 

^Examples. Determine the maximum value and frequency of the following 
alternating E.M.Fs and currents. Determine also the phase differences 
between the respective E.M.Fs. and currents-- 

(a) 5 ™ 

' ' = 35 sin (157« - 15°) ' = .'5a>C7A’'„ sin ({kot + Jn) 

(c) 5® ^ o>/v/'„sin (to/+ iTT) , (oil + a) 

(i = /'„8in£o/ ' <»■ = 4- JT*) sin 
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Denoting, in each rase, the maximum value of the E.M.F.* by the 
maximum value of the current hv the frequency by /, and the phase 
difference by y', we have 


(a) = 3250 ; 


35; 

/- 

Uul'l-K 

25 ; qi 

= - J.5" 

(W 



/“ 

UoriTZ ; 

r 

- 4 ir: = + 1)0° 

(c) E^ = (oZl-^ ; 

’ ~ 

J'm-’ 

/- 

(jol'lTZ ; 

r 

= - i7T - - 00° 

(rf) 

Ln 

E’^U'Ut^ 1 

x ^) ; f - 

m/L’TT : 

7’ 

~{a -f tair‘A'/i0 


Observe that b()tli frequenry and phase dillen'iice are dolemiuied from the 
time-angle, the former Ixaiig given by (l/i?Tr X coeflicient of lime), and the 
latter by the constant term, if juiy, of the time-angle. Also ohscr\e that in 
expressing plia'^e difference, the E.M.F. is taken as the quantity of reference. 
Thus 4 n (r) the E.M.F. leads the current by 1)0", therefore the current lags 
behind the E.M.F. by this amount : in {il) t he E.^SI.F. is zero when tot - - a, 

wnd the current is zero when (ot — + tan~^ XjR, so thal the phase dilference 
betwet% E.M.F. and current is (a -4- Xj R), lagging. 


Properties of sine curves. Tin' study of altc'niating-curront 
phenomena requires a kntntU'dge of the ])rop('rti(‘.s of sine eurves. 
A Ifundamt'iital prof>erty of sucli eurv(\s is that any ordinate is 
proportional to the sim* of tlie Torri'spondiiig abscissa. Other 
properties are (1 ) that tlu' mean ordintite of a half-^\ave is equal to 
2/7T times the maximum ordinati' ; (2) that thi' scpiare root of tlie 
mean of the squared aidinflt(\s of a half-wave or a eomph'tc' wave is 
equal to l/V^ times the maximum ordinate. We shall now sliow 
how these quantitativi' n'lations are obtained. 


Mean ordinate^ or arithmetic mean value, of a sine curve. 

represented by the equation 


sin {2ntfT) 


Let the* (‘iirvo ho 


whore denotes the maximum ordinate and T the period. Then the 
mean ordinate is given b}^ 


Area included hot we(*n*the curve and abscissa axis for one half-period 

^av ~ 


fTalf-])eriod 


O 

E 

= — ^ [- cos 7T -f cos OJ 
TT 


t . (It 


=^(2/71)/^;^ = 0-636 


An approximation to the value of the mean prdinate can be obtained 
arithmetically by,, determining the mean value of the sines of angles 
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between 0° and 180°. Thus taking angles at intervals of 15° wc 
have 


Armlo 

1 rr 

.30" 

1.3" 

00" 

7.3" 

00" 

10.3" 

120" 13.3" 

1.30" 

105° 

ISO" 

Sine 

0 1^50 1 

0 .3 

0 707 

0 KOO 

0 066 

1 0 

0 060 

0 860 1 0 707 

0 5 

0 250 

0 









1 





Total 7 ; Mean 7 56'12 0 613 


Th(‘ arithmetie mc^an value of an altt'rnating curn'nt is of little 
importanee in practice, as the heating (‘ffeet due to a current is 
proportional, not to tht* square^ of th(' int'an value of the current, 
but to the mt'an of the squart'd instantaneous values of the current 
as explaiiK'd lattT. However, a Imowlcdge of the mean vifiue of 
an alternating E.M.F. is frequently required in calculatiorw 
conn(*cted witli alt(^matiiig-current machines. ^ 

Root-mean-square (R.M.S.)* value of a sine curve. Tho r()ot-Tnoan-8quart* 
valiK' IS obtuirK'd by (lotorniiuiii^jj tlK‘ square root of tJio moan value of tho 
squared ordinates for a eyel(' or half eyele. Let the eiirve be represented by 
the equation 

1 J^^Ln{2TzlT)t c 

Tho square of an> ordinate {i} is then 

sin2 {2nlT)ty 

and if 7* (haioto the iiunui v«duo of the sqi^res of tho ordinates during a 
period, wo have 



- * 

Whence I - v/J7,„= l^Jy/2 0-70^7, „ 

An ap])roximat ion to th(' R.M.S. value can be obtained arith- 
metically by lletermining the mean value of Iht' squares mi the 
sines of anglc*s between 0° and 180° and taking the square root of 
• this quantity. Thus taking angles at intervals of 15° wo have 


Anglo 

15° 

30° 

4.3° 

60" 

7.3" 

00" 

105" 

120" 

1.3.3" 

150" 

165" 

180" 

Sine 

0 259 

0 .3 

0 707 

0 866 

0 966 

10 

0 066 

0 866 

_ . .1 

0 707 

0 5 

0 250 

0 

(Sino)* 

0 007 

0 23 

0 5 

0 75 

0 933 

10 

C-933 

0-75 

0 5 

0-25 

0-007 

0 


Sum of (sine)' 6 0, Mean of (sine)' ^ 6 0/12 —0 5, VtMcan of (sine)'} = 0 707 


• In this book tho square root of the^inean value of the squared ordinates 
of a periodic curve is called tho “ root-mean-squai?i ” (R.M.S.) value. The 
terms “ effective ” and ** virtual ’* are also used in practice, tho former 

being widely used in America. 
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Graphical representation of R.M.S. value of a sine curve. In 

Fig. 8 {a) is shown a sine curve and at (b) in the' same Fig. is shown 
a curve the ordinates of whieli are pro])ortional to tlie squares of 
the corresponding ordinates of the sine (*urv(‘ (a). The horizontal 
line AB is diawn such that its height is equal to tli(‘ im'an ordinate 
of curve (h), i.e. the area of n^ctangle OA RX — area betAV(‘('n curve 
and the abscissa axis. lienee OA is tli(‘ m(‘an valiu' of th(' squared 
ordinates of the sine curve' (a) and \'OA is tli(' JT]\1.S. value of (a). 

It can be shoAvn that ciirAc (b) is a sine* curve' haA'ing AB as axis 
anel a frequency tAvie'c that of (e/). Thus if any e)relinate e)f (a) is 
giA'cn^by y I’ sin them the eorre*s])e)neling euelinate* e)f (h) is 
z y- — }'2 sin- 6/. Xe)w sin- 61 may be e'X})re^se'd as (o - J cos 20). 




Fl({. 8. ( Jra[)iiical I )(‘t(‘nmiia( ion of \{ Al.S. \ aliK' of a Sino (’iir\(‘ 

wliiejh, since cos 0 — - sin {0 - Itt), re‘duce\s to [ J |- i sin (20 - .Jtt)]. 
Henc«> z^~ f .] T- sin (2(? - Jtt). Ne)Av i F- sin (26> - Itt) is a 
sine', curve having a maximum eirelinate .1 1'^, a freejueme'y twice; tliat 
of curve (a\ its ze'ro at 20 — 90°, e)r 0 - 45 and its axis at a elis- 
tance J aboA^e; the abscissa axis. Obviously the mc'an eirelinate 
of this curve, takem over a cycle', is zero. Tliercfore the' mean vain ; 
of curve (b) is Avheitce the* K.M.8. value of (r/) is (l/Y/2)y 

= (l/\/2) X maximum emlinate of (a). 

Efaliples. (Jivo the H.IM.S. value and fref|ucney of tlio feillcnv^in^ 

(a) v/(/^2 4-X2)sm(eai { {iz) ; 

(b) {A + 7?) sin (3r/>^ - a) ; 

(c) A sin o)i + cos cot ; 

{d) 141-4 sin 377i. 

Tho maximum value of the quantities (f^), (6), {d) may bo written elown# 
directly, but that of quantity (r) must be deduced as follows — 

Multiply and di\ddo each term by \/{A^ f B^) thus 

Now if BfA — tan 9 ?, Al\/{A^ - eos and Bjs/^A^ A R^) ~ sin g?. 

Hence expression (c) may be written • 

\/{A^ -f- B*) {^n cut cos cp + cos wt sin cp) ^ + B^) sin(w/ + rp) 
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Therpforo tho K.M.S. values and frequencies are 


Quantify. 


RMS. Value 


Frequency. 


^ A'Qmu {(Ot f- JTT) 
{A H 7?)mn(3we-a) 

A sin mi I- B cos mi 
141 4 sin 177t 


Vi(R* + X*) 0 707 V(B* -f A'Q 

(.4 I «)/ V-i ~ 0 707 (A + B) 
y/i(A^ + B^)- 0 707 VU^ H B*) 

141 i/s/l 100 


ml^:K 
• ,301/271 
coI2k 

377/2TZ - 60 


Practical importance of R.M.S. value of alternating quantit'es. 

The heat produced in a conductor carrying a current is proportional 
to the square of lh(‘ ( urrent. Hence, if ^ di'notc'S the instantaneous 
value of the current in ampert's, Ry the resistance of the confluctor 
in ohms, the energy (dW) (‘xjiended in heat during the is * 

dW — i^R . dt joules 


and the mean iat(‘ at which (‘iiergy is expeiidc'd (i.e. the mean healing 
effect) during the timi' T' is 

JM7 1 • r'^ 

. dt 


o o 


If tlie .current follows a bine law 


i — sin ( 27 r/T)^ 

the mean heating elTect during a period (T) is 


r- i / liIJ‘Hm^(2nlT)t.dt 
do 



;= illlj - H{IJV2r - HP 

where /(— /,„/\/2) is the R.]\I.S. \alue of the current. 

• Thus the in 'an heating effect due to a sinusoidal alternating 
current of inaxinuun value is the same as that due to a continuous 
current equal to 0-707 

, The R.M.S. value of an alternating current is therefore of con- 
siderable importance in practice. Moreover, as will be shown later 
in Chapter XTI, the indications of ammeters and voltmeters give 
R.M.S. values of current and E.M.F. respectively. •In commercial 
electrical engineering when valueg of current and E.M.F. are 
specified, these values aljvays refer to the R.M.S. values. 

Form-factor of a sine curve. The form-factor of a periodic curve 
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is the ratio (R.M.S. value /arithmet ic mean value). H*(‘nce for a 
.sine curve the form-factor (kf) is 




I 



--- Ml 


A knowledge of the form-fa(‘tor of a curve thenfore euabit's the 
R.M.S. v«aiue to be obtain(‘d from the aritlim(‘lic mean valut*, or 
vice varsd. 


Exftmple. A cotiductor rt)tatc*s at a uniform spood of n r. f>.s. in a two p >lo 
magnetic field. The Huv per polo is <I> lino'-i and tlm fiu\ liistribution is 
sinusoidal. Obtain an expression for the R.M.S. valiK' of the E.M.F. gont'rated 
in tho conductor. 

^ Now tho mean E.M.F. geiieraied in the eonduelor is (‘qiial to (flux cut 
per socc^d X lO"**), and since the conductor cuts the flux (d>) twice in one 
revolution, tho mean E.M.F*. ( ^\,,,) la 

^av “ - volts. 

But sinco tho velocity is constant the F].M.F. is, at any instant, proportional 
to tiio flux (tensity of tho field m which the conductor is moving. Therefore 
* the E.M.F. follows a sine law and its U.^y.S valiu* ( IC) is 

E - Ml - 2-22 X l()'» volfs. 

Amplitude- or peak-factor of a sine curve. The amplitiuh'-factor 
of a periodic eurvt* L. th# ratio (maximum vahie/R.M.S. value*) 
Hence for a sine curve the amplitude-ftictor (<?) is 

f _= 1 ^ (1 y/2) - y^2 1-414 

The* anfplitt^^Tc-factor is only used in eoniK'ctioii with K.M.K. 
waves and is of importance in insulation l(‘sling and high-voltage 
aj^paratu.s, as the maximum stress to vhicli the insulation is sub- 
jected is proportional to the maximum or crest valut* of tlu* E.M.K. 
A knowledge of the crest valut* of th * E.M.F. is also neet'ssary when 
m(*asuring iron losses, as tite iron loss d(‘])iTi(ls ujion the maximum 
value of the flux. 

Ifri^is the R.M.S. valut* of the applied E.M.F. as given by tht* 
reading of a voltmeter and f is the amplitutle-factor, tht‘ maximum 
E.M.F. is 

^ ^ E 

In order to obviate the necessity of a knt)\vlt*tJgt* of this factor 
when the wave-form is non -sinusoidal a sj)ccial form of voltmeter 
(called a crest voltmeter) has been designed, by means of which 
the crest value of the E.M.F. is given directly by the instrument 
reading.* 

* See Transactio7\a of American Tnatitutr of Elttclrual Engineers, Vol 2r). 
jqi. DD, 109, il aeq.^i also p. 809. 
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FORMS OF REPRESENTATION 

Til 10 study of altcrnating'C'urrcnt phenomena is considerably 
sim])lifi(‘d by assuming the quantities to vary sinusoidally with 
r(‘sjMM‘t to lim(‘ ; in fact, the elementary jirinciples of alternating- 
(■urr(‘nt ciicuits can onl^^ be developed in an intelligible manner by 
making this assumption, which, in many cases, is justifiable. 
Moreover, the sine curv^e is, in ])ractice, considered as the stj^ndard 
wave-form, and deviations therefrom arc classed as distorted 
waves. 

In vi(nv of the imjiortance of the sine w^avi' in alternating-current 
engineering wt* shall devote the iDresimt cha2)ter to a consideration 
of the \arious methods of rc‘pr(‘S(‘ntating sinusoidal quantities. 
These nudhods may be classified as follows — 

I. Graphical uudhods. Rectangular co-ordinates. 

(2) Polar co-ordinates. 

(3) W'ctor diagrams. 

If Analytical medhods. (4) Trigonometric functions. 

(5) (V)m])h‘X algebra. 

Hepre.sentation by Rectangular (Vi-oifiji nates 

In this method time is mea.sured horizontally, as a]j)scissae, and 
instantaneous values of the alternating quantity are measured 
vertically, as ordinates. Rxamxilcs are given in Chapter I, Figs. 1, 
3, 5, 7, S. 

The method can be also em])loyed for* repjcsenting non-sinusoidal 
qiiantith's. 


Representation by Poy.ar Co-ordinates 

In thy^ method the alleriiating quantity is represemtod by a 
rotating line — (allied a radius- vector- of variable length. Time is 
measured by the angle between this line and a reference axis. The 
length of the line at any position represents the instantaneous value 
of the quantity at the time corresponding to this position. The 
fixed point about which the line rotates is called the pole. The 
positive direction of rotation is counter-clockwise, and one revolution 
corresponds to one cycle of the altt^ating qflantity. 

When this method of representation is applied to sinusoidal 

14 
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quantities the locus of the free end of tlie radius-v(‘(‘tor ’forms two 
circles (one corresponding to each half-(‘yel(‘) which touch each 
other, the line joining the centres and })oint of contact passing 
through the i)ole. The diameter of each circh' is equal to the 
maximum vq^lue of the alternating quantity. If time is measured 
from the horizontal, or (X), axis and the zero value of the quantity 
occurs at zero time, the centres of the circles lie in the vtTtical, 
or ( Y), axis as shown in Fig. 9 (a), 'which is a ])()lar n'prcscmtation of 
the sin*' curve of Fig. .‘h rejuodiiced in Fig. 0 (h). 



Fia. 9. T’olur Kepres(‘iitafion of n JSm(‘ F iji v(‘ 

' • 

Proof, Lot tho equation to the altorntitiiig quantity bo 
e sin ojt 

Then the length of tho rotating radius- vector at any iii'^tant (/) is equal to c, 
and thg an»flo bott'oon it aiui tho axis of roforenco is oqual to o)t. l^et r, ?/, 
bo tho co-ordinall^s of tho free end of tlio vector roforrod to rectangular axes 
XOX, YOV, passing through the polo O (see Fig. 9). Then 
x - e cos 0 )t, y e sin Oit, 

a :2 4 - ^2 ^ cos^ ojt 4 F- sin^ oU ^ — f sin cjt) — E^ y. 

Hence ij^ - y =- 0. 

This is tho equation to a circle, referred to rectangular coordinates, of 
radius ^E^, having its centre in tho vertical (y) axis at a distance ^E^^ from 
the origin (i.e. tlio circle is tangential to tho horizontal (X) Jixis). Therefore 
tho Icfbas of the free end of the rotating vector is a circle. 

li the zero va\\io oi t\ic quanUly does not occur at zito time ihe 
line of centres is displaced from the vertical by an ang4c corre- 
sponding to the time at which the zero value of the quantity occurs. 
Lead is represented by a disjiJaeement in tho clocknisc di reel ion 
(see Fig. 10 (a)) ; lag is represented by a dis])lacement in the 
counter-clockwise direction (see Fig. 10 (b ) ). 

Applications gl polar co-ordinates to the representation of non- 
sinusoidal quantities. ^ Non-sinu^oidal quantities may also be 
represented by polar co-ordinates, but in tlys case the locus of the 
rotating radius- vector will form two irregular figures, wdiich will be 
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symmc'trical if the two half- Weaves of the alternating quantity are 
symiiK'trieal. Fig. 11 sliows the noii-siniLsoidal curve of Fig. 1 
plott(*(l in iK)lar co-ordinates. 

In the case of symmetrical waves the (*qui valent sine wave — 
i.e. the sine wave which has the same R.M.S. value and frequency 



Fi(J. 10. -Ko[)r(‘S('ritrt(ion of L(*ad {a) utkI Lug (b) by Polar Co-ordinates 


as the non-sinusoidal wava* is ol)laim‘d by drawing a circle having 
an area equal to that of one of /he irrt'gular figures. The diaiiK^tc'r 



of this eircle giv^cs the maximum value of the equivalent sine wave 
and hence the ll.M.S. value of the distorted wave is given by 

(ll\/2) X diameter of circle, or 
'\/2 X radius of circle. 

Proof. Lot the value of the periodic quantity at time t be denoted by e 
and its phase by cot (see Fig. U). Th%>n the increase in polar area for an 
increment of time dl (i.e. §.n increment dcot in phase) is 
^e.e dcot = dcot. 
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Henco the area of the ])olar diagmin forresjunuhng to luilf a period of tho 
distorted wave js 

j' i » “ (hot - f ' \ i~d t Y» A 

*• O 

Let r denote th<* radius ot idrele whiidi lias un area eipial to that of the 
polar diagram. 'I’Ih'u ^ 

rVr 


and 


7 y/'l 


- y: ■ 


Ahi(‘ of distorted wave. 


JiKPHKSKNT VTION TlY \'l0( TOR DlAOIiWIS 


A vector is a erni^ihical r(‘]>rcs(u\tjit ion of one or more 

v(M*tor (jRantities, a Y(‘ctor lu'ing a ]ih\si(al (|uanlity 

whicli has dlnrfion tis widl as maoniludi*. Kxamples of M‘c1or 
^ ipii^Witilies are force', vedocity, maj^iictic dux, M.M.h., current, 
ainpere-tiirn. • • 

Such quantities are only coin])l(‘tcI\'^s])ccilie(l when j>arti(*ul{trs 
of tlieir ma^nitu(l('s, diri'ction, and siTisi' an* gi\('n. 

Vector quantiti('s are rtipreseutt'd grapliically by straijj;li1 lines 
('ailed rectors. Idu' hto/th of th(‘ lint' r('])r(‘, (')its th(' wafjnitudc of 
th(‘ quantity; Uk* inclination of tlie lint' ^\ith rt'Sjx'ct to some axis 
of rt'feivnoe (h'u^itcs the direction of tlu* (juantity, and an arrow-head , 
usuallj' J3lac('d*at one ('iid of tlu' lint', indicat t'S tlu' sense in which 
the ({uantity acts. 

Tn electrical ('iigineering wo may rt‘(juii(‘ to n'])rcscnt a number ot 
vector (jiiaiititii's in tlu* same v(*ctor diagram : it is iK'cessary, 

th('refore, to adhere to a svstc'm of nomenclature in ord(‘r that the 

*4 

several vectcirs ma\^ b(' readily distinguislK'd fron\ (3 ti(' anotJuT. 
The vector nomenclature in this trc'atise is as follow s*- 


• # 

E.M.F. veclors are ivprcsiMitiMl by an ordinary arrow-h(‘ad 
Flux vectors are ri'presontod by a doiihlo arrow-heatl - 
Ampere-turn vectors arc represented by a solid arrow-head 
Current vectors are represented by a closed arrow -liead 


-O 


With alt('niating quantities varying harmonically, tw^o methods 
of vector representation ma}/^ be adopted, viz. (1) tlu' iiolar vector * 
diagram, (2) the crank vt'ctor diagram. 

Polar vector diagram. Tn this diagram a fixed vector, repre- 
senting the mt&cimum value of the quantity, occupies a definite 
• • 

* This nomenclature is tho same as that employed in vector diagrams in 
the author’s Electric Traction and Electric Motors and Control Systems. 
(Pitman.) 

2 — ( 5245 ) 
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position relative to an axis of reference, one end of the vector being 
located at tli(‘ origin. Inskintaneons values of the quantity are • 
represented })y tlu* j)rojections of tlu* v(‘etor on a rotating line 
(called tile “ time line ”) which rotates, in a plane containing the 
v(*ctor, with uniform angular velocity. The counter-clockwise 
direction of rotation is positive, and time is measured froni the hori- 
zontal axis in the first quadrant. Hence if the zero value of the 
quantity occurs at zc-ro time the fixed vei'tor lies in the vertical 
axis, but otlierwise this \ector amII be displaced from the vertical 
axis by an angle (Mpial to the valu(‘ of the time-angle at which zero 
time occurs ; lead b(‘ing n ])r('S(‘nt(‘d by an angle* measur(*d in the 
clockwise dir(*etion, and lag by an angle in the* ceiunter-clockwise* 



FicJ. 12 lV)!ai V'cctoi Duej^rtiin { 0 } foi tlu* Siiiiisoulal F M F. 

and CiuK'Hl H(*i)n‘S(*n1(‘d («) * 


directiem. A peisitive phase-angle must be measured in the clock- 
wise direction becau.-»e* if one* quantity is leading relative to another 
quantity, the re\oI\ing time line must met*t the vector of the 
former before that of the* latte*r. Fig. 12 shows tlie jiolar vector 
diagram for a current, /, lagging cp with respect to an K.M.F. E 
Crank vector diagram. In this diagram a vector, equal the 
maximum value eif the* epiantity, rotates with uniform angular 
velocity, co, about a fixed point which is the* origin of rectangular 
axes. T'lme is measured from the horizontal axis in the first quad- 
rant, the counter-clockwise direction of rotation being positive 
Instantaneous values of the quantity are represented by the pro- 
jections of the vector on the vertical axis. Phase is given by the 
angle, measured in the counter-clockwise direction, which the 
rotating vector makes with the time axis. Hence the phase 
difference between two quantities, is repreffented by the angle 
betw^een their vectors, sm angle measured in the counter-clockwise 
(-f) direction denoting leady and one measured in the opposite 
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direction denoting Jag. Fig. 13 shows a crank vec^tor diagram 
representing the same conditions as the polar diagram of Fig. 12. 

Polar and crank vector diagrams compared. In both ]>o]ar and 
crank vector diagrams time is im'asun'd by thi‘ angle, from the 
horizontal fweis, in the eonnt(‘r-eIoekwise ( f ) dm^etion, but phase 
difference is measured in the clockwise dircedirm in tht* polar diagram* 
and in the counter-clockwise direction in the crank diagram. 
Thus a vector re])resenting a lagging (piantity is shown in one* 
diagram on one side of the vector of r(d(‘rt‘nce and in the otluu* 
diagram on the oi)posite side of the* latter. Hence when the 
eompjex algebraic, or s\mbolic, irudhod of n ja-c'stntation is (‘m- 
ployed ambiguity in signs is likedy to occur if th(‘ ])olar and crank 



Fio. (Vank V^'ctor Diagram (h) for tin' Siinisoidal t'.M.F. 
and Ciirn'iit Jlcprcscrilcd hy {(i) 

vector dfagrayis are used indiscriminatidy. d\) r(‘move this am- 
biguity the crank vector diagram, in which alt(Tnating quantities 
are represented by rotating v(‘ctors, has Ikmui adoi>t(‘d by th(' 
International Flectro-t(Hhnical Commission as the stand aid foi’in 
of representation for electrical vector ({uantitics. All vector 
diagrams and complex algebraic (‘xpressions in this hook conform 
to this standard, it btdng undiTstood that such diagj’ams and 
expr^sions are used solely in connc'cdion Avith quantities varying 
sinusoidally. 

Addition and subtraction of vector quantities. In problems* 

connected Avith alternating-current circuits avc may be T*onc(‘rned 
with a numb(T of E.M.Fs. or currents of the same frequency but 
of different phases, and may wish to obtain the resultant K.M.F.* 
or current. The quantities, if sinusoidal, may Ix^ repn'sented by 
a number of rotating vectors having a common axis of rotation and 
displaced fromfonc another by invariable angk\s which are equal to 
the phase differences between the respective quantities. The 
instantaneous value of the resultant E.M.F., or curnmt, is given by 
the algebraic sign of the projections of the vectors on the vfTtical 
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axis. Tli(^ maximum value of the resultant is obtained by com- 
pounding tile several v(‘ctors according to the parallelogram and 
polygon laws. 

"Jlie law of vectors states — 

, Jf two co-planar vc^ctors, not lying in the same straight line, 
mc(‘t at a point and a parallelogram be constructed having thf‘si' 
v(‘ctors as adjacent side's, then their re'sultant is given in magni- 
tud(* and dirc'ction by the diagonal which pass(‘s through the 
point ot int('rsection ot the vectors. 

The polygon law of vectors states — 

If a number of co-])lanar vi'ctors, not lying in the same straight 
line, meet at a ])oint and an open ])olygon b(' constructed having 
one side* formed by one of the vectors and the remaining sides ecjual 
and parallel to the* remaining vectors, taken in ordcT, then their 
n'sultant is given in magnitude and reversed direction by the 
closing side of the polygon. ^ 

T^o prove these laws it is necessary to show that the sum of the 
vertical ])rojections of th(' vectois at a given instant is equal to the 
viTtieal ])rojection of their j‘('sultant at that instant. Thus in tlu' 
case of the parallelogram of v(‘ctors let OA, OB, Fig. 14 (a). I'cpresent 
two rotating vectors having a 2 )hase dilTen nc(' (p, and k't OC the 
diagonal of the parallelogram OAGB re])res('nt th(‘ir n'sultant. 
The vertical lorojections ot OA, OB OC are giv(*n Oa, Ok, Oc, 
respectively. 

From Fig. 14 we have 

Oc — Oa + ac. 

But ac is the vertical projection of ACf^ and as .4C is equal and 
2 )arallel to OB, th('n'fore ac — Oh. H('nce 

' Oc -= Oa + ac = Oa -f- Ob 
and the 2Droi)osition is proved. 

The polygon law of vectors may be 2 )rov(‘d in a similar manner. 
If the vector difference of the quantities is required, the vector 
representing one of the quantities is reversed, and this reversed 
'vector is compounded wdth the other vector according to the 
parallelogram law. For example, if in Fig. 14 {b), OA and OB are 
two vectors and their difference (A - B) is required, the vector OB 
is reversed, i.e. another vector OB' is drawn equal ‘"to, but in the 
reverse direction to OB, and OA nm\*0B' are compounded according 
to the parallelogram law^ thus giving the resultant OB. Then OB 
represents the difference of the vector quantities A, B. Similarly 
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if the difference B — A is required the vector OA is reversed and 
the resultant OE is obtained. 

Vector representation of root-mean-square values of alternating 
quantities. In alternating-current circuits we ai-e chiefly concerned 
with values of current and and lh(‘ir phase differ- • 

ences. Provided that the Jaw of variation of the quantities it# 



('/) H>) 

Fi(j. 11. -Varallcl<«gra/ii of Voctofs A|)J)Ii(hI lo tlio Addition (a) 
and Snl)tiHction (h) of I’wo \'oct(>i\s OJ, Oli 


known, a knowk'dge of their in.staiitaTi(M)us values tluoughout a 
]3eriq^l itf unnA*('Ssary and is of littk^ iiit(*r(*st in praeticf'. Now 
with sinusoidal quantities the R M.S. value bears a lixed relation to 
the maxiiriinn value. H(‘UC(‘ K.M.S. valu(‘S may l)e determined 
directly from the vector 
diagram by a suital)l(‘ 
change of scale. Th(*r(‘foi^', 
when the resultant of a 
numliicr of currents, or 
E.M.Fs., is to be dcderinined 
we may represent the quan- Fia. 15. -Vector J)iaj?ram for Constant ^ 
tities by fixed vectors, the Quantities • 

lengths of which represimt 

the R.M.S. values of the quantities and the angular displac(‘nients« 
of the vectors with respect to one vector, or quantity of reference 
represent their ])haso differences with respect to this quantity. Lead 
is represented hy an angle in the counter-cloekwist» direction, and 
lag is represented by, an angle ^ the clockwise direction. 

Thus the crank diagram of Fig. 14 (a) may be replaced by the 
stationary vectoj diagram of Fig. 15, which is virtually a diagram 
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for constant quantities, as would be employed in connection with 
ap})lied mechanics. 

Example. Rcprosont tho following quantities by vectors — 

5 sin {2nft - 1) ; 3 cos (2Tzfl -f 1) ; 2 sin {2nfi 2-5) ; 4 sin {2Kft - 1 ). 

^ Add tlicfto vectors together and express tho result in the fornlT-r 
A sin {2Tzft I q ^) . [C. and G., 1918.] 

Observe that all the quantities have the same frequency, /. Hence the 
vectors representing them may be added together. Before doing so, however, 
it will bo convenient to oxjiress all tho quantities as sine functions. Thus 
tho second quantity 3 cos (27u/t) + 1), 

may be written 3 sin (2t:/^ + 1 -h Jtc)— 3 sin (27r/t + 1 + 1*57) 

= 3 sin {2v:Jt + 2-57) • 

The maximum value of each quantity and its phase difference with resjiect 
to the quantity of reference, viz. X sm 2Tzft^ is given in tho following t^le — 


Quantity. 

Maviinum 

value. 

Phase diffi 
respect to 

Radians. 

< 

3ronco with 
X sin 2Kft. 

1 g 

Degrees. 

< 

(a) 5 sill (27r/t - 1 ) 

5 

- 1 

-57*3 

(6) 3 cos (2Tr/^ 1 I) 

3 

f 2*57 

4- 147*2 

(c) 2 ftin (2 tc/< { 2*. 5) 

2 * 

i- 2*5 

4 143*2 

(ri) 4 sin (2 k/< - 1) 

4 

- 1 

-67*3 


Tlie vi'ctor diagram is *sho^vn in Fig. 16, in which OX leprf^sents 
the vector of reference, and OA, OB, OC, OD represent the four 
quantities a, h, c, d respectively. The resultant, or silm, of these 
vectors is obtained by compounding them according to the polygon 
law and is ^represenU^d by 00, which iS 4*81 units long and lags 82°, 
or (82/57*3) — 1*43 radians, with respect/ to the vector of reference. 
Hence the sum of the quantities is 

4*81 sin (27Tft- 1*43). 

RjEPRESENTATION BY TRIGONOMETRICAL FUNCTIONS 

We have already shown that in tho case of quantities varying 
c harmonically the instantaneous values are proportional to the sine, 
or in some eases to the cosine, of the time-angle. Hence in the 
analytical treatment of these quantities they are expressed as a 
trigonometrical function (sine or cosine) of the time-angle, e.g. 
e — E^ sin cot; i = sin (cot - (p) i == cos cot. 

This method is particularly suitable for dealing with instantaneous 
values, as it enables the relationship between current and E.M.F. 
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for the simpler circuits to be deduced analytically and the quantita- 
tive relations between these quantities to be calculat'd accurately 
as shown in the following chapters. By means of Fourier’s series 
the method can be extended to the calculations of circuits when the 
wave-form of the supply K.M.F. is non-sinusoidal (see Chapter X). 

As both maximum and R.M.H. values can, in the ease of sinusoidal^ 
quantities, readily Ix' obtained from the instantam oiis value, the 
trigonometrical method is largely employed in the calculations of 
electric ci^'cuits and is developed further in the following chapters. 

B 



Fig. l(i. — (j!raj)lucal Solution and Vector J)iagrniii for Example (p. 22) 


Refrksentation by Complex Aj.oemka 

(Symbolic Notation) 

This form of representation is an algebraic method of representing 
vector quantities and enables the operations which are carried out 
graphically in a vector diagram to be performed analytically. It is, 
moreover, of considerable value in the solution of alternating- 
current problems, as the results obtained are of the same order of 
accuracy as those obtained by trigonometrical methods although 
the calculations are usually simpler and less tedious. 

The basis of *the nlethod is the representation of vector quantities 
by their components in the direction of arbitrarily chosen axes of 
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reference. ' For example, the vector OEi, Fig. 17, may be completely 
apccified by stating that its horizontal component is and its 
vertical com])onent is 6^. Instead of stating these conditions 
verbally we may ('xpress them symbolically, thus 


= Oi 4- 


^ where j indicates that the component is i)erpendicular to the 
component a^. 


This method of representation 
is similar to that adopted in ana- 
lytical geometry for representing 
CO -planar points in terms of*- their 
rectangular co-ordinates but it 
admits of more extensive a^)plica- 
tion ouing to the two components, 
or co-ordinates, being connected 
by an algebraic sign, the use of 
whi(‘h recjuires the introduction 
of the distinguishing symbol j to 
])revent these components being 
treated as ordinary algebraic 
quantities. 

Axes of reference. The horizontal axis, XOX\ Fig. 17, is called 
the real or in-phase avis, (yompom'iits in this axis are called in-phase 
components : they an* jiositive wh(*n m(*asurcd to \he right ^of 0 
and negative when m(*asured in the reverse direction! 

The vertical axis, yOY\ Fig. 17, is call(*d the imJaginary, or 
quadrature, axis. Components in this axis are calk'd quadrature 
components : they an* positive* whi'n measured upw ards and negative 
when measured downwards. Th(*se compoiu'nts are distinguished 
from those in the horizontal axis by being compoundc'd with the 
symbol j. , . 

For example, in Fig. 17, the vector OA\ is rciiresented symbolically 



by the expression E^ | 

the vector OE^ by E^ - + jh^, 

the vector OE^ by E^ - -a^ ~j^ 3 ^ 

and the vector OE^ by E^ - 

Similarly, vectors having directions along the axes of reference 
arc rcpn'.sented by 

Jl=gl ■■ h =jg2 ■■ •^3 = -gi'- A = -jgi 

We may therefore consider j as an operator, the application of 
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which to a vector, or a vector component, causes a rotation through 
.90° in the positive (counter-clockwise) direction. The double 
application of the operator rotates a vector through 180° and 
reverses its sense, e.g. the double application of j to the vector 
I = g gives the vector /' = jjg — -g. Hence ojx'ration by jj or 
is equivalent to multiplication by - 1 , so we may regard the 
1 ‘fTect of as being (‘quivalent numerically to - 1 and write 

) - - 1 ( ) 

Whence j ( ) = y - 1 ( ) 

i.e. j has Tuunerically the eife(‘t of the imaginary root of - 1.* 

In ordinary algebra quantities having the factor '\/ - I are called 
imaginary. This term may also be appli(‘d to vector components 
in the w*rtical axis, since when considcu'ing a uni-din'ctional quantity 
such as a l(*ngth, measured along a gi\(‘u axis, any m(‘asurement 
taken along a perpendicular axis has no physical im^aning and 
mugt therefore be regarded as imaginary. But when dealing with 
electrical quantity's th(' term qua(h‘at im' component ” is preferable. 

Complex quantities. A quantity which is represented by two 
components along pc'rpendic ular axc's is calk'd a compk'x quantity. 
In this book oomidex quantities, i.('. vector quantity's and complex 
numbers, are denoted by dotted italic capitals, thus E ; vector 
components are denoted by bold italic lowi'r-easc' characters, thus- 
a, b ; simple magnitudes or scfilar (piantities an' dc'noti'd b}^ upjx'r 
and Iqwcf-case \talic characters, thus E, /, u, h. 

For example, the vector OEj^, Fig. 17, is ri'presented by the 
complex quantity 

A’l-Oi+j&i; 

its absolute value, or magnitude, is gi\en by 

El =- V'(ai 2 + 6 i 2 ). 

and phase, or inclination, ( 9 ?), to the horizontal axis is givy'ii by 
(p - tan ^bja^. 

(p is also called the argument of the complex quantity. ^ 

Again, if a vector in the horizontal axis is n'presented by 

/i = gi + jO -= gi 

its absolute value (/j) is 

h = V(i7i* + O') = 9i 

and its argument is zero. 

* Mathematicians denote - 1 fty but in electrical engin^ring it is 
necessary to use / for this quantity, as otherwise confusion might arise between 
the symbol 1 and that (i) used to denote current. 
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SiinilarJj/ for other vectors in the axes of reference, 

A = 0 +Jg 2 = jgi : h =- 9 — 

Is = \-P -8i > J-i = V(-9a^ f 0*)-= 93-, 9 

li -jg* - -jgi ; h ^ v/( 0 ^ |-(-! 74 )®)^ 9 i \ 9 ^ - b) 

Polar and exponential forms of expressing compiex Quantities. 

Th(' mt'thod of rej)resentiiig a complex number, or quantity, by its 
ri'clangular components is called th(' rectangvlar form of representa- 
tion. These com])onents may also be expressed in the polar form. 
Thus, in Fig. 17 , 

cos (f, 6i — El sin 95 ; 

whence Ei ^ Ei cos q) + jEi sin 9? 

— El (cos 9> + j sin 9?) 


This is one of the polar forms of expressing complex quantities 
and is usually called the trigonometrical form. 

The exponential form, Ei = EiE^^, where 9? is in circular measure, 
may be derived by expressing sih 93 and cos 9? in t^ieir trigonometrical 
seri(»s and substituting the.^' in the above expression for Ey Thus, 
if 9? is in circular measure. 


Hi*ncc 


El 


sin (f ^ (p- !) f (97®/5 !) -i (9?’/? !) + ... 

cos 9) = 1 - (9)2/2 !) f- (<p*l 4 : ') - (9)®/() ') . 




f(p 2 ^ ptp^ 


; 2 ! ^--^+ 4 !- + -^ + 




, since numerically ^ -j- 1, — - 1, etc. 

, f 9 ^ I I 3^9 

2 !'"' 3 ' 4 ! 5 ! 


• ^•2g^2 jifpA jbg^rj 

Now 1 + j9> +■ o I ■ "I ' O r + ~1T + "FT + • • • 


is the expansion for Hence the former expression for Ei may 
be written 

El = EieP^ 

where e (== 2*71828 . .) is the base* of natural logarithms. 
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Instead of employing the exponential factor to express the 
.polar form of a VQctor a proposal has been made* to employ the 
factor where J is an operator the application of which to a 

vector rotates the latter through a right angle with respect to the 
horizontal axis. The index of J denotes the fraction, or multiple*, 
of a right angle through which the vector is rotatenl, a plus ( 1) ^ 
sign denoting rotation in the count(*r-clo(*kwise, or ])ositive, direction 
and a minus (-) sign denoting rotation in the clockwise direction. 
For example, J”*, m 0, signifies a rotation of inm radians, 
or 90m°, in the counter-clockwise direction ; .7 a rotation of Jttw/ 
radians, or 90m°, in the clockwise direction Similarly »/*, J*, 
signif}^ rotations, in the counter-clockwise* direction, of \ x \Tr 
~ Jtt, or 45°, 3 X Jtt — Jtt, or 00° ; J X /.tt, or 30°, 

respectively ; and J *, J ^ signify rotations, in the clock- 

wise direction, of 3 X ~ Jtt, or 270'^ ; J X ^ iVtt, or 
15° ; 2 ^, or 90°, respectively. 

T,his form of representation enablers comple'x (piantitie*s to be 
• expressed in simplej* mathematical «xpre*ssions than the expone'utial 
form. It can be shown that the two /onus are equi valent f and 
that J follows the ordinary laws of algebra in the same manner 
as j. 

In addition to the above polar forms for expressing a vector 
quantity a conventional form, E E j <p, i« frequently ado]ited in 
practice. This form is pur(*ly conventional and does not ])osseBS 
the mathe*matigal significance of the other forms : it simply denotes 
that the vector quantity E has an absolute value equal to Ey and 
is inclined at the angle (p to the axis of reference, the plus ( + ) sign 
denoting an angle in the counter-clockwise direction and the 
minus (-) sign denoting an angle in the clockwise direction. This 
notation possesses the advantage that numerical results may be* 
expressed directly in the polar form without the introduction of 
algebAiic symbols. For example, a vector Ey of absolute value 
equal to 100, and inclined at an angle of 00° to the horizontal axis 
is represented by 

E = 100/60° 

* ** Application of a polar form of complex quantities to the calculation of 
alternating-current phenomena,” by Prof. N. S. Diamant. Transactions oj 
the American Institute of Electrical Engineers, V. 35, p. 957. 

9 

t From De Moivre's theorem we have the identities 

cos 9 ? 4- y sin 9 ? = cos jTrm -f j sin ^nm = (cos Itt + y sin Jtt)"* — J^, 
i.o. the operator J^{m > 0) is identical with (cos <p + j sin q)) where q) = \Tzm. 
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Summarising, we have the following ways of expressing symbolically 
complex numbers and vector quantities — 


(1) the rectangular form 

(2) the trigonometrical form 

(3) the exponential form 

(4) the polar form 

(5) the conventional form 


E = a :f_- jb 

E =- E (cos (p sin 

E^Ee^^ 

E = EJ - 
E - Ejq 


Conjugate complex quantities. When two conjugate quantities 
have the same absolute values and arguments which arc equal in 
magnitude but of opposite sign, they are called conjugate q'lmniiiicfi 
Examples : a + jh, a - jh \ - a + jh, ~ a - jb ; E^^, E~^^, 

; Ejq, Ej-q. 

Two conjugate complex quantities therefore correspond to two 
points, ill the plane of the co-ordinates, which are images of each 
other Avith r(\spe(‘t to the horizontal axis. 

Addition and subtraction of complex quantitie)|. These operations ' 
are clTectcd by the same rules which govern thidr aiiplieation to 
ordinary algebraic quantiti(\s, but the in-phase and quadrature com- 
ponents must lx* tn'ated se])arat(d}\ h^pr example, the sum of two 
complex quantities -E^ — + jb^ and E^^ | jb.^ is given by 

the comph'x quantity 

E -- El E2 — (cii 1 jbi) + (a, |- jb^ 

--Oi \ i j (61 + 6,) • 

The numerical value of this quantity is given by 

E ^ •v/[K + «2)^ + (^>^1 1 - 

and its inclination (q) to the axis of reference is given by 
q -= tan ^(61 |- M/K H ^2) 

A graphical Vepresfmt at ion of the process is shown in Eig*f8(a). 
Similarly with more than two quantities we have 

^ E El ( E^ E^ [ - (Oj jbi)-\~{a 2 

+ (®3 + + ••• 

= Qi + 02 -f Og + . . 

+ i(^l I' ^2 + ^3 + • • ■) 

E ^ V[(«1 - 1 - + «3 • OM (hi + 63 + ■ • •)"] 

q = tan ' (bi -|- + 63 + ^3 + • • •) 

The result is obviously independent of the order of the quantities. 
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Tf the polar form of repix'seiitation is employed w(‘ hav(‘ 

E = E^J»^ -I L\J^ ; 

where m = and n — ; a, being the inelinations, in 

radians, of th^‘ vectors E.^, respectively, to the axis of reference. 

The numf'rieal value of this qiiantil^', from the geometry of 
Fig. is 

E - V\Ei^ I f 2 /i/\jE '2 eo^ {Inn - \n w?] 

The inclination (cf) to the axis of refercnci* is given by 

(p ~ tan ^ \ (E^ sin inm [ E^ sin ItdOHEi cos \nm \ E^ cos Imt) | 



Fi<*. IS?- AiUfttion (a) iuhI SuV)tia(lion {h) ot X^^ctors '^ri*t‘«tnn iit 
of llifir (Vjiinioiients Alon^ tlu* A\os of KofcrciU’C* 


Wh('n the sum of more than two eom])I(*x quantities is required 
it is generally more con\(’nient to employ the leetangiilar form. 
The difference of tv'o complex qnanlities ^ jh^, and 

- ^2 f is given by the complex quantity 

** E = R^-E.^^{a^ \ jhi)-{a^ \- jb^) 

=- Oi - «2 H 

The numerical value of this quantity is 

E= + 

and its inclination to the axis of reference is given by 

(p = tan-i - ftgVK - «2)- 

A graphical representation of ihe process is shown in Fig. 18(6). 
These operations are applicable to vector quantities as w^ell as 
complex numbers* 
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Examples. (1) Find the sum and dilTorenco of the vectors ~ 20 j 40 
and E^ — 15 jlO. 

The sum is pivcn by the complex expression 

E — ~ 20 + IS j{40 4- 10) 

= 35 + jSO 

donee E - + 60*) - 61 

fp =- tan-» 50/35 - 55° 

The vector difference is given by the complex expression 
E' = El- E^ - 20-15 + j{40 - 10) 

- 5 + j30 

Hence E'-^ + 30*) - 30*4 

(p' = tan-» 30/5 -- 80*6° 

(2) Find the sum of the vectors 7 1 -lO-jSiI^ - 2 i-jl5 ; 20-\-jl0 i 

I, -^-4 -j30. 

The vector sum is given by the comjdex exj)reRsion 

/ - /i + /. + /3 'V/4- {10-2 + 20-4) ^j{-5 \ 15+10-30 
- 24~jl0 

Hence 1 - V(342 + 10^) _ 26 

(p =-. lair 10/24 21-8° or 338*2° 

(3) Find the sum of the ve-gbors Z, ^ 10 J® ®®, 

The vector sum is given by 

z = VC102 -1- 72 + 2 X 10 X 7 cos {90(0-66- 0*26)}°] 

- V(100 + 49 4- 140 cos 36°) 

- V262-2 = 16*2 

tp ^ tarri[10sin(0*66 X 90)°+ 7sin(0*26x90)°]/[10cos(0*66x90) 

+ 7cos(0*26 X 90)°J ^ 

= 11*387/11-52 - 44° 40' 

(4) Add together the quantities 

5 sin (2tc/^ - 1) ; 3 cos {2TzJt + 1) ; 2 sin (2tc/^ 2*5) ; 4 sin (27t// - 1) 

[Note. — The graphical solution to this example is given on p. 23.] 

The maximum value of each quantity and its phase difference with respect 
to an arbitrary quantity of reference- -X sifi 2nft — are given on p. 22, and 
from those data wo can calculate the rectangular components of each quantity. 
Thus — 


Quantit 

y- 

Rectangular components. 

Quantity 

Trigono- 
metrical form. 

ConvcM- 

tionnl 

form. 

Horizontal. 

Vertical. 

bolically in 
rectangular 
form. 

5 sin(2Tc/< - 1) 


6 cos(-57-3)° 

- 2-7 

5 8in(-57*3)° 

-- - 4-207 

2-7 -J4-207 

3 cos(27r/^+ 1 ) 

3/147-2'’i 

3 cosl47*2° 

- - 2-522 

3 sin 147-2° 

- 1-625 . 

-2-522+jl-626 

28in(2Tr/f+2*5) 

2/143*2° 

2 cosl43-2° 

= - 1-6 • 

2 sin 143-2° 

= 1*1 98 

-Ve+jV198 

4 8in(27r/f - 1) 

4/-57-3° 

•4 co8(-57*3)° 

= 2-161 

4 8in(-67-3)° 

= - 3-366 

21€l‘j3’366 
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Hence the sum is given by tlie vector quantity 

Z = {2-7-2-522-V6^2161) \j{-4-207 i VS25 + 1 198 -3-366) 
= 0-739 -J4-76 

Z = V(0*7302 f 4-7o2) 4-81 

(p = tan->(-4*7.j/0-739) --81-2° 

The sum of tfto above quantities is tliorefore given by 4-81/ - 81*2®. 

The results obtained on p. 22 by the grnpliieal eonstruction agree fairly 
well with these results. 

Multiplication and division of complex numbers. These operat ions 
are effected by ordinary algebraic rules. Vor example, ih(‘ product 
of the numbers X — I and y ^ | Jb, is given by the 

complqj number Z, thus 

-={ 0 ^ + j*»i) {a^ -} jb^) - | ja^b^ 4 f/6,62 

= -I jia^b, 4 a^bi) 

The absolute value (Z) of the product is 

'and its inclination V) the axis of ref^r(‘nce is 

q) — tan^(tfift 2 ^1^2) 

If the trigonometrical form of reprcs(‘iitation is employed, and 
the inclination of X and Y to the axis of rt‘f(T(‘nci* an' a, ft 
respectively, then 

= X cos bi — X sin a ; -- Y cos ^ ; h^-~ Y sin p. 

Hence, • 

Z = XY ^ OiUg — 61^2 ^ ^ ®2^l) ■ 

— X Y cos a cos p - X Y sin a sin p r j(X Y cos a .sin p 
^ \ X Y {O'i P .sin a) 

= y I cos (a + P) I j .siii(a | p) | 

This expressed in the polar form by 

Z = + 

In the exponential form the product is givt*n b> 

Z = XY = XYe^^^^ + P^ 

Thus the product of two complex numbers is a complex number 
having a magnitude equal to the product of the absolute values of 
the numbers and an argument equal to the sum of the arguments 
of the numbers* 

It is apparent that^hc physical meaning of the result is shown 
better by the polar and exponential forms than by the rectangular 
form. 
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The result also holds if one of the numbers is a vector quantity, 
since in this case the f)roduct is another vector quantity. For 
example, if a sinusoidal alternating quantity, A^hich is represented 
by a rotating vector, is multiplied by a complex number the result 
is another alternating quantity of the same freqiiengy but of 
‘ different magnitude and phase with respect to the original quantity. 

Jf, ho weaver, two alternating quantities of the same frequency are 
multiplied togc'ther the result (sec p. 77) is an alternating quantity 
of double frequency. 

For exam])le, the product E sin oyt and I cos ayt is 
E sin cot . 1 cos cot = IE I sin 2cot 

The physical meaning of the product is considered in Chapter V. 

Division of complex numbers and quantities. The qiuflient of 
two c-omplex numbiTs is another complex number, and that of 
two vector quantities is a complex number ; but if a vector quantity 
is dividi‘d by a complex number the result, is another vector 
quantity of different magnitudf; and phase to*the original vector 
quantity. For example, fhe operation on the vector quantity 
E ~ a -f- j6 by the complex number Z — r jx is given by 
the ATctor quantity 

a f jh (a h j6) (r-jx) ^ (a+jb) (r-jx) 

r I jx (r I jx) (r-jx) 1- 

ar + bx , /hr-»ax 

[Observe that the denominator r | jx is rationalized by introducing 
the conjugate expression r -jx.] 

The absolute value of this quantity i^ 

( ar f bx^ /hr - cix 

and its inclination to the axis of reference is given by 
cp — icm^(hr - ax)j{ar + bx) 





The physical meaning of the result is shown better when the polar 
and exponential forms are employed. Tlius the operation on the 
vector quantity E — Ee^^ by the complex number Z = is 

given by the vector quantity 
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Similarly, for the polar form, we have 

In the speiial case when the argumeiii of the vector (piaiitity is 
zero, the result is given hv 


E 

r^"‘ 


• ~Z~ 

or in the polar form by 
I = ^J 

£J 


and in the rectangular form by 

£ E E(r~jx) 

• ^ ' F \-jx V- I H* 


Er 

,2 ^ ,2 


‘7( 


/ Kx 

[r^\ r- 


-\ a: 2 


(P2 = tan’i - .r/r 


Another special case of interest is where one coniph'x quantity 
is the icciprocal^f the other. Thus let the complex (piantity Y 
Ye^P bo the reciprocal of the complex quantity Z — Then 

by definition 

YZ ^ X Ze^P = 

Hence a + /3 = 0 

or p =z - a 

• • 

i.e. the reciprocal of the vector Z has a huigth ef(ual to Z and is 
inclined at an angle equal to -a to the axis of reference. 

If the rectangular form is employed the physical meaning of the 
result is not so apparent. Thus if the vector Z is reprcsimted by 
Z = r +jx, then the reciprocal vector Y is represented by 


I 1 r-jx 

~ r +jx " (r + jx) (r - jx) 


-J: 


•' r* + z‘ 


8~(6245) 
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The length of the reciprocal vector is therefore equal to 


J{r^ 

= 1/Z 


and its inclination io the axis of reference is given by 


(f tan"^ - i jr 

t 

Examples, (l) Kmd tliP tpidtunls of I .K li of lilt lollowing pans of 
ruimbers 

{a)3 \ j3. 5 , ('d 5, 1 I 7 / . (0 - 2 I ;2 . 3 )4 ' 

Denoting tlie*»qiiotn iit s bv V'^. and the tiigumeiits of Ihobo 

quantities by 7 5 , 7 ’^, resjuMlivtU, wo lia\c 


„ _ 3 1 ^ (^^3) (5 \_i2) ^ 5 ^ 2J- ;]3 

« 5-72 o* } .>2 2‘) 

- 0‘31 1 jO-724 

=r V(0-312 .] 0*7242) 0 . 7 KS 

^ tan-‘ 0*7 24/0* 31 bO-B" 

>"a 0*788^6*8'^ 


y, 

y. 


_s ^-Jl) _ 0.5 

t+Jl l»+p 

v/(2-5» I 2-6») 2-r.4 


-l2S 


7^ tan’’ - 2*5/2*r) - H'' 

1 y 3 r>4 / f> 


2 13 ^ 5 ) 


^ _ _2_±?2 (-2 , j2){ 3 1 74) 2 3 2 4 f 7(“^ 4+2 _H^) 

32 + 42 J5 

= - 0 Q3 -j0 56 

_= ^(0*082 + 0*502) 0*500 

- tan- ’(-0*56/ -0*08) -98*1° 

/. }\ 0*560 /-_98*J_° 

2) Find the recipiooal of the iiiiiubor 5 j8 
The reciprocal number is 

* 5* + 82 •' 52 + 82 •' 

Y = ^(0-05622 + 0*092) _ o-0106 

p = tan-* - 0*09/0*0562 - 58° 

Y - 0*0106 /- 58° 
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RESISTANCE AND INDUCTAN(MO 

In coiit iiiuoiis-fuiTcni circuits the relatioiishi]) betwivu E.JVl.E. 
and current is a simple one and is given by the equation E = IK. 
Now the resistance (R) of llie conductors of any particular circuit 
is constant provided that the t(Mn])era<uji‘ of the conduct ora is 
constant. Hence, exce])t for tlu' variation of r(\sistanc(‘ caused by 
chan^ of temperature, the resistance of a circuit carrying a con- 
tinuous current is indei)endenl of tlu‘ magnitude ot the current.* 
Thus %)r a given circuit the ratio Ejf is constant. 

In alternatiTig-current circuits generally this simple rc'lation 
between K.M.K. and curnmt is not ap])licahl(‘, as the variations of 
current and lO.M.F. set up magnetic and electrostatic etfccts, 
respectively, vhich must lx* con.sidcr(‘d togetlu^r with the r(‘sistance 
of the circuit when determining the quantitative relations hetweem 
current and E.M.F. For example, w'ith low -voltage circuits mag- 
netic effects may be very large, (\sj)ecuilly whe'ii the currents arc 
very large, but electrostatic effects are usually ne^gligible. On the 
other hand, with high-voltage ciremits electrostatic effects may be 
of a])pr(riable' magnitude^, and magnet k* (*ffe*cts are also present 
Henc^, iif obtaihing the relation between E.M.F. and current, these' 
effects must iJe given due e'onsideration. 

In this chapter wt shall consider the' manne'j- in w'hie*h the' 
magnetic effects due to -the current in a circuit affe'ct the relationshij) 
between the applied E.M.F. and the curre*nl, reserving foi* a later 
chapter the discussion of electrostatic effe'cts. 

Inductance. An electric current in a conductor prexluce'S a 
magiiftic field which encircles the conduct e)r. When ne) other 
magnetic fields are present the paths of the magne'tic linos arc 
circles which are concentric with the conductor. 'Jlie magnitude 
of the magnetic field is proportional to the magnitude of tlR' current, 
and the direction of the field depends on the direction of the current. 
If the conductor forms part of a circuit carrying an alternating 
current the flux will be alternating, and the linkage of this flux 
with the circuit will induce therein an alternating E.M.F. The 
magnitude of this E.M.F. is, at any instant, proportional to the 
time rate of change jof the fliyc at that instant. As the induced 

* It is assumed that the distribution of the cifirent over the cross section 
of the conductor remains constcuit.at all currents. 
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P].M.F. is clue Holehj to the magnetic c‘ffect of the* current, it is called 
the E.M.F. of , self -induction, or the inductive E.M.F, 

Inductance (also called self -induction) is the 2)ropcrty of a circuit 
in virtue of which a varying current causes a variation of the flux 
interlinked Avith the circuit and an E.M.F. to be induc«djbhcrcin. 

* A circuit possessing inductance is called an inductive circuit and 
one devoid of inductance is called a non-inductive circuit. Since it 
is difficult to obtain a circuit absolutely devoid of inductance, the 
term “ non -inductive* circuit ’’ usually refers to one in which th(‘ 
inductance is negligible in comparison with the resistance. Examples 
of non-inductive circuits and a]) 2 )aratiis : incarnh'seemt lamps, liquid 
and grid rh(*ostats, concentric cables, staiulard low resistances con- 
structed of concentric tubular ('onduct(»rs. Examples of inductive 
circuits : solenoids, and all electromagnetic ai)paratus and 
machinery, overhead transmission line's. 

Coefficient of inductance. Jn an altc'rnating-cMirrcmt circuit of 
constant magnc'tic reluctance the* flux is dircntly proportional to, 
and is in phase vith, the current'. Thus < 

0*47n’A^ ({^AttN 

*=- .V- (-.V 


where is the flux corrcs^ionding to the* curr(‘nt i (amperes), N the 
number of turns through wdiich the current ])asses, and S the 
magnetic reluctance in centimetre units. Hence, H suck a circuit 
the P].M.F. of self-induction (c, Aolts)is at any instant, proportional 
to the rate of change of the* current, thus 


/ {)ATTN^- \di di 

\Q^~dt ” VS' x'ioydt~~^"7u 


where L is a constant, called the coefficient of inductance- or, shortly, 
the inductance —oi the circuit. The minus sign is introduced 
because the direction of the induced P].M.F. must be such as to 
oppose the flow of current. 

Numcfically, 


^ (h47riV^ 
lO" 

~ i X 10« 

= 

dijdt 


( 7 ) 

( 8 ) 


( 9 ) 
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The coefficient of inductance is therefore a constant property of all 
circuits for which the magnetic reluctance is constant. 

The practical unit of inductance is^ the heunj. This unit is 10** 
times the C.G.S. electromagnetic unit, which is a centimetre ; 
inductance •having the dimension | MlL-T ‘“]T/| M*LlT-' ] ^ U 
where L, M, T denote k'ligth, mass, and time rcspi'ctively. * 

A circuit possesses an inductance of 1 lu‘nry when 
10^ linkages of flux and turns ari‘ produced by a euiT(‘nt of I 
ampere passing in the einaut f or wht'ii 

an E.M.F. of I volt is induct'd by a eurn'ut varying at the rate 
of 1 jynpere per st'cond. 

Equation (0) givt's L in ])raetieal units (i.(‘. lu'iiries) when e,, is 
(‘Xj)refci|ged in volts and dijdt in amperes per second. 

Examples. (1 ) A wooch'n tore (i.(\ a ring of enciilar cross section) of 20 cm. 
ineun diameter and 5 cm.- cross st*ction is wound witli 1000 turns of fine wire. 
Calculate the inductance of the winding. Also (*aleulate the value of the 
induced K.M.F. when a current varying at the rat«‘ of lOO A. pc'r second is 
sent through the winding. « 

The reluctance of the magnetic path of tle^Mound tore is equal to 

mean magiu'tie length 2 < 17 t: ^ 

cross section 


ITenee, substituting in equation (7). ve ha\e 


0-47T ' I00[H 

■47r“““lb“ 

« • 

Tlu* iiulueed h\ is obtained 


10“^ H , oi I milli-henr\ . 
fiom <M|uation (0) Thus 


L i/i /(It 
10-’^ ' l!IO 


(M V. 


(2) Inductance of tno fiarallel c>liiidrical comluctors 

ill this ease we require the flux linketl ^\llh a definite length of each con- 
ductor when the current is 1 A. Tlie flux produced by this current is calcu- 
lates ^rom elementary ])rincq)les, and to make the coiulitions of the problem 
definite we shall aBsuine that the conductors are similar, nun -magnetic, and 
form part of a circuit ; that the current is uniformly distributed over the 
cross section of the conductors ; aiul tliat the spac(‘ surrounduig them is 
non-magnetic. Under these conditions we may obtain the* flu.x linked with 
each conductor by superimposing tht* .sejmrate fluxt^s due to tin* currents in 
each conductor. 

Thus, considering the magnetic effect due to a current of i amperes in one 
conductor, the magnetic force (or density of magiu'tic field in lines per cm.*) 
at a point Fig. 19, external to the conductor, di.stant j' cm. from its axis is 

„ f)*47ri _ 0*2/ 

® 27Ta; • 

or, when i — 1, 

- 0-2 /x. 
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The magnetic force at a j)oint inside the conductor, distant y cm. from its 
axis, is 

„ 0-47ri(7ri/® /"»■*) _ „.o.- IV \ 

^ “ “* V^/ 

f or, when i 1, 

, //„ -- 0-2{ylr^) 

whore r — - radius of tlie conductor. 

The variation of the magnetic force in the plane ])erpendicular to tliat 
containing the axes of the conductors is sliown in Kig. 11). curve 1. 



Ficj. 19. -Pertaining to tlie Calculation of the Inductance of Parullel 
Cylindric (’oiidiietors < » ^ 


The effect of the current in the other conductor is represented by the 
curve II, Pig. 19. Hence when both conductors are carrying current the 
resultant magnetic force in the space between them is represented by the 
sum of curves I and 11, and is showTi by curve 111. The area between this 
curve and tlic abscissa axis is therefore proportional to the dux linked with 
each cm. length of the circuit when both conductors are carrying current. 

The external dux in Die s]>ace Indween the comluctors is, |>er vm. length of 
circuit and per aiii|K^re, ^ 

/ Dr M)-L» r "^D r 

[lij. \)ilr 1 j — ilj 2 0-2llogf xj 

'' ()-4logp|(7J r)h\ 

0-4 2-:i log,„ Dfr 

when D is large in comparison with r. 

The internal flux per cm. length of each conductor, due to unit current in 
it, is, for an element dy distant y from the axis, 

dO,- Hy{dy X 1) — 0 2{ylr^)dy 

This flux is linked with the portion TUt/* the cross suction of the conductor. 
Whence the linkage is 

X 7TJ/*/7Tr* — 0*2(2/® /r*)d</ 
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Hence the total linkage for each conductor duo to the internal flux is 

J o*2(y®// *)(/»/ - J .y* dj/ u*2/4 o-oo 

Therefore the inductance per cm of circuit ih 

L • {(0-4 2-:nogi„/V0 ‘ - ^ o-Oo] lo-** 

{()-92logirt7>/r 1 0-1} l0-« hcni>. 


Mutual inductance. Tf a circuit carrying an alternating 
current is in close proximity to another circuit (B), tlu' flux due to 
the current in tlie former will interlink with both circuits and induce 
in the^n E.M.Fs., the direction of wliich will be tlu‘ same for each 
circuit. Now' the E.JVl.F. induced in circuit A acts in such a 
directi(j^i as to op])ose the change of curri^nt in it. Hence, if circuit 
B is closed upon itself, the direction in which the cmreiit circulates 
is the same as that of the induced E.M.F., and is ox)i)osite to that 
of the curr^mt in A . Thc' resultant ampi‘rc‘- turns due to the currents 
in these circuits are tluTefore smaller than those du(‘ to the current 
in A, and on the a?isum])tion of constant reluctance, the flux linked 
with the circuits und(*i’ these (‘onditions is smaller than that which 
is linked with A w hen B is ox)en or riuuovcd, thi‘ current in A being 
the same in <‘ach cas(‘.‘ Thus the (‘fl(‘et of the induced (‘urrent in B 
is eiiuivaleni to a reduction ot the self induction of A. This 
inductive action of oik* circuit uxion aiiotlu*!* is called inatnal 
hiduciunca or tnulital indaciio^i. 

Sui)|)ose the*abovi‘ circuits consist of funis, rc'spectivi'ly, 

w'ound m close ])roximity u])oii a common non-magnet ic, non- 
luetallic core of r<‘luctanc(* >S'. Assume altiM'uating cunvnt to k* 
su])])lied to circuit A, and circuit B to be open Then the flux (cl>i) 
due to a current ampere&kiii .1 is 

O, — 047r/VVt/N 

The number of linkages of this flux and the turns in B is 
0*477 / S 

and the E.M.F. (Co) induccHl in circuit B is 
0*477 

" “10“ X s It ^ (it 

where M = 0*427A^iA'2/aS^ X 10^, and is a constant. 

Similarly, if altenjating current is sujiplied to circuit B and 
circuit A is open, the flux (Og) due to a cur^jcuit /^ amperes in ^ is 

*02 = 
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The number f)f linkages of this flux and the turns of A is 
and the K.M.F. (e^) induced in circuit A is 


N-^ ^-AirN^N^di^ 

“lO" dt ~ 10« X A’ Jt~~^^dt 


where M = ^AttN^N.JS x 10^ 


The constant M is called the coefficient of mutual induction, or, 
shortly, the mutual inducta'nce of the tw^o cij cuits, and is a constant 

proi3ert y of llu* circuits provided that th(‘ reluct anet* is 

constant. 

Numerically, 


10« X 

. (10) 

iV,(D, 

/a X.IO" ' /j X 10» • 

(11) 

_ ‘’l ^2 

(dijdt) {di^jdt) 

(12) 


The 'nmlwal inductance is the henry. Thus 

inductance, whether self or mutual, is expressed in henries. 

Two circuits possess a mutual indxictance of I lien^y when * 

10^ linkages of flux and turns arc ]noduccd in one circ-uit due 
to a current of 1 ampere in the other circuit ; or wlieu 

an K.M.F. of 1 volt is iuduc(‘d in one circuit b}" a current 
varying at the rate of 1 ampere ixer second in the other circuit. 

Equation (12) gives M in henries w^lien the induced E M.Fs 
(Ci, 62) ^^re expressed in volts and th(» rate of change of current is 
expressed in am'peres per second. '' ' 

Example. A wtraight fyliTidiicttl wooden coie 4 em. diameter is wound 
over unifo^^inly with on© layer of fine wiie, there being 8 turns per cm. for a 
length of 100 cm. Aromid th© middle of this lielix is wound a search coil of 
50 turns. Calculate the mutual inductance of the coils. 

As the length of the helix is great in compaiison with its diameter the Hux 
den.sity {B) at its centre, due to current i, is 

B - 0‘47T X amp. turns per cm. hmgth 

— 0-4Tr X Si • 

Hence the flux (O) at the middle of hoh’x due to upit current is 
<\> ^ BA 


= 0-47r X 8 X Tc X 2* 
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This flux Is linked with the turns of the search coil, and lherefoi*e the mutual 
induct anoe of the coils is 

«I) / 50 0-4 X 8 X 7T X 22 X 50 

Af - — — lOi- 

= 0-0G3 X 10-s 
- 0*003 milli-henrics. 


Relation between self -inductance and mutual inductance. If 

donote tho respootivo self -induct aiK*(‘s of tlu‘ above circuits, 

Ly = OAttN^^IS c 10 « 

-- OAttN^^IS X 1()« 

Hence, 

(0*47r.Vi.V2/A' - 10‘')2 - 

or M = \/(^i^ 2 ) 


Thus the mutual inductance of two circuits is ctjual to th(' square 
root of the product of their s(‘lf-inductanc(‘s. 

This equation is^nly strictly true Avht n the wliole of th(‘ Ilux due 
to a current in one ciieuit is linked witTt the whole of th(‘ turns of 
the other circuit, i.e. the turns in both circuits are coincident. In 
general, these two sets' of turns are displaced from each other, and 
M is less than The ratio Mj^/LyL^ is called, in radio- 

t(‘legraphy, the coefficient of couplmg^ and mutually-inductive 
circuits ar,e said ^o be tightly or loosely coupled, according to whether 
the vSilue of r«,tio Mj^LyLo approaches unity or is considerably 
less than imity. 

Apparent self-inductance of mutually-inductive series circuits. 

If the two mutually-inductivf' circuits A, B considered above arc 
connected in series, the jojnt, or apparent, inductanc’c is givem by 
B = Ly -j“ -^2 i 2il/. 

Thus the self-induced E.M.F. in ^4 due to the ciiij^cnt (/) is ecfual 
to ~*fjydijdt, and that in B is equal to - L^dijdl. Again, the E.M.F. 
induced in A due to mutual induction from B is e qual to T Mdijdt, 
and that induced in B due to mutual induction from A is equal to 
T M dijdt, the double sign deuioting that two combinations of the' 
circuits are possible, i.e. the connections may be such that the 
magneto-motive forces act either cumulatively or diffi‘rentially. 

Hence, the sum of the induced E.M.Fs. due to the variation of 


current is 



di 


di 


di 


— *;j; {Li + ig ± 2il/) 


dt 


dt 



where L = By ■-(- B^ i 23 f 
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H the ifiutual inductance i» variable between the limits Jfmax* 
then the joint, or apparent, inductance of the circuits will 
be variable between th(? limits 2(M^ax ih 
This principle is applied extensively in practice to variable 
standards of self and mutual inductance, and to roeeiv^ig apparatus 
for radio telegraphy and kdephony. 


Non-uniform distribution of current over cross-section of conductor (skin 
effect). The elementary tlieory of irmtuaily-iiwiuctive circiiitH may be 
a])plie(l to show tliat tlie distribution of eiirront over tlio cross-section of a 
non -magnetic conductor is not uniform.* 

Thus, consider two concentric tubular elements A, /i, in the cross-soctiou 
of a circular coTuluctor, and let tho cross-sections of these elenuMits be equal. 
Further, let /j, denote, the Icurrcnts in the eloincnts, L^, Lj^, thfir self- 
inductances, AI their mutual inductance, and Ji the resistance* of eacli element 
for a given length of conductor, 'riien, if the* |)ot(“ntial difference oe^-oss this 
length is dene)ted by c, we liave 




t/t i 

(ill, 

( 

W'l 1 


Mi 

(it 


: , 


4 

V 

" ' (// V 

J 

(it 


whe*nee / y 

Ne)w if .1 is tho out<*r cleMiieiit, 




f// 


1 ^r 


r// 



which shows tleat the eMirrent elensity in the* e^iite*!* e*le‘meMit (.4) is gri*ater 
than that in the inner ele*ine'nt (Ji). 

Therefore, diw tej indne*tive* eriee*ts, the* e-une*nl teme^s to e'.eni eon Irate 
towarels the surfae*e of tla^ ce)iiductor. This y)hi‘noine*ne)Ti calleel tlfi‘ skin 
vffed. It results in the heating, e>r /-//, loss in the* e-onelnclor Ix'ing gieater 
than that whe^i the* curtvnt is unife>rinly elLstrihiitixl, and, i»i e*e)nseejuene*e, Ihei 
“effective resistane-e ” eif a coiuluctor whe*n carrying Klte*inat ing e*urrent is 
greater than the* true resistane*e* of the e*onelucte:)r. The skin elfe*ct lM*comes of 
consielerable import ane-e at liigh freque*ncies, anel highly straneleel coneJue-teirs. 
laiel up on a hemp core, must bo emplfjyeel fe^^* transmitting high-frocpu*ncy 
currents, the straneling being neces.sary feir rexlucing the hiss due to eeleJy 
currents. 

Morejover, on account of the non-uniform elistributieni of tlie currei^^ the 
st3lf-ineluctance of the condiie-tea* will be .slightly leaver than that calculateel 
Uf)on the assuiiqjtioii of uniform distribution of tlie e*urrent. 

Aelelitional theory relating tej niutually-inductiv’^e* circuits is defe*rre*el luitil 
the relatio 4 ,iship between current anel impres.se ‘el F.M.F. for the simpler 
alternating-current circuits has been establisheel. 


Relation between current and E.M.F. lor a simple circuit possessing 
resistance. Consider a non-inductive circuit, »uch as an incan- 
descent lamp, in which an alternating current is passing. Let the 
resistance of the circuit be R ohms and let the current be represented 

♦ The full treatment Involves complex 4 uantlti<i^ and may be^levt*loi>e(l aloim similar lines 
to those employed in Cliapter Xl^in conneotlon with tho calculation of the flux distribution 
in a magnetic core. In fact tlio distribution of current over the cross-section of a large 
conductor may, at high frequencies, bo represented by a curve similar to that of Fig. 197. 
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by the equation i = sin It is requin'd to determine the 
’impressed E.M.F. necessary to maintain this eurrent. 

Now in any electric circuit the resultant of all the E.M.Fs. 
(internal and external) acting in the (‘ireuit must be zero, i.e. the 
internal E.M«b"s. which come into existence with the eurrent, and 
are due to the resistanct^ or other ])roporties of the' circuit, must 
balance the external, or impressed, E.M.F. 

If the circuit possesses only resistance* we must have* {e - iVr) - 0 ; 
or e = ZiVy where e is the im- 
pressed, or applied, E.M.F. , and 
Sir th^internal E.M.Fs. produced 
by tile passage of the* curre*nt 
through^ the resistance e)f the 
circuit. It is important tei obse*rv(* 
that the internal E.M.Fs. {Sir) 
act in opposition to the curre*nt, 
and at any instant the*ir ])hasc 
difference with r^spe*e*t to the* 
current is IHiY'. 

Hence for the eju*e*uit imeler 
consideration the interfial E.M.F. 
due to resistaiie*e is, at any instant, 
given by 

e^^ -=^ - Ri — •- RI sin (ot, 

the minus sign iudie'ating that aets in oi)])e>sition to the e urrent. 

The*refore* the e({uation to the ini])ivss(‘d K.M.F. is 

€ -- - — Ri — R/„t sin . . (14) 



Frc;. 20 Krpn'si'iitiition of 
(’iiiri'iO and 10. M Ks, fFXtornal 
aiai lntc*rnal) for .\on induct ivo 
(’ircint 


Thus the* impre*sse*el E.M»F. must be* sinusoielal and e>f the same 
frequ€*ncy as the current. It must also lie* in ])has(* A\ith the 
C’urrqq^. These conelitions are shown graphieally in Fig. 20, in 
w'hieh the sine curve I repre*se*nts the eurrent, the sine* curve E the 
impressed E.M.F., anel the sine eurvt* the* internal E.M.F. 

(Conversely, if a circuit ])e)SH(*ssing ])ure re'sistance* be* connected 
to a source of sinusoidal E.M.F. the cunvnt in the* circuit will be 
sinusoidal and will have the same* freeiuency and ])has(* as the 
impressed E.M.F. For example, if the im])re*sse*el K.M.F. is given 
by the equation 

, e = E^ sin (ot 
the equation to the current is ^ 






" R 


sin cot 


(15) 
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The maximum value of the current is 

and the R.M.S. value is 

/ =- E/R 

Hence the relationship b(‘tween current and Jil.M.F. is the same 
as for a continuous -current circuit, and the ratio Efl, or E^|I„^. 
gives the true resistance of the circuit, such as would be obtained 
by a test with continuous current. This stat(*ment, however, holds 
true only in cases where (a) the current is uniformly distributed 
over the cross-section of tlu* conductors, (/>) the conductors are 
remov(*d from the influence* of external alternating magnetic fields. 

Relation between current and E.M.F. for circuits p&sessing 
inductance only. Consider a purely inductive circuit of which 
the inductance is constant and equal to L. Although such a circuit 
cannot be realized absolutely in practice, it is^approximated to by 
a non-magnctic torus with a low-resistance vimling. If the torus 
is of laminat(Hl iron, or of iron wire, a closer apiiroximation to a 
purely inductive circuit is obtained ; but in this case the inductance 
will vary with the saturation of the iron core. 

Jjet the current in the circuit be reinvscnted by the equation 
i ^ Ijn sin a)t. Then the E.M.F. induct'd in tlu* circuit by the 
alternations of the current is 

di d 

L 0 ) cos ioi 
sin ((ol -m Itt), 

which is of the same f requeue > as the curjent but lags behind it b^^ 
an angle of radians, or 90°. • • 

Since the resistance of the circuit is zero the impressed E.M.F. (e) 
must balance the E.M.K. of self-induction. Hence the equation to 
the impr^'ssed E.M.F. is 

e - Pj, “ sin {cot - Jtt) 

- (oLI^ Hill (cot \7 t) . . (16) 

Thus the impressed E.M.F. must be sinusoidal and of the same 
frequency as the current. Moreover, it must lead* the current by 
an angle of 90°. 

Conversely, if a purely inductive circuit be connected to a source 
of sinusoidal E.M.F. the phase difference between E.M.F. and 
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current will be 90® (lagging). A graphical reprcsentatioA of these 
.(’onditions is shown in Fig. 2 1 , in whicli the sine curve I re])roscnts 
the current, the sine curve E the impressed and the sine 

curve Ej^ the E.M.F. of self-induction. 

From equation (16) the maximum value of the imiu-esscd E.M.F. 
is 

- v)ljf 

and the R.M.S. value is 

E - 0)JJ 27Tf/J 



Fi(,. 21. Ho|n’os(^nf fltinii of (Hirroi.t oiitl K M Ks (K\tf nidi and 

fntonial) for Purely lnfhK*ti\o (*ircuit 


The ratio E oL ^tt/L is called the rf adduce of the circuit, 
and is denoted by the symbol X. Reactance has the same dimen- 
sions as resistance (both ha\iiig th(' dimi'nsion |L/T] in the 
electromagnetic system of units) and is accordingly express(*d 
in ohms. 

Example. A fylnulrical wooden cote, 4 <-in. in dirtnietei, is wouml over 
umfgr^ly with orio layer of lino ^\lre, tliore beiiif^ 8 turns jiejr cni. foi ii length 
of 100 em. Around the middle of this helix is ^^ollnd fi search coil of oO turns. 
What voltage would you expect to get at the terminals of tlie svaich coil when 
a current ot 10 A. at 50 cycles per second is wnif through the liolix ? 

If M Ih tho mutual mductanco of the coils, the instantaneous value {t ,) of 
the R3.M.F. induced in tho search coil is 

Cj, 

where is the instantaneous value of the current in tho primary eoil. If this 
currentr is represented by tho equation i -- sin w/, we have 

d 

• • 

- MI^w cos o)t 

■= (oJMl^ sin {ojt - in) 
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Tlio iiialimiini value of the induced E.M.F. is 

and tiio K.M.S. value is 
E, (oMI 

"riio value of J\f lias heeii c-aleulate<l oti p. 41 anri is <1*063 
Hoiiec 50 ^ 0*063 10~® X 10 

0*2 V. 


Relation between current and E.M.F. for circuits possessing 
resistance and inductance. ConsklcT a circuit of resistance R ohms 
and an inductancM' (which is assumed io be constant) of L henries. 
L(*t the current in th(' circuit h(‘ repres(‘nted by the equation 
i -r. sin (t}l. 

The internal K IM Fs. in tli(‘ circuit an* 


(1) th(' E M.F. du(* to resistance* ( 7^/) which has a 

])has(* difT(*n*iice of 180” with respect to tlu* ( urrent , 

(2) the E M.F. of self-induction ( Cj di/d/) which has 

a phase ditlerence of 90”^ lagging;, with resp(*cf to the current. 

The impressed E.M.F. (c) must balance tlu* internal E.M.Fs. 
Therefore* 

c — + C|) — Ri -1- Ldijdt 


— I foLI „^vo^o)i . . (17) 

But the sum of two sinusoidal quantities can be* expressed as a 
single* sinusoidal quantity. Thus, multiplying anfl dividing each 
term of equation (17) by \^(R^ -f we have* 


( R 

^ ~ 44mV^(^“ 1 ^ / (7^^ H 0)^'^ ) 

Now if 


(oL 


tan 9? - (oL/R 
cos < 7 ^ - RI\/(R^ 1 o)^L^) 

sin — o)L[\/{R -{ co^L^) 

wc obtain on substituting these value*s in the above equation, 
e — /„i\/(7?2 + I cos (p sin cot H- sin cp cos (ot\ 

= sin {cot cp) • • • ( 18 ) 


This equation shows that the impressed E.M.F. is sinusoidal and 
leads the current by the angle cp, the tangent of Which is equal to 

(oL reactance 


R resistance 



RESISTANCE AND INDUCTANCE 


47 


Conversely, if the equation to the eurrent had beert given as 
.i ~ sin {(ot-(p), where (p = tan'^e^L/T?, wc should have obtained 
for the impressed E.M.F. the equation 

e = /mV H' «in cot 

Hence, if •a sinusoidal E.M.F. re])r(\s(‘iited by Ww (‘(piatioii 
c — Ejn sin o)t be applied to th(‘ circuit, the current, wlu'ii the steady 
or t‘yelie state* is reached, will be giv('U by 


v/(7/“ I (O^E 


sin (e>/ (f) 


. (lb) 


Thus in an inductiNc circuit, oi constant rcsistain e and inductanc(‘, 
sup])li(^d by a sourc(‘ of sinusoidal K M V , tin* cuni'nt is sinusoidal 
and of the same, fr(‘((U(‘ncy as the imprcsstMl but is lagging 

with reifjiecl to the latter. 

The ma.ximum salu(‘ of tin* curnait. troin i'(|uation (lb), is 


/„ - EJ^{IU 1 c/^/.^), 
and tin* H.M.S. valiu* is 

/ - I o-i:-) 

The ratio Ejf V(^*“ I (o'^IA) is callisl the iwpvdunrc, or 
“ apparent resistance, V' of tin* circuit, and is usually d(‘not(*d by the 
symbol Z. lmpedanc(‘ has the sanu' dinu iisions as resistan(*(‘, and 
is accordingly expr(‘ss('d in ohms. 

Th(‘ (equation connecting E.M.F., cuiTcmt, and impedance in an 
altemiiting-curjent circuit is therefore similar to that connecting 
E.M.F., current, and resistanci* in a continuous-current circuit. 
Hence, by n'garding im])edance as “ a])]>ar(‘nt rt'sistance,” Ohm’s 
law is ap])licable to alternating-ciirr(*nt circuits in which E.M.F. 
and current are sinusoidal. Wt' shall S(‘c later that this law y. 
applicable to all simph' series and parallel circuits, (‘V('n when 
eh'ctrostatic Ccapacity in a concentrated form is present. Jt should 
be observed, howwt*r, that impedane(* is not m*cessarily a constant 
property of an altcTiiating-curreiit circuit, as this quantity includes 
resistance, inductance, and frequency. Hut with constant resist- 
ance, induetanc(‘, and frequency tlui impedance" Avill b(» Constant, 
and therefore the ratio Ejl will be (*onstant. 

The relationship between the eurrent, the two internal K.M.Fs., 
and the impressed E.M.F. is shown graphically in Fig. 22. The 
impressed E.M.F. is represented by the sine curve E, and the 


* The general equat^i to the current must take iiij;o acooiuit the value 
of the impressed E.M.Ii\ at the infant of closing the circuit. In general, 
the first few cycles of the current wave are irregfllar, but the waves become 
sinusoidal after a short time (see Chapter XVI). 
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Kio. 22 - -Represent af ion of Current and 
K M Fa. (External and Internal) for 
an Inductive Circuit 


current is* represented by the sine curve /, lagging 93 ° behind the 
latter. The internal E.M.Fs due to resistance and inductance are . 
represented by the sine curves Ej^y Ej^^ respectively, the former 
having a phase difference of 180® (lagging), and the latter a phase 
difference of (lagging), with respect to the current ^curve /. 

The sum of curves E^^ 
gives a sine curve 

^ , / which represents the resul- 

^ f'ant internal E.M.F. and 

f — 0^ >^X - . \ balances the impressed 

A-V Obviously the im- 

^ — ' ' \ \ pressed E.M.F. curvefi^ may 

tMArpOCS] y resolved into two com- 

^ ^ ponents which baliftice the 

internal E.M.F. curves E^y 

Fro. 22 --Represent al ion of Current and it nv.« 

E M Fa. (External and Internal) for components arc 

an Inductive Circuit represented by the sine 

curves -^E^y - respec- 

tively, the former being in phase with the current and of maximum 
value Rl^^y the latter leading the current by 90® and having a 
maximum value equal to (jdLI^, The curves - therefore 

represent the components of the impressed E.M F. -which are 
expended against resistance and inductance respectively. 

Vector diagram for a series circuit contain- q 

ing resistance and inductance. The vector / 

diagram for this circuit is shoAvn in Fig. 23, in -£ / 1 

which the current vector 01 is taken as the ^ / ■ 

vector of reference. The internal E.M.Fs, /1\ ' / 

E^y E^y arc represented by the vectors OA , OB A 
respectively, the lengths of which are prSpor- [ 7 

tional to RI and coLI respectively. The | / £- 

components of the impressed E.M.F. which ; / ^ • • 

balance the internal E.M.Fs. are represented 
by the vectors OC, OD. The impressed E.M.F. - £ ^ 

is therefore represented by OEy which is the 23. — ^Vector 

resultant of OC and OD, and leads the 
current vector by the angle (p. 

The length of OE, which is proportional to the R.M.S. value of 
the impressed E.M.F., is given by 

E =y/(OG^ + OD^) =^/[{RI)^ + {(oLI)^] 

, + «»*£*) 
and tan <p =OD IDE= mLIjRI = oiLfB 


. D 


• 

J 


/ : 


M>\ j t 

' 


i / 

uiLl 

• • 


'B 


Fio. 23. — ^Vector 
Diagram for an Induc- 
tive Circuit 
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The vector triangle OCE is a triangle of E.M.Fs. for “the circuit 
. referred to the extenml source of suj^ply. Thus OE represents the 
impressed E.M.F., OC the component ^vhich is expended against 
resistance, and CE the component ^vhieh is expended against 
inductance ^ 

Now, OC : CE ; OE - lU : coLl ; / -f- 

- H : (oL : 

Hence the sides OC, CE, OE of triangle OCE ar(‘ ])roportional to 
the resistance, reat‘tanc(‘, and im])edance rc'spectiv^ely. On account 
of this feature the triangle OCE, when drawn to an ohm scale, is 
called f he iynjiedance triangle of the circuit. 

Impedance is therefore a complex quantity, i.e. it is only com- 
pletely •peci tied wdien its magnitude and inclination, or alternatively 
its two perpendicular compommts with respt‘ct to th(‘ current, are 
givem. But inqicdancc is not a vector quantity as it is a non-directive 
quantity. 

fn symbolic* not^ation inqiedance is reprc'scaitcMl by the complex 
number 

Z - r \ jx 

the absolute value' of vvhich is 

Z - I -Y") 

and its phase or argument with respect to the' currc'iit axis is 
ip -=^ tan ^ X/R 

In the polar forms of rc'presc'ntalion. im])edance is given by 

Z =- Za^^ ; Z - ZJV ; Z Zjif 

Examples. (I) An nulurtivo rirc‘uit has .i losislaiiro nf 12 0. anti an 
nuhictanro of ()‘2 H. What <*iirienl will bo takoii w^hon a siiMisoidal E.M.b’. 
of iqp^V., at 50 frequency, is applied, and wdiat will be phabe differmioe 
lietween K.M.K. and enrrent ? 

I’he roaetanee of the eircuit is 

X 2nfL 2n x 50 0-2 (12*8 O 

and the imiiedaneo is 

Z I w=/.2) - I A'"') \/(>-* i <»-*«") 03.9 0 

Hence the current is 

1 EjZ 100/69-9 1-56 A. 

and the pha&e diljerenee l^etween E.M.K. and current ih 
(O- tan-iX^i? tan-*J{I2-8/12) 79“ 10' 

(2) A current paHsing through a choking coii having an mductanre of 
3 H. and a resistance of 2 O. vories according to the following law: At time 0 

4— (5245) 
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it ib 0; i< ^iiicrraw'h at the rate of 3 A. per second for 2 seconds; it then 
remains constant for 1 second ; it then decreases at the rate of 2 A. per second 
for 3 seconds. Plot the current curve and also the voltage at the terminals* 
of the choking coil. (C. and Ci., 1918.) 

The solution is given in Fig. 24, in which the trapezoidal curve I represents 
the current and the stex3ped cui-ve K represents the voltage at the terminals 
of the coil. The latter is obtained from its components, viz. (IVthe E.M.F. 

( Ej^) which is expended against resistance ; (2) the K.M.F. {-Ej^) which 
balances the E.M.F. of solf-iniluction. The component —EJ^ is in phase with 
the current and is equal to 7^ / 2 7 volts. The component - Ej^ is equal 



to Jj (/i /(U (.*{ " ainpcres ]mm second) volts; it is positive' i.o. in the same 

rhrection as tlw'' current \^ilen the ciiiTenl is increasing 'dt positive) and 
negative when the current is decreasing (dt jdf negative). 

Additional Thlorv Kklvtino to Mutu \li.v-Indu( ti\ i: 

('IKOIUTS 

Mutually -iiuluctivc circuits liavo nuirierous upplu'at loiis in practice, some 
of which hav(* already been mentioned. Anotlier ('\am|)le of luiitually- 
inductive circuits, wliich has a ver^ extensive application in practice, is the 
rdterttiUttiff-ctti H )tt ttansjornif r (called also the sUdic trauftjonnt 7\ or, shortly, 
the transformer)^ whereby electrical energy is transferred from one stationary 
electric circuit to another stationary electric circuit through the ,%iediuni 
of an alternating inagnetie field which interlinks both circuits. In order that 
the transference of energy lx*tween thesis cireuits shall be effected as efficiently 
as possible, the electric circuits are wound upon a common magnetic circuit 
of laminated iron. TJie winding to whicli energy in supplied is called tlie 
primary and that from which energy is taken is called the s( eondary. 

Eilementaiy theory of ideal transformer. In an ideal transformer (i.e. one 
without losses or magnetic leakage) a common alternating flux, O, links 
both primary and secondary wmdings. (Fig. 2oo.) Tlierefore tlio E.M.Fs. 
induced in tliese windings by this flux are Cj - dO/dt, and - - N^d^jdt 
respectively, whore ATj, TVg, denote the number of turns in the primary and 
secondary wmdings res|>ectively. Hence, eje^ i.e. the ratio of the 

induced E.M.Fs. is equal to the ratio of the numlier^ of turns in the respective 
windings. The ratio ^ called the “ turn ratio ” of the transformer. 

Now in the ideal case the induced E.M.Fs. are equal to the terminal 
voltages Vif Vg, so that wo have vj — NJN^ But in an actual transformer, 
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due to losses and magnetic leakage, the terminal voltages will not be equal to 
the induced K.M.Fw., and the ratio of these voltages will vary witli the currents 
in the windings. At no load, liowovor, when the secondary current is zero, 
the ratio of terminal voltages will lie approx imalcly equal to the ratio of the 
numbers of turns in tlie windings. 

If the K.M.F. impressed iqjon the ])rimary winding is constant, tlie K.M.F. 
induced in thfs winding must also he constant — smee, wlien there are no 
losses or meignetic leakage, the induced E.M.F. must balance the impressed* 
E.M.F. — and, therefore, if the frecpieiicy is constant, the tlux must remain 
constant. To maintain this flux in the magnet ir* circuit requires a definite 
number of ampere-turns, whicli, with constant impressed E.M.F. and 
frequency, must remain constant for all loads. 



2/i. — Magnetic (^ircuit and \’e( tor Diagrams of Ideal 
' Transformer 


At no load (i.oTAMtli zero current in the secondary winding) the current in 
the primary wimling is just suthcieiit to supply tlie rf'ipiisitc magnetizing 
aini>ere-turns. and, if the magnetic circuit is unsat iirated and free from 
hysteresis, this current will he in phase with tlie flux, and will lag JK)° with 
resiiect to tlio impressed 7^].M.F. These comlitions are represented in the 
vector diagram of Fig. whiidi tlie vector ()<\> represents the flu\^ 

OI) the magnetizing ampere-turns, Of„ the primary current, the 

F.M.Fs. induced in ]irimary and .secomlary windings, respectively, and DF, 
the imnressed K.M.F. • 

Wfim the secondary winding is loaded, the ampere-turns produced by the 
current in this winding act in o]>]»osition to the primary amiiero-turns, and 
if the magnetizing ampere-turns are to remain constant, tlie })rimary ampere- 
turns must change, in both magnitude and jihase, with respect tq the mag- 
netizing, or no-load, ampere -turns. Thus tlio magnetizing ampere-turns 
must bo the resultant of the ampere-turns due to the currents in the primary 
and secondary windings, i.<*. the primary ampere -turns mu.st lie equal to the 
vector difforence of tlie magnetizing ampere-turns and the secondary ampere- 
t urns. 

These comlitions are represented in the vector diagram of Fig. 25r, which 
contains the same vectors as the previous diagram (Fig. 256), together with 
the vectors OA, OB, which represent the ampere-tums due to the currents, 
Ii, Ij, in the primary aAd secondary windings, respectively. Observe that 
OD is the diagonal of the parallelogram OA DB, tiie sides {OA, OB) of which 
represent the amj^re-turns due to the currents in the primary and rocondary 
windings. Obsei've also that the phase difference, 9 ?^, between the impressed 


52 


ALTEENATING CURRENTS 


E.M.F. and the primary cMirreiit doiieiids principallj'” upon the corresponding 
phase difference, t)etwoen the terminal voltage and current of the secondary 
circuit. Observe, again, that if the magnetizing ampere- turns, OD, were 
zero, the pliase difference between ttie primary and secondary ampere-turns 
(and also tliat between the primary and secondary currents) would be 180°. 
Under these conditions we should have IiN^ ^ 2 -^ 2 * o** ~ -^ 2 /^ 1 * 

i.e. the ratio of currents would equal the inverse ratio of the U.M. Ss. 

Elementary theory of practical transformer. In an actual transformer we 
have losses in the windings and magnetic core, magnetic leakage between the 
windings, and saturation in t)»e core. 
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Fifj. 20. Magnetic Leakage in Transformer 


The effect of magnetic leakage is shou^ii^ diagrammat ically in Fig. 2(k/ 
from which it is evi<lcnt that tlie flux wliicli links witli the secondary winding 
is smaller than that which links with the primary winding. Moreover, since 
tlv' leakage incicas^^s as the magneto-motive force mcreas's, the flux which 
links with the .secondary winding will decrease us the secondary ♦Tctirrent 
increas"*s, as-iuming the K.M.F. ami frecpieiicy applied to llie primary winding 
to remain constant. 

The tl^ory of the transfoi*nier with magnetic leakage may be developed by 
considering fictitious leakage fluxes to bo sujieriinposed upon tho ideal flux 
which links both windings and remains constant. These conditions are 
represented in Fig. 206. 

The resultant internal E.M.F. in tho primary winding is tlien equal to the 
vector sum of (J) tJie E.M.F. induced by the flux, <I> ; (2) the E.M.R induced 
by the leakage flux, ; (ti) the E.M.F. <lue to tlie resistance of the winding. 

Similarly, the terminal E.M.F. of the secondary winding is compounded 
from (1) the E.M.F. induced by the flux, ; (2) the E.M.F induced by the 
leakage flux, <p 2 L * (’^) E.M.F. due, to the re8is,*ance of the winding. 

Since a large portion of, the paths of the leakage fluxes is through air and 
non-magnetic materials, these fluxes may be considered to be proportional 
to, and in phase with, the currents producing them, and therefore the E.M.Fs. 
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induced by the leakage fluxes will be proportional to, but will fag 90® with 
respect to, the currents in the primary and secondary windings. Therefore 
the conditions, so far as magnetic leakage and resistances of windings are 
concerned, are equivalent to those which would bt* obtained if inductive 
resistances were connected in series with the primary and 

secondary circuits, respectively, of the ideal transformer (Fig. 20c). ^ 

The effect eff losses and magnetic saturation in the iron core is considered 
in detail in Chapter IX. For the present they may be taken into aeeount by* 
considering the no-load current to lend the flux. This is equivalent to a 
resistance r (Fig. 2()c), lieing conneeteil in parallel with the primary winding. 
The no-load ampere-turns are tlieii r<‘pr<*sented by ()(' (Fig. 2(w/), which must 
remain constant at all loads if the flux is constant.* 

The modifications to the vector diagram of Fig. 2.^- to take into account 
magnetic leakage and lossi's are shown in Fig. 20ff, in winch OV ^ represtmts 
tlie secondary terminal voltage (which is compounded from the induced 
F.M.P\, the F.M. F. ( - due to resistance, E^a, and the inductive 

K.M.F. ( vjL^l,) nFo)* represents the primary terminal voltage and 

() — Represents the re.sultant internal K.M.F. in the primary winding, 

O Vi lx»ing compounded from the induced K.M.F.. OEj, the K.M.P\ ( 
line to resistance, E^h, and tlie inductive K.M F. ( h r,. 

The effect of magnetic leakage upon the performance of a transformer is 
to cause a deereasi^ m t he, secondary terminal voltage with an increast* of load 
(assuming constant jirimary voltage and frecjuem*y ), and also an increase in 
phase difTerenee betv^een the seconilary terminal voltage {OVt) and the resul- 
tant internal K.M F. of the piimary winding^O - Tj). These effects may Ix^ 
minimized in practice by so arranging the m iiulings that the magnetic leakage 
is small, e.g. with the tjjic of core bhowii in Fig. 2fl, by placing primary and 
secondary windings on both limbs instead of only on .si'parate limbs as 
shown and arranging tlie.si' Hidings m tlie form of concentric cylinders. 

♦ \ftuully, liouevor, duo to the ivsistaiu'o el the pnin.irv A\mdlnw, tlio l!u\ deoreiisos 
.sliifhtly JUS tiio load ln< roasrs, luit iii jjr.ictirj* tin* di*< irase i-* sti siu.dl tli.it \('r> little rrroi is 
made in assMiuini; tiie tiux to remain eoiist.ml. 



CHAPTER IV 


CAPACITY AND CONDENSERS 

f 

Electrostatic potential. The potential of a conductor is defined 
as the work done by, or against, electric forces in carrying unit 
positive charge from the conductor to the boundary of the electric 
field, wliich is considered to be at zero potcuitial. 

For example, consider an isolated spherical conductor, of radius 
rcm., surrounded by air and charged with Q positive ‘units. 
Assuming this charge to be distributed uniformly over the surface, 
the force on unit positive charge at distance x from the cdiitre of 
the sphere is (Q X Hence the work done in bringing this 

unit charge from the boundary of the electric field (i.c. infinity) 
to the surface of the s]jhere is 


V - 




Q 

_= - 

r 


which, by definition, is the potential of the sphere. 

ESnergy stored in an electric field. An electrically charged conductor 
is the seat of an electric (€dectrostatic*) held, the lines of electric 
force being normal to the surface of the conductor. ^ The work done 
in charging the conductor to a potential V is given by ' 


W - hQy 


where Q and T denott* the charge and ])otential, ^cspectivel 3 ^ in 
electrostatic units. This energy is store/1 in thi* (^lectric field and 
is released when the conductor is discharged. 

Capacity. The ratio of the charge (Q) on a conductor to its 
potential (F), when all other conductors in the electric field are at 
zero potential, is called its capacity (C), i.c. QjV — C. With this 
relationsl\ip between Q and V we may exj^ress the energy (W^) 


* From the (lefinitioii of potential it fonow.s that the work done in carrying 
a chargo dq from the boundary of the electric tield to a conductor charged to 
potential v is v dUj. Now the ratio of charge to potential is constant ; hence 
if di> is the increment of potential due to a charge dq, dqjdv - C\ a constant ; 
i.e. dg — C dv. Tlierefore the total work done in charging the conductor to 
a potential V is t 

W - f^vdq^ P f^vdv r- JTF* - i<(3Ferg>j, 
do • d Q 

where Q is the charge corresponding to a jiotential V. 

54 
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stored in the electric field in terms of capaeity and ‘potential, 
.thus 

If ^ WV^ ergs (20) 

whence C — 2Tf/F“ . . . . . . . (21) 

i.e. the capacity of a conductor is equal to twice tlu* (‘iiergy stored ■ 
in the electric field when its ])oUmtial is unity. Fa])acitv may, 
therefore, be regarded as a i)ro])(‘rty of a conductor, or a system of 
conductors, in virtue of which elt'ctrical energy can he s(ori*d in the 
surrounding electric field. 

Unit ol capacity. In equation (21) the capacity will be given 
in elecfrostatic units — i.e. centimetres -when W is (‘X])r(‘sst‘d in ergs 
and V in electrostatic units of potential, 'ro obtain C in practical 
units — ^farads — TF-and V must be expressed in practical units — 
i.e. joules or watt-scconds, and volts respectively. Now all i>ractical 
electrical units are derived from th(‘ corresponding absolutt' electro- 
magnetic units : hence*, in deriving the prac tical unit of capacity 
from equation (21i), wc* rc'quirc the ratio beiwc(*n the cl(‘ctroHtatic 
and eh'ctromagnctic units of energy aitd potential, as well as thi* 
I’atio between the ])ractical and electromagnetic units of these 
quantities. As both qIt*ctrostatic and electromagnetic systems of 
units are derived from the cent nm*t re-gramme-second fundamental 
units, the unit of work is the same (viz. the dyne-C(*niimetre or erg) 
for both systems. But potential, or potential diftVr(*nce, is dt'lined, 
in the* (‘lectrosjatic system, in tenns of work and electric charge*- 
i.e. potential — work/ciiarge and in tin* electromagnetic system, 
in terms of the rate at which work is (*xj)cnded and curr(‘nt i e. 
])oteiitial difference — \vork/(tim(* X curr(‘nt). 

According to these definitions the iliini'iision.^ ol pot(‘Utial in 
terms of length (L), mass (M), and time (T), and tin* electrostatic 
and electromagnetic constants ac, //, r(‘s]M*clively, arc 

* in the eh'ctrostatic system, 
and in tlu* electromagnetic s\stem. 

VVhenc(* tJie ratio of the dimensions is 

T 1 

■ L ' vIJIk) 

which, since ju ^nd k are non-dimensional quantities, is the reciprocal 
of a velocity. Tlie j'alue of this velocity, deduced from measure- 
ments of the same quantity (c.g. current o^ E.M.F.) in electrostatic 
and electromagqetic units, is 3 x 10‘” cm. per second. 
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Hence, as the ratio between magnitudes of the same kind but in 
different units, is in the inverse ratio of tlu'ir dimensions, we have 

1 electrostatic unit of potential = 3 X 10*“ electromagnetic units of 

potential. 

ft » 

f Now 1 volt = 10** electromagnetic units of potential, 

— 10®/(3 X !()*“) = 1/300 of electrostatic unit of 
potential, 

and 1 joule = 10’ ergs. 

Therefore the quantities IV, V, in equation (21) must be divided 
by 10’ and (1/300) respectively, to obtain the capacity in p^jactical 
units. 

21f/10’ 2W 


Hence, C (farads) 


F2/(l/300)2 F2 ^ ion 


Whence, 1 farad =- 9 x 10** electrostatic units of capacity. 

The farad, however, is too largt a unit for commercial purposes, 
and therefore the eommerejal unit is chosen equal to one -millionth 
of a farad —i.e. a microfarad— the symbol for which is /vK., // h(‘re 
being the prefix dtuioling one millionth. 

Hence, l/iF. = 10 «F. 

~ 9 X 10** X 10 ^ 9 X 10^ electrostatic units. 


Capacity of isolated spherical conductor. Consider an ins^ilatcKl 
spherical conductor, of radius r cm., surrounded by air and isolated 
from other conductors. Assume the sphere to be originally un- 
charged, and let a charge Q be given to it. Then, provided that the 
charge distributes itself uniformly over the surface, the potential 
becomes V = Qjr, Whence charge /potential — QKQjr) — r ; i.e. the 
capacity of an isolated sphere is, in electrostatic units, equal to its 
radius in cm. * ♦ ■ 

Hence to obtain a capacity of 1//F., the radius of the sphere 
must be 9 X 10® cm. 

Conderiilier. The capacity of a conductor depends on its size and 
geometrical form ; its position relative to other bodies in the 
electric field ; and the specific inductive capacity (see p. 64) of 
the surrounding insulating medium. With conductors of the forms 
and dimensions commonly used in practice the capacity of a single 
isolated conductor is extremely small. But the capacity can be 
increased by bringing the boundary of the fi«ld nearer to the con- 
ductor, e.g. by placing 'a second (earthed) conductor near to the 
charged one. For example, if an insulated conducting sphere of 
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radius rcm. is surrounded by an eartJipji eoneentric conducting 
•shell of radius rj ein., the i)otential of the spliere due lo a charge ^ 


/ ’’jQ / 1 1 \ 

j dx = Q i - j, and its capacity is 

C = (>/F = rr,/(r,-r) -- 1 + (r/^)| 


(;• I- ())r,d 


— r(r'd), ii])])roxiniat(*ly, 

where d — r. Hence when d is small in eom])aris()n with r the 
capacitj^ will be very much greater than that of tin* isolatf^l spliere. 

Under these conditions it is possible' to obtain large charges on 
the conductors with only a inod(‘rat(‘ pot(*ntial diff(Tenee between 
them. I^uch a system of two conductors, insulatc'd from each other 
and having large surfac'cs a small distance' af)arl, is called a 
condenser. 

In all practical forms of condensers (he (‘ondiietors (calU'd the 
plates of the condeAser) consist of shet'tt^of metal foil s(‘])arated by 
a thin insulating medium called the (lieleclric. Altc'rnate plates are 
ek'ctrically connected tog(*thei% so that, by (‘inploying a large number 
of plates, it is possible- to obtain the etpiivalent of a large surface 
area although the ar(‘a of the individual ]dates may b(‘ relatively 
small. The ])lates arc* so close together that th(*v always receive 
equal and oppoj^ite charge's, and the latter are' unatTe'cte'd by the 
presenPe of neighbouring charged or uncharge'd conductors. In 
such cases the nume*rical value of the e harge on either plate, whem 
the potential difference' betwee'n them is unity, is called the capacity 
of the condenser. 

Practical uses of condensers. (Vmdense'is, in virtue of their 
property of storing electrical ene'rgy, have' a numbe*r of practical 
uses : for e'xample', the stored energy, whe'ii disejiargcd under 
suitabfe conditions, may be utilized to set u]) electrie-al oscillations, 
the energy being radiated in the form of electric waves —as in 
radio-telegrapliy and telephony — or again, the stoi-ed en(;rgymay 
be used to alter, or modify, the characteristics of electric circuits, 
as discussed in Chapter VI. Condensers are used extc*nsiv('ly in 
telephony : they also form an essential part of magneto -ignition 
generators for internal -combustion engines. A further use is for 
the protection of electric circuits, supplied by overhead conductors, 
against high-vollage, high-frequency, surges. 

Calculation of capacity of coildensers. General. In calculating 
the capacity of a condenser, or a system of conductors, we first 
obtain an expression for the potential of the conductors, or plates, 
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of the cond('nser due to a given charge. The potential is usually 
calculated from the summation of the work done on a unit charge, 
when moved from one conductor to the other, and this requires a 
knowledge of the magnitude and direction of the electric field at all 
points in the space between the conductors. With* the^ potential 
known, the capacity follows directly from the ratio of potential to 
charge. 

Capacity of parallel plate condenser. Let A denote the area 
(in square cm.) of each plate and d the distance (in cm.) between the 
plates. Then if 6 is small in comparison with A, the electric field 



between the ])lates due to charges j- Qy - Q, will be uniform and 
normal to their surfaces. Near the t'dges of the ])lates, however, 
the field is not uniform owing to tlu* “ fringing ' of Jhe lines ftf force 
(see F'ig. 21a). Neglecting fringing c‘ffccls, tlu* electric force at any 
point in tlu* air s]iace between tlu* ])latcs is i*(jual to 477^7 dynes, 
where a (== Q I A) the surface densit y of the charg(*s on the ])lates. 
Hence the work doiu* in carrying unit charge* from oiu* ]>late to the 
otlier is equal to 47r(7d - ArrdQlA ergs, wTliich r(*})rt*si*nts the })otential 
difference between the jilatcs. Therefore the ca])a(‘ity is gi\cn by 

C = QK^TrdQjA) — AlA^d electrostatic units . V (22) 
A l(47Td X h X 1 O'*) -- .4 / (d X 1 1 3 V 1 0^) microfarads . (22a ) 

Note.*— I f the dit‘lcctric is not air but a material having a 
flielectrie constant (*qual to /c, the capacity w'ill be k times that 
given by the above equations. 

EiZainple. Tlie plates of rt pai'allel-plttte eorifleii‘N(*r are each .30 cm. x 25 cm., 
and the dielectric is a sheet of paraffined ])a])er 0*0 IT) cm. thick, for which 
the dielectric eon.stant is 3. Assuming the plates to l>e in intimate contact 
with the dielectric, the capacity of tlio^condenser ] 

/cA ^ 30 / 2o X 3 


a 


4tu0 X 9 a 10- 4n A 0-016 x 9 x 10- 


- 0-01 3// F. 
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Multiple-plate condenser. If two additional plates, and sheets 
of dielectric, are added, and alternate plates are connected together, 
as shown in Fig. 275, the effective area of eai'h “ plate ’’ of the 
condenser will now be 3 x 30 x 25 — 2250 cm. as both sides 
of the intermediate plates B, C, Fig. 295, an* effective, but only 
one side of the end plates A, Z), is efft‘ctive. Hence the capacity 
will now be three times that due to a single pair of })lates. 
Similarly, if two more plates and dielectric are added, the ca])aeity 
will be five times that due to a single ])air of ])latcs. In general, 
if n is the number of pairs of similar })latcs in a multiple-])late 
condenser, and (7 is the capacit\ due to a single ]iair of jilotes, the 
capacity of the condenser (2// - I ) 

Hence to obtain a capacity of 1//F. uith ])lntes 30 cm. x 25 cm 
and a diflectric of paraffined paper 0*015 em thi(‘k, the number of 
pairs of plates is 

Capacity of cylindrical condenser, or concentric cylinders. Assume 
the cylinders to bo of indtdinite length and lei r radius, in (‘m., 
of surface of inner cylinder and - radius, in cm., of the inU'mal 
surface of the coaxial sui rounding cylinder (see Fig. 28r/ ). Further, let 
the charge per cm. length of the inner lindc‘r he | Q, and *let fthe 
outer cylinder bc‘^ earthed. Tiien tiu* electric force in the air space 
betweefl the cylinders is normal to their surfaces and acts radially 
outwards from the inner c>]inder. In tlu* ca.se if long evlindersand 
an air dielectric the forci* at any |)oint, in this space, distant .r from 
the common axis, is (‘([ual to 47t diuisity of cli‘ctrie Held at that 
point; i.e. electric force — ‘^(i>/27ru- 2Q/x{\yiwH. Then‘fore, work 
done in moving unit jiositive chargi* from out(‘r to iniu^r (‘\linder 



W'hich is equal to the potential difference between the cylinders. 
Whence the capacity per cm. length of the (‘ylindius is 

C — \ — —electrostatic units .... (23) 

2 log, (rjr) 


1 

2 X 2*3 X 9 X 10^ logio (ri/r) 


microfarads 


41*4 X 10® logjo (r,/r) 


— microfarads . 


. (23<i) 
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If (rj -r] = 6, equation (23) becomes 
1 

^ ~ 2 logf (1 + bjr) 

Now log^ (1 -(- d/r) may be represented by the series^ ^ 

■ogfc (I F bjr) ^ bjr~\(djrf f ^ibjrY* - Kbjr)* + .. . 

and when djr is small, the second and following terms may, for a 
first approximation, be m^glecb^d. 



Le^d Sheath 

Impregnated 
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Insulatibn 

Conductors 


(*} 

F'ld 2 S ~{<i) LVi 111 Tbcoi V ()l C’oiiceiitnc C> liiulno (^jiiclcMiser. 
{h) (^loss Scftiou of (\)rioon 1 iio ('able 



Hence when d is small in comparison with r, tiie ca])aeity of the 
concentric cylindeis will be given by 

t r 27rr A 
2d[r~T6~ Aird 

wlien' A is the surface ot the inner cylinder ])er cm. of its length. 
Thus in this special case the capacity is approximately equal to that 
of a parallel-plate condenser of the saifle equivalent surface. 

Applications of cylindric condensers and conductors. Condensers 
formed of concentric cylinders with air dielectric are occasionally 
employed as standards of capacity in clectri(‘al measurements, but 
this form of condenser is not used commercially. 

Concentric conductors of tlu* form shown in Fig. 2Sb have, how- 
ever, a large practical application as distributing mains in single- 
phase alternating-current systems, as, with this arrangement of 
conductors, no inductive effects are produced by the alternations 
of the current; moreover, such cables cannot produce external 
magnetic fields. 

Concentric cables, however, ma^ possess av appreciable capacity, 
which may be calculfirted by means of equation (23a). Since in 
practice wc usually require the capacity per 1000 yd., or per mile, 
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equation (23a) is modified so as tojgive the capacity for these lengths 
instead of unit (cm.) length. 

1000 X 36 X 2 rA X sr 0-022 x k 


C = 


4l-4^X 10®logio(ri/r) 

1760 X 36 X 2-54 x k 0-030 x k 


•oglu(>'l/»-) 


//F. per JOOO yd. (236) 


41-4 X 10®logi„(ri/r) log,„(ri//-) 




(23c) 


Example. The mnor rondiictor of a ronoentric cable*, tlcsipicd for a working 
jn’ORSure of 2200 volts, consists of 
.‘17 strands of 0'004 in. uire, the 
overall diameter lx*ing 0*4.i in. The 
insnlatic^ consists of iiiipregnated 
paper of a radial thickness of 0* 1 2 in 
Tlie outer conductor consists of a 
.singe la^^r of 20 wires, laid ovei the 
niKulation. 

I Nntf. Ill ])rHctice, the oillc'r con- 
ductor of a <‘oneentri<' cable is cart h(‘d 
at the geiierutirig staf ion | 

4’ho cajiacit.v of the cable is ob 
tamed by substituting in ecpiations 
(235), (2.V). The r,Hi(. (/i,/) (0-22.-. | <»- l2f/0-22.-> I -.-.3.3 .uid l-.iSS 

0 J8.)/). Hence, assuming the dielectric constant ot tiic* impregnated 
jiaper to bo 3*2, we have 

C (0*022 . 3*2)/0*J8.'>.5 0 38 /< K. per 1000 >d. 

(0*0388 < 3*2)/0*l8r).5 O-ti? /iF per mile. 


yl Neutral Plane 
p -yo^-r’ 



O-x 


Kn. 20 IVitaining to Thcoiy of 
raralli') ('\lindnc Fondenser 


Capacity ol parallel cylinders. Consider two long, straight, and 
])aralloJ conduct()r.s surrounded by air and rtonovt'd from other 
eonductors. Let r eru, be the radius of (*aeh eoiiduetor, J) cm. the 
distanee between the axt's of the conductors, | Q, -Q the charges 
pt^r cm. length. Then, as.suming r to be small in comparison with D, 
the charges may be considered to be eoneent rated at the axes of the 
cylinders. Hence the forA* acting on unit charge at a point P, 
distant .r cm. from the axis of one e\linder, Fig. 21), is 


'27TX ^ 2n (D - X) 


j- ' D 


2Q 


dvne* 


This force is a minimum in the neutral plant* YW whiMi bisects 
perpendicularly, the plane containing the axes of the eonductors. 

Therefore the work done in moving unit charge from the neutral 
plane to the surface of one conductor is equal to 



2Q 

D-x 



^j:-logf (D-x) 

Jr 


, D-r 

= 2Qloge — - ergs; 
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and the* total work done when unit charge is moved from one 
conductor to the other is 




D-r 


AQ\og, 


^y-l)crgs, 


which is ('qual to the potential difference between the conductors. 
Hence the capacity per cm. length of the conductors is 


C — \ electrostatic units 

I 

— rt7r~' i/.'i'T iTt., V V microfarads 
4 X 2-:i X 0 X 10Mogi„J(/J/;)- {\ 


(24) 


82-8 \ IOMog,o|(/>/r)- \ \ 
or approximat('Iy, 


nH(‘rofarads 


. (24fz) 


C — microfarads . . . .(24oi) 

82-8 X 10’’ logio(/>/r) ' 

The capacity per 1000 yd. of the (double) conductors is given by 

0011 


(' - , ( , fTTV “ T\ microfarads 


and the cajiacity per imle is 

a - 


00105 

-tt microfarads 




. (246) 


■ (24r) 


If the distance apart of the conduct oiy is not large in comparison 
with their radii, the charge's cannot Ih' assumed to he concentrated 
at the axes pf the conductors. The (‘harges may, however, bo 
considered to be concentrated along axes J/,, Afg’ ^^^g* 20, wlfich are 
contained by the plane containing the .axes of the conductors and are 
a distai^cc \/(/)^ - 4r^) apart. In this case the capacity per cm. 
length is given by 

r mkTofarads . (24d) 

- 2r ) 


S2-8 X 10*1 


which, when r is small in comparison with D, reduces to 

1 . 


C = 


82-8 X 10« logioiDIr) 
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When the conductors arc not isolated from other conductors 
and the earth, the effect of charges, if any, on the conductors, and 
the new boundaries of the electric field due to the earthed con- 
ductors, must be taken into account in calculating the capacity. 
For the simyik^st case, when the above conductors are sus})ended 
at a distance h above the earth’s surface', or an earthed plane, 
the capacity per cm. length of the s\stcm is given 1i>y 


C 


S2-8 X 1(H 




1 

1) f v(y/^-4r2)J 


(^)l] 

microfarads . (2‘fc) 


Examptes. f ouduejors, <Mrli O-w iii Ml (li.uiiclt'i , nir .si roUdied 

horizontally m .space muIi I heir axes paiallel and '2 tl ap.nl 

'riie caiiacit.v [ler JOOO \d oi llie s\st(‘jn is »j;i\cn with snlhcienl accnra(\> hv 




(H)ll 


nncrolai ads 


(Hn I 


(H)l I 
1-0823 


O-ODili // K. 


(b) 'Two condiictoi s, each 1 in. m dianicter, aic snppoilcd hoi izonlally m 
.sjiacc with tlieir axes p,iia^Jol and 4 in. ap.nl 

Tlie eapaeity jier lOOOyd. of the sxsloin is now driven 1 )\ 


O-OII 

IokioKC ( V{1>‘ > 

... ^ nmiol.u.M 

f-)‘ 2/ 1 

K 

IS 

, • (1-0 11 

(Hll 1 

0-0l2;ih ft l-\ 

IorToII-' \''(+- I-) 

!/l| 

(f) If 1 lie conduclois III cx.nnph- 

{h) .iM Celt li I) in 

.il)()\c an oailhcd plane 

tlio capacity per ]0(KI\d. ot IIk- s\stciii hcioniis 



O-OII 


1 \Si> < vTc- 





j' ' (ivj ^ 



• niicrofararl 


O'Ol 1 



ij* i 1 \ : 1 

1 U 2 0)^* 


lopi„ 7-87 lo^'io 1-03 


Dielectric constant (specific inductive capacity). Tiic ( ffeei of an 
insulating medium other than air betueen the plate, s of a condenser 
invariably leads to an incrc'ast' in the ca]jacity of the condenser. 
The ratio of the capacity of a given condenser, Avith a given sub- 
stance as dielectric, t^the capaej^ty of the same condenser with air 
as dielectric, is called the specific inditetire cupaciti/y or the dielectric 
constant, of the substance, and is denoted by k. With ordinary 
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gases K differs little from unity, but with solids and liquids k exceeds 
unity. Ap})roximatc values of k for a number of dielectrics arc 


Air [0° C. 760 mm. Hg. 

l-OOO 

Paper, man ilia (dry) 

1*95 

CxlaHH, heavy flint 

9-9 

„ impregnated with 


,, light flint 

6-6 

resin oil ^ 

3-2 

,, hard erown 

(>•9 

,, paraffin waxed * 

30 

(juffa-ptTcba 

2*8 

I*araffin wax 

2-,36 

Mica 

40 

Kubber, pure jiara 

2*6 

Oil, linseed 

3- .‘{.I 

„ vuleanized 

2-72 

„ petroleum 

2*13 

,, bard (ebonite) 

3-15 

„ ra})e seed 

2*8.1 

Sulphur 

4*2 

,, turpentine 

2*23 

Vaeiium 

0-99941 


Notes. - The almvo values are based prineipally upon test result obtained 
by employing alternating electric forces, the frequency being approximately 
1000 cycles per second and tlio temperature about 1.) 20*“ C\ With certain 
substances, o.g. rubljer, gutta-]iercha, the values of k given above®nay differ 
a])preciably from those obtained with steady electric hirce, but with other 
substances k v’^aries only slightly with frequency. In general k is smaller for 
alternating than for steady electric forces. 

Hygroscopic substances show large variations of k acQording to the quantity 
of moistiu*e present. With these substances tlie variation of k duo to 
frequency and temperature increases with increase of Hioisture. 

With solid <lielectrics the variation of k with temperature is usually small. 
In general, an increase of temperature results in a decrease in k, e.g. the 
dielectric constant of jjaraffin wax decreases 0*03h per cent per l°C. over 
a range of 11-32" (\, but those of ebonite and sulphur increase about 0*1 per 
cent per 1° C. rise of tennierature over a range of 10-20° C. 

When a conductor is surrounded by a dielectric other than air, 
the electric force at a given point in the dielectric, duo to^a givon 
charge, is 1/k of that at the same point when the conductor is 
surrounded by air, the charge and other conditions remaining 
unaltered. Hence the pottmtial in the former case will be I Ik of 
that in the latter case. 

Commercial forms of condensers. •When condensers of fixed 
capacity are required for eommereial purposes the parallel-plate 
form is generally adopted. The manufacture of these coq^ensers 
for t<*lephone and lighting circuits is carried out by employing 
continuous sheets of foiled paper (i.e. paper coated with a very 
thin layer of metal powder and burnished to obtain continuity 
of the m.etal surface) for the “ plates ” and winding these, together 
with one or more sheets of interleaving paper, on a mandrel ; the 
whole process l>eing carried out by machinery. During winding, 
narrow strips of very thin copper foil are laid across the foiled 
surfaces at the c^entre of the winding, and also at other points when 
the condenser is required for lighting circuity. These strips project 
beyond the interleaving papers and arc ultimately connected to 
the terminals of the condenser. When the requisite length of foiled 
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paper has been wound on the mandrel the roll is removed, dried in 
vacuo, impregnated with paraffin wax, pressed, and finally sealed 
hermetically in a metal ease.* Such eondensers of 2/#F. oa])acity 
are used in large numbers for t(‘leplione eireuits. Similar condensers 
of smaller anft larger capacities are used in comiection with electric 
lighting (see p. 88). 

For medium-voltage pow'(*r circuits (up to 600 V.) oil is used as 
the impregnating medium, and the foiled sherds are pcn-manently 
immersed in oil. 

Condensers for high-voltag(' ])ower circuits rc^quire a dielectric 
which 4)ossesses a high specific disruptive stnsigth ; moreover, 
special precautions must be taken to avoid breakdown of the 
diel(*ctrjp at the edges of the plates due to iiuTC'ased electric stress 
at these places. For the parallel -plate type of conde^nser, mica 
and glass are employed as dielectrics, but for th(' concentric cylin- 
drical type, glass is employed. In tlu' iatt(T cas(' the glass takes 
the form of a tube with one end closed and with thickened walls 
at the open (md ; tTie “ plates ” an* formed by eh('mically depositing 
silver on the glass, the silver coating being ele(‘tro])lated in some' 
cases wnth copper The edges of tlu^ coatings (‘xtend to the 
thickened w^alls of the glass. 

Condensers, of fixed capacity, for higli-frcspieney (j*adiotelegra])liy 
and telephony) circuits ai’e usually constructed with mi(‘a dii^lectrie 
and tmfoil “ pktes,” but in eeitain <as(‘s, eg for high-voltage 
transmitting apparatus, the cylindrical typ(‘ with glass dielectric 
is employed. 

Standard condemsers tor laboratory pui [)oses hav(' either mica or 
air dielectric, air being employed when a condc'iiser without di(*k‘ctric 
losses and dielectric absorption is required. 

Variable-capacity cond(‘ns('rs, with continuous adjustment of 
capacity between definite limits, tare of the maltiple-plate type, 
with either air or oil dielectric. One “ ])late consists of a fixcsl 
stack of thin aluminium, or brass, \anes spaced uniformly a sTiiall 
distance apart and electrically conneet<*d together ; ttc other 
“ plate ” consists of a similar s(‘t of vanes mounted on a spindle 
and so arranged that they can be rotated in the spact^s between the 
fixed vanes so as to present to the latter a variable surface. 

Charging current of a condenser. Assume the dielectric to be 
a perfect non-conductor and let the condenser receive a charge q 
during the time t. Then the mean rate of charge durincr this 

* For further details of couHtruetioii, see papi'f on “ Tlio nianiifa^tiuro of 
electrical condensciH,” by G. F. Manbbndge, JontnaX I.K.E., 1908, Ixi, 535. 
See also Journal 1912, Ixix, 704. 

5 — ( 5243 ) 
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interval is’ qjt, and is called the charging current. To obtain the 
instantaneous value of this current t must be taken infinitely 
small, i.e. dt. Then if the corresponding charge which accumulates 
on the plates of the condenser is dq, the instantaneous charging 
current (i) is equal to dqjdt. Hence if C is the capacity of the 
condenser and e the potential difference between the plates when 
the charge is q, 

dq — Vde, 

whence i -= rdc/d/ 

Thus the charging current is directly ^proportional to the rate of 
change of the potential difference at the plates of the condenser.^ 

If tho applied ])otontial difference varies sinusoidally, and is 
given by e - sin ci/, then the current will be given bj^ 

de d 

- o)CEf,^ (’OS ml 

— o)CE^ sin (o)t -j iTr) . . . (25) 

Thus the current varies sinusoidally with the same fre(juency as 
the applied E.M.F., but leads the latter by 90'". 

The maximum value of the current is 

— (oCE,f^ 

and the value is 

/ o)CE - 27TfCE 

Thus the charging current is directly prcportional to the frequency 
and the impressed E.M.F. For example, the charging current of 
a 1// F. condenser connected to a JOO V., 50-cyclc, circuit is 

/ - 27r X 50 X 1 X 10 « X 100 =- 0-0314 A 

For thf^ same condenser connected to a 100 V., 25-cycle circuit 
the charging current is 

/ -- 27r X 25 X I X 10 ® X 100 = 0-0157 A 

and when it is connected to a 600 V., 50-cycle, circuit the charging 
current is 

7 = 27r X 50 X 1 X 10 ® X 600 = 0-1884 A 

The ratio Ejl = IjcoG is called the reactance of the condenser, 
and is expressed in ohms. As the term reactance is employed in 
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connection with inductive circuits, it is necessary to distinguish 
between reactance due to inductance and that due to capacity. 
The former is usually called ‘‘ inductive reactance,” and the latter 
“ capacitive reactance,” or ‘‘ capacitance.” 

The reactance of a condenser of given (‘apaciiy is therefore * 
inversely proportional to the frequency. Hence a condenser of* 
relatively small capacity may have an extremely low reactance at 
exceptionally high frequencies, such as those of lightning discharges. 
This property of condensers is utilized in practice for protecting 
apparatus from high-voltage, high -f requeue* v, surges ; a condenser 
being connected across the circuit, or between the circuit and earth, 



Fio. 30. — (Jraphic Reprosoiitation ot Current, Charge and 
^ Impressed K.M.F. for a Condenser 

• 

SO that the high-frequency surge may discharge through the con- 
denser. The dielectric of the condenser, however, must be capable 
of withstanding high voltage, and therefore the special form of 
construction mentioned oi:wp. 65 is generally employed. 

A graphical representation of the conditions expressed in equation 
(25) is shown in Fig. 30, in which the sine curve iiJ, ref)reBent8 the 
impr^bsed E.M.F., and the sine curve /, 90° in advance of E, 
represents the charging current. The variation of the charge with 
respect to time is shown by the sine curve Q, which is thg integral 

of the current curve, since Q — J i.dt = Jim ^^s (ot dt = {Iml^) 

(oi = CE^ sin coL 

A condenser connected to an alternating supply is therefore 
charged and discharged periodically : it receives a charge during 
the first positive quarter -period of the E.M.F , discharges during 
the next quarter-period, and • is again charged and discharged 
successively during the following half -period. During charge 
the current decreases from its positive maximum value to zero, and 
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during dihchargo the* current rises from zero to its maximum value. 
The energy stored in the condenser during charging is given back 
to the circuit during discharge, so that there is a continual trans- 
ference, or surge, of energy to and from the condenser. In practice, 
duo to losses in the dielectric, the energy given back IPi) th« circuit 
during discharge is always slightly less than that stored in the 
condenser during charge. This, however, is not the case when 
the dielectric is dry air. 

Relation between current and E.M.F. for circuits containing 
capacity and resistance in series. Let the current in the circuit 
be reprcs(‘uted by sin Also let denote, g,t any 

instant, the internal L M.Ks. due to (1) th(' current passing 
through th(‘ resistance*, and (2) the charging ot the condenser. 
Then if R is the* resistance* eif the e*ire‘uit and is the ca])acity ot 
the condenser 

e, - Ri ~RI^,,s\nii)l 

*"'1 (1 f ^ /'•''Ui (fft.flt — I (f^„l(o( ') e os (0l 

Tile* total inte*rnal h] M.P. ae*ting in the cire uil at this instant is 
therefore eepial to 1 Cj,), and must balance the impresse*d PLM.F. 
(c). Hence 


(cj \ (,) Rfj„ sin (»t - (fjJoC) ceis v\f 






1 'o>C ) 


where tan y; — 


ImVi W* \-(ll(oCf\ sill {mt - 9’) ^ -K,„ hin {<of -f), 
1 l<oC I 


R 


foCR 


Thus the impressed PIM.K. is sinusoidal and lags behind the 
current by the angle (p. 

Conversely, if a sinusoidal E.M.F., re*presented by the equation 
e = E^ sin cof, be applied to the circuit, the current, when the 
steady, or cyclic, state is reached will be given by 


E 


i = V|>-+ (I • 


(26) 
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= 


The maximum value of the current is 

VlK^+(llojCf\ 
and the R.IV^.S. value of the eurrent is 

I = 


K 




8'^ - 

Fn.. in. W'clor Dio- 
am i(»r (’irtniit 
Coiitaium^ HeM.s<aiK*e 
and (’apufity in SeneH 


^/\R^ + (\!<oCy^\ 

Hence the inip(*dance of th(‘ circuit is oivcii hy 

z -== I 

The vector (Uayratn for this circuit is shown in Fi^. ‘tl, in which 
OE represents tlic im])r(‘sscd E.M.K. and 
01 the current. Tin* vector OE mav Ik* 
resolved into two components: om*, ()A, 
in phas(; wdth the current vector, and the 
other, OBy x)erpcndicular to tlu* (*urr(‘nt 
vector. OA therefore Tepr<‘sents tin* coni- 
ponent of th(' i impressed K.M.F. whicli is 
expended against the rc'sistance of tlie circ uit , 
and OB the* ]}otential ditTerence at the* 
terminals of the condcu'ser. Now' ('H BI ; 

OB= AE I/o)C ; OE (lA'>r)2i. 

Hence OA : AE : OE R : \ l(oC : I (1 Tlmrefore 

triangle OEA iij the* inifiedanco triangle* for the* circuit. 

Sofhe practical ap])lications and ])ropertit‘S of this circuit are 
considered in (.hapten- VJ. 

Relation between current and E.M.F. tor a series circuit containing 
resistance, inductance, and capacity. J^e-t the* curre nt in the circuit 
be re])resented by the- eegiation / - /„, sin (ot. 'J'hen if the resij^- 
tance, inductance, and e-a])acity are demote*d b\ R, L. C rt*sj)ectively, 
the equation to the* inquvsscd F.M.K. is given by , 

% l^/,^^sine)/ I cos o)( - (/ ,„/eo(') cos e;>/ 

— I [Ram cot | {(oIj - 1 /e/') cos cj/ J 
which, when simplifieel by the methe)d given em ]). 4(i, Ix-e^nnes 

e - t (l/mr)p|sin (iot \ r/ ) E„ sin{e)/4 e/.) 

where tane^P — \(oL - (ijwO) \IU. 

Conversely, if a sinusoidal K.M.F. — repre*.scnted by the equation 
e = sin cjot — be applied to the circuit, the current, w hen the 
steady, or cyclic, state is reached, will be given by 

E 

^ f- lwL-Tl/^C)J^ ^ ■ 


I 


(27) 
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The maximum value of the current is 

E,n 

r tn 

i- \.0iL- {\/(aC)f\ 

’ and the R.M.S. value of the current is 

' , ^ 



Fin. 32. — -Vector Diagrams £or a Series Circuit Containing Resistance, 
Inductance, and capacity ; (a) 1 l(o(\ {b) toL I IcoO, 

(r) (oL 1 /foC 


Hence the iinptM lance of the circuit is given by 
^ ^ [(oL-(i!foC)f\ 

and the effective reactance by 
X = ioL-- (\lioC) 

= inductive reactance - capacitive reaetanct'. 

The phase difference, tp, between current and E.M.F. may bt‘ 
lagging, zero, or leading, according to whether cf>L> = <l/a>C. 
For example, when toL ^ 1 \(.oO the current is lagging with respect 
to the impressed E.M.F. , but when oL < l/cu(7 the current leads 
the impressed E.M.F. 

The vector diagrams for these cases are shown in Fig. 32, diagram 
(a) referring to the case when 1 jcoC and 9? is positive ; (6) refer- 
ring to the case when coL = 1 jojC and (p is zero ; (c) referring to the 
case when (oL<ll(oC and 9? is negative. Irf these diagrams the 
current vector, 01, is taken as the vector of reference, and the 
impressed E.M.F. is represented by OE. The component OA, which 
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is in phase with the current vector, represents the E.M.F. ex- 
pended against the resistance of the circuit. The component OB, 
which leads the current vector by 90®, represents the E.M.F. which 
balances the E.M.F. of self-induction. The resultant, OC, of OA 
and OB repupsents the i3otential difference across the resistance and • 
inductance ; the angle AOC being tht‘ })has<* difference between* 
this potential difference and the current. Tlu* potential difference 
between the terminals of the condenser is represented by OD, 
w'hich lags 90° with respect to the current vector. Obviously, the 
vector sum of OC and OD must equal the impressed MM-F*. OK. 
The component, OF, which is perpendicular to the current vector is 
equal to the v ector difference of OB and OD. Now^ OA : 0F( - AE) : 
OE = RI : I(o)L - IjioC) : I - \i(x>C)‘^\ - R i 

(coL - f /co6^) ; (coL -\j(oC)^^. Therefore triangle OFE is 

the impedance triangle for the circuit. Observe that wht'ii (oL> 1 /wC 
the effective reactance* of the circuit is positive and the current is 
lagging, but when o)L ' oA jC the (*ffc(‘tive n^actance is negative and 
the current is leading. 

In the special case when coL 1 'o)C\ tlu* ciirrcmt is in phase* 
with the impressed E.M.F. and is equal to E/R. The circuit is 
therefore equivalent, ,so far as its impedance is concerned, to a 
non-inductive circuit of resistance R, and is said to ])e in a condition 
of resonance. Under th(‘se conditions tin* voltages across the 
(‘ondenser and ^ inductance nia^ (‘ach b(* much gr(*ater than the 
impressed E >J.F, (see examjdes in Oha]) VT). 
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POWKR IN ALTERNATING -CURRENT CIRCUITS 

• » 

' Instantaneous power in an alternating-current circuit. In an 

altornating-('urront circuit the ])ower {})) at any instant is equal 
to the product of the instantam^ous A^alu(‘s of currt nt and E.IVl.F. 
Thus p = ci. 

Since current and vary with respect to time, the power 

will also vary from instant to instant, and may be positive, ne/^ative, 
or zero according to the signs and magnitudes of current and E.M.F. 
If, at a given instant, the* curnnt and E.M.E. have the saipe sign, 
the jAower is positive —indicating that power is being supplied to 
the circuit — but if lh(‘S(‘ (plant iti(‘s hav(‘ opposite signs the power 
is negative' — indicating that power is being returned from the 
circuit to the generator -while' if (itlu'r, or both, of the quantities 
are zero, the power is zero.^, 

Graphical representation. Jn the gcne^ral case of sinusoidal 
current and E.M.F. diff(*ring in i>]ias(*, the power has four zero 
values for each cycle' of the' current, or E.M.F., and the' direction 
of tile power re've'rscs four times in t'ach (‘.ycle, as showTi graphically 
in Fig. 33, in wdiich the' cuiwe's E, /, rc'prese'ixt the im])ress(‘d E.M.F. 
and curre'jit rt'spective'ly, and e*urve' F r(‘pros(*nts the j>ovv('r. The* 
sliadt'd areas in this diagram r(*])rese'nt energy ; aiv'as above the* 
abscissa axis ch'note that en<*rgy is be'ing sup])U('d to the circuit, 
and those be*low the axis dene)te that enei*gy is being returned from 
the circuit. For e'ach cycle the' differe*nce be'tween the areas above' 
and below the abscissa axis re'pre'se'iits tkc' e'norgy exxiended in the 
circuit, either in doing usc'ful work or suppl>ing losse's. 

Two special cases of the ge'iieral case (J^'ig. 33) are of im])ortance, 
viz. (1) when the pha.se ditTe're*nce' betwe'cn eurrent and E.M.F. 
is zero, (2) when it is 90"^. The'.se cases are represented graphically 
in Figs. 3^ and 35. In the case represented in Fig. 34 — ^where the 
current and E.M.F. are in pha.se — the power pulsates between zero 
and a definite maximum value*, but doc's not change sign throughout 
the cycle. Hence in this case jiower is transmitted always in one 
direction, viz. from generator to circuit. 

In the cases represented in Fig. 35 — ^in which E.M.F. and current 
have a phase difference of 90"", this being lagging in one case, 
Fig. 35a, and leading in^thc other, Fig. 356 — ^he power curve (P) 
alternates at twice the frequency of the current or E.M.F. Hence 
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for each half-cycle of current, or E.M.F., there arc two alhunatioiis 
of power. Therefore cluriiig this interval a certain amount of 
energy is supplied to the circuit and an equal amount is returned to 
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the generator. Thus, although emugy is continually surging 
between generator and circuit, no (‘lU'rgy is actually exp(‘ndecl in 
the latter. 

During the time that th(‘ current and have the same sign 

energy is ston'd in the circuit — in i*ith(‘r th(‘ I'li'ctrostatic or tlu' 



electromagnetic form, according to whether the circuit is purely 
capacitive or inductive — and this energy is returned to the generator 
during the time that the current and E.M.F. have opposite signs. 

An extension of the special case, in which the phase differeneo 
between current and i^.M.F. is 9 (y°, occurs in^ series circuit possess- 
ing pure inductance and capacity in which the resistance and losses 
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are both* zero. In such a circuit, although- E.M.F. and current 
have a phase difference of 90°, energy may exist simultaneously in 
both electrostatic and electromagnetic forms. For example, when 
the magnetic field, associated with the inductive part of the circuit, 
is being established and energy is being stored electiom«^gnetically, 
the condenser is discharging Conversely, when the condenser is 



being charged the magnetic field is decreasing and releasing its 
stored energy. Hence there is a continual transference of energy 
between the inductive and cajmeitive portions of the circuit. 

^ If the energy required to charge the condenser exceeds that 
released from the magnetic field the difference must be obtained 
from the supply system. But if the energy released from the 
magnetic field exceeds that necessary to charge the condenser, the 
differen^e is returned to the supx^ly system. 

Thus at any instant the power supplied to, or returned from, 
the circuit is equal to the difference between the rate at which 
energy is being stored, at that instant, in one part of the circuit 
and the rate at which it is being released from the other part. 

Components of power curve. A graphical representation of the 
variation of power in this reactive cii’cuit^is shown in Fig. 36, 
in which the curves /.‘^Tepresent the impressed E.M.F. and 
current respectively, and the curve P represents the power surging 
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between generator and circuit. The curve P may be obtained in 
the same manner as in the previous diagrams (Figs. 33, 34, 35) by 
plotting as ordinates the products of the instantaneous values of 
current and E.M.F., but in the present case it is interesting to obtain 
the curve from^the component power curves for the two parts of the 
circuit. To obtain the latter we determine the curves E^^, E ^ , for the 
potential differences across the indue* tance and condenser respec- 
tively. The product of instantaneous values of these curves and 
the current curve gives the power curves P^, respectively, ami 
the difference between P^, gives the po^\er curve P. 

In the special case when — E^. (i.c. when o)L - \j<oC) the 
ordinates of curves l\u Pkj an*, at any partic-ular instant, (*qual and 
therefore P is zero. Under these conditions, whu h caiuiot, however, 
be realized in practice, no power is supplied to, or returned from 
the circuit at any instant, although energy may be surgmg between 
the inductive and capacitive* portions of tlu* ( ircuit. Hence elec- 
trical oscillations, when once started, wdl continiu* indetinitely 
provided that th(^ impressed E.M.F. is maintained across the 
circuit. This phenomena is called electrical resonance, and the 
frequency of the oscillations, which is equal to that of the generator, 
is called the “ natural frequency of the circuit 

In the general case of a circuit containing lesistance, inductance 
and capacity, the power curve is of the form shown in Fig. 33. 
This curve may ^Iso be resolved into components rc*pres<*nting the 
power In the several parts of the circuit. To sej^arate out these 
components it is necessary to determine the curves for the potential 
differences across the several parts of the circuit . 1^1 ow the potential 

difference across the resistance is in x>hase with tin* current , that 
across the inductance leadg the current by 90*^, and that across 
the condenser lags 90° with respect to the current. The curves for 
these quantities, together with those for the impresse/1 E.M.F. and* 
current, are shown in Fig. 37 ; curves P, /, denoting the impressed 
E.M.F. and current, respectively, and curves E ^ , . denoting 

the components of the impressed E.M.F. which are ex])ended against 
resistance, inductance, and capacity rcspectivtily. The instan- 
taneous power in the several parts of the circuit is given by the 
product of the current and the appropriate E.M.F. curve. The 
power component curves so obtained are marked P^, Pm» ^e- 
therefore represents the power expended in supplying the losses 
in the resistance ; P^, Pb, represent the power supplied to the 
inductive and capacitive portions^ respectivehy, of the circuit. The 
difference between the curves P^, P^, "Represents the component of 
the power which surges between the generator and the circuit 
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Analytical expressions tor instantaneous power and power com- 
ponents. Let the equation to the impressed E.M.F. be e = ^^sin 
and that to the current be / — /„, sin {od -q^). Then the instan- 
taneous power is given by 

rp — ei — since/ . sin {(ol-cp) . . . (28) 



The equations to the components of tlie impiess(‘d for 

the sever.al portions of tiu* circ-uit are 

e,; Hi ~ Rl,„ sin {(ot -q^) 

— L di jdt - (ohT^^ cos (col - (f) 

• _ 

64; — (1/C') J i.dt — - {(Ot-cp) * 

The components of the* power for the several parts of the circuit 
are therefore, 

Vix = - IRI^n^ |l - cos 2 ((of-q>) 

=- lRI„i^ \ 1 + sm[2(co/ -q^)-l7T\\ 
sin {fot - q)) cos {cot -q)) 

= lcoLI„J^ sin 2(m/ - (p) 

Pk = iec = - I (Ij^^loiC) sin (*u< - (p) cos^Mt - (p) 

■= - 2 sin 2(o)t - g>). 
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The first expression represents a pulsating quantity ; the second 
,and third expressions rejiresf'nt alternating quantities of a fn^qiiency 
twice that of the current. The resultant of the t\^o alt('rnating 
quantities is, except in th(‘ sj)ecial ease \\ lien Pl, 

another altern/fting quantity, viz.-- 

Px -- VyL 1 Pv. 

- (' I 2(e)/ - 7 ). 

Hence in the general (‘as(‘ (l^'ig. .Tl) th(‘ jnstantaneons powcT 
consists of a ])ulsating coni])oiient eipial to 

siu>»/ - </.) \IUJ\\ !mu| 2H-,) iTTl^ (29) 
and a double-fnMjuency alternating component (‘(pial to 

1>\ -*U,„‘^\o)L- (\j(o(')\ii\n2(o>l -<i) (;W)) 

The ])ulsating component is in j)hase with tin' current, i.c*. its 
zero and maximum values oceur at the same instants as the corr(»- 
sponding values of the current. 'Fhe alternating ( ompomait has a 
])hase difference of Tk)"" with respect to t4iu‘ eiiinait, being lagging 
w'hen o)L '‘l/fo(^ and leading when u)Ij 1 /or. 

Equation to power curve, i'his eejuation may Ix^ obtained from 
equations (29) and (30),'sin(‘e p -|' Px’ obtained 

by expanding equation (2<S). Thus 

p “ ~ 7 ) 

— A’, i^co.s|w/, - - COh I 

\EJ,„ |«)S 7 ^)-C()S (2f0/-(/))^ 

^ ^E,„I,„ro»q) h 2 A’„,/,„sin (Att ! f/) | . (31) 

The tirst term represiuits a constant quantity of valu(' J A\„/„jCos 7 ^; 
the second term r(‘pres(‘nts a sinusoidal (piantity of maximum value 
iE^^I^, and of twice the frequency of the curremt or E.M.F., 
lagging (Jtt q>) with resjiect to the im])ri‘sst‘d 

Hence the power curve (P, Fig. 33) may be represented by a 
double -frequency sine curve— of maximum value \E^„I^n 
lagging {\tt q)) with respect to the impressed F.M.F.— super- 
imposed upon a horizontal axis at a distance lE^J„,voiiq) above 
the abscissa axis, as shown in Fig. 38. When — 0 , the axis of 
the double -frequency curve is at a distance lE^J^ above the abscissa 
axis, and since the maximum value of this curve is \E„J^, it does 
not, therefore, cross the abscissa axis. Hence we have the con- 
ditions shown in Fig. T34, Wheik q) = Jtt, cos 7 ? = 0 , and the axis 
of the double -frequency curve coincides with the abscissa axis. 
We then have the conditions shown in Fig. 35. 
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Mean, or true, power. The mean, or true, power in an alternating 
current circuit is defined as the arithmetic mean of the instantaneous 

values of the power taken over a period, i.e. P = J p ,dt. In the 
general case, when the instantaneous power is givenjby 

P = T I vJ m \ 2(Ot - (\tT f (f) J, 

the mean power is 

P ~~ (32) 

since the mean value of the doublc-frequenc*y term, taken over a 
[x^riod is zero. 



38. — (iiapliical K<"prt‘s('nta1 loii of Kquutiou to Power Curve 
of Fig. 33 


The same result could hav(‘ been obtained analytically from 
equation (28) by determining the mean value of® this expression 
during a period. Thus 

p {mt -(p) 

1 r'^ 1 n' 

P L\ J,„ hill o)t .i>m {(i)t-(p).dt 

T 

(siii^ w/ . fos <// — hin 0 ) 1 . cos o)t . sin (p)flt * 




/ 


IT COS q> 
= ‘'•«S <p. 


since 



(ol . cos (x)t . sin (p)dt is zero, and 



sin^ (jt)l.dt = \T. 


Substituting R.M.S. values for current and E.M.F., we have 
P = \[^y2E . \/2l) cos (p 
= El cos (p . 


. (32a) 
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Therefore, the mean power in an alternating -current circuit is given 
by the product of the impressed K.M.F. and the component of the 
current which is in phase with the impressed E.M.F, 

Apparent power. The product E I va called the apparent power, 
but in practice it is usually called the “ volt -amperes.” This 
quantity is important in connection with the rating of machines and 
cables, as the temperature rise of machines depends principally 
upon the volt-amperes output, and the temperature rise of extra- 
high- voltage cables depends cmtirely upon this quantity. 

Power factor. The term cos 7% in the expression for power, is 
called the “ power factor ” of the circuit, as it is the factor by 
which tfie apparent power must be multi]>lit‘(l to obtain the true' 
power. 

In thcTase of a non-inductive circuit. 7 0, cos 7; 1, and the 

power factor is unity. The true power is thc'ii given by the product 
of the impressed E.M.F. and current. 

In the case of circuits containing puri‘ indu('tanc(‘ or capacity, 
7) 90 '*, cos 7^ == 0,*and the power factor is zero. 

Reactive power. The product of the impressed E.M.F. and the 
component of the current which is perpendicular to it, i.e. the 
product El sin 77, is called the reactive x)o\^<‘r ” ; it re])n‘scntH the 
])ower which surges between the generator and the (‘ircuit. and 
vice versa, without doing work. In commercial circuits the reactive 
power supplies tl^ magnetic and electrostatic ticlds, and th<'‘ true 
power sTipplies the losses and performs usedul, or mechanical, Mork. 

Measurement of power. The true power in any circuit may be 
measured either indirectly by measuring (‘ach of the quantities 
K, I, cos 7), separately by means of suitable instruments as discussed 
in Chapter XV, or directly by means of a wattmeter (s(*c j). 394 ). 
The latter method is usually adopted in j^racticc on account of its 
superior accuracy, but special j)recautions arc ne<H*s}jary in order 
to obtslfn accurate readings at low x^owct factors. 

Power component and wattless component of current. In a 
circuit supplied at constant voltage the true power is proportional 
to I cos 77, and the reactive power is })roportional to / sin (p. Now 
I cos 7? is the comjionent of the current in phase with the impressed 
E.M.F. , and I sin <p is the component at right angles to the 
impressed E.M.F. The component / cos 77 is therefore called the 
“ power component ” of the current, and / sin 7? is called the 
“ wattless component ” (sometimes the terms ‘'idle current,” 

quadrature component,” and “ reactive component ” are 
employed). 

!!^is method of resolving the current into power and wattless 
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components is useful in the solution of problems and its applications 
are discussed in Chapter VI. The method is particularly useful in 
connection with parallel circuits. For example, if a number of 
circuits are connected in parallel and if 7^, denote respectively 
the sums of the power and wattless components df the^jurrents 
in the several branch circuits, the total, or line,” current supplied 
to the circuits is given by 7 = V (7^^ ^ phase 

difference between the impressed E.M.F. and line current is given 
by y -= tan-i (/„,//„). 


Example. Three circuits .4, B, (7, connected in parallel are sup[|)ied with 
power from 220 V. mains. Circuit A consists of a }>ank of iiicandoscont lamps 
taking a curn'nt of I.') A. at unity power factor ; B consists oi an inductive 
resistance taking a current of 20 A. at a power factor of O’So lagging .‘•C consists 
of an apparatus taking a currc'nt of 10 A. at a ])ower factor of 0'95 leading. 
Determine the current and power supplied by the mains ; also the power 
factor. 

Let the currents in the sev«’ral circuits be denoted by /q, respec- 

tively, and the phase difhu'cnces by (p^, 99^, (p^. Lot’ the current in the 
mains be denoted by /, and its phase tliffcrence with respect to the impressed 
E.M.F. by q). • 


Then 

15 

cos (p^ 

- 1*0 

sin 97^ 

0 


20 

cos 973 

- 0*85 

sin 9)3 

- V(l -0*852) , -0*28 


10 

cos 97^ 

- 0*95 

sin 9^0 

VCi- 0 * 952 ) - 0*1 


Kosolving each current into its power and wattless components, we have 


i’ower components. Wattless components, 

cos 97^ - 15 X 1*0 - 15 sin 97^ - 15 X *0 = ® 

ig cos 9?jj 20 X 0*85 — 17 /j, sin 99J, - 20 X (- 0 * 28 ) = - 5*0 

/q cos 97(j — 10 X 0*95 - 9*5 sin9?jj 10 X O'l — 1*0 

/./cos 97 - (15 1 - 17 -f 9 - 5 ) 41-5 /. / sin 97 - ( 5-6 1 - 0 ) - - 4 -() 


Hence 1 — \/[{ q>y^ -f ( / sin 9))^] 'v/(41’52 _|_ 4.52) - 41'8 A. 

cos q) ^ { I cos 97)// -= 41*5/41*8 — 0*993 (lugging) 

P -- 220 X 41*8 X 0*993 - 9130 watts 
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SERIES AND PARALLEL CIRCTTITS 

I.— SERIES CIRC^UITS 

Series circuits of constant impedance. The impedance of a simple 
series circuit containing resistance and reactance is given by 

Z = ^/{R^ + A2), 

and the phase difference between impressed E.M F. and current is 
tp = tan‘^(A/i2). 

In these equations X is the effective reactance of the circuit : it is 
equal to the algebraic difference between the inductive reactance 
(roL) and the capacitive reactance (IjcoC), i e. X = o)L— (l/coC). 

In the case of a* complex sf'ries circu^j, such as is represented in 
Fig. 39 , the joint impedance is given by 

^ (Ri + R 2 + ^^3 -i- • • f (^1 1 ^,+^3 . (33) 

where i?j, i?2» ^3 • • • > ^^re the resistances of the several parts of the 
circuit, and Xj, Xg, X3 . . . . , are the effective reactances. The 
phase difference between imx)ressed liJ M.F. and current is given by 

® 9? = t%n“^(Xi h Xg + X3 [- . )l{Ri f 1" R’i • •)» 

or by (p = cos“^(i?^ j- 7^2 - 4 - i?3 |- . ■)/Z. 

These expressions follow directly from the vector diagram for 
.the circuit. Thus, in Fig. 40 the current vector 01 is taken as the^ 
vector of reference, and the potential differences across the several 
parts of the circuit are represented by the vectors OA, OB^ OC. 
The geometric sum (OD) of these vectors represents the terminal 
voltage (E) of the circuit. From the diagram 

= (Ejcos 9?! + ii^gcos 97.2 + E3COS9: 3)2 4 ^ (A^sin^^i 1 

-I ^gsin 973)2 

= + IR^ f IR,y 1 (/Xi 4 - JX, + 7X3)2, 

Whence, 

Z = Ejl 

= V\(Ri + Jii I A% ^ x^yl 

and 

tan 90 = (Xj X2 + X^)l{Ri -|- 1^2 + R^)- 

e-{S 245 ) 81 
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Observe that the joint impedance is equal to the geometric sum 
of the separate impedances. In symbolic notation 

Z - + Z, + ^3 (34) 

“ (^1 +i^l) f (-^2 + ^ (^^3 "i (. 

= {El \- R 2 Rs) + + X2 f* X3) 

Graphical construction for obtaining the joint impedance of a 
series circuit. The construction is similar to that of the E.M.F. 
vector diagram of Fig. 40. In fact, by a suitable change of scale, 



Kio. ,'U). Diaj'ramiiiaHo R<»pros<‘u« Fi«. 40. — Vector Diagram for Circuit 
tat ion of Complex Series Circuit Reproscmted in Fig. 39 


the diagram becomes an impedance diagram, the vector OD now 
representing the impedance of the circuit. Instead of setting off 
the magnitudes Z^, Zg, Z3 of the impedances and thiur phase angles 
usually more convenient to s('t oft their rectangular 
co-ordinatc»s-- resistance as abscissae, and effective reactance as 
ordinates. In this case the only calculations required are those for 
obtaining the reactances of the several ]>arts of the circuit. 

Special cases. When the reactance of the entire circuit is zero, 
the impedance becomes 

Z - Ri i- «2 ^ ^ 

where R is the joint resistance, of the circuit. 

For circuits containing only n^actance we have 

Z - X I 1 A2 1 . . . A", 

where X is the joint reactance of the circuit. 

Hence if a number of condens<‘rs of capacities 
connected in series, the joint reactance will be given by 

X = Xi X2 + + • • • 

_ I 1 1 

coCi (0C2 C0C3 
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Whence the joint capacity is 

1 _ j_ 2. J. 

C “ Cl ^ Q 

Thus the series connect ion of condensers gives a joint capacity ^ 
smaller than the lowest individual capacity of the group. For 
example, if two condensers of 10 fxV. and 20 //F. arc connected in 
series the joint capacity is l/(^o + = 6*66 //F. 



Fr(}s. 41, 42. — C’jrruit and Vendor I>iugraiii for Workeel KxiinipJo 


In the case of a circuit c^mtaiiiing a number of condensers con- 
nected in series, the terminal potential differcnct* of the circuit is 
divided across the condensers in the inverse ratio of tlvcir capacities, 
and tile potential difference across the smallest condenser may be 
V(»ry much higher than that across the largest condenser. For 
example, if condensers of 5 /iF. and 50 /^F. are connected ^n series 
across 200 V. mains, the potential difference across the 5 /(F. 
condenser will be {200 X 50/(5 + 50) ] — 181*8 V., and that across 
the 50 //F. condenser will be {200 X 5/(5 + 50) } = 18*2 V. 

Example. Determine, for the circuit shown in Fig. 41, (1) the joint 
impedance, (2) the current, (3) the phase difference between current and 
terminal E.M.F,, (4) the potential differences across each part of the circuit. 
The circuit is supplied at^a pressure of 110 V. and a frequency of 60 cycles 
per second. 

The total resistance = 16 25 4- 10 — 50 O. 

The inductive reactonce = 27c >< 60(0' I -f- 0*02 + 0*5) = 195 O. 
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The capacitive reactance = 

Hence the effective reactance = 195- 170 = 26 O. 

Whence the joint impedance = + 25®) — 55*9 O. 

Therefore the current = 110/55*9 — 1*97 A. 

The phase difference between impressed E.M.F. and current — cos'’ 50/55* 9 

-= 26*6° 

The potential differences across the several parts of the circuit are 
IR^ = 1*97 X 15 = 29*5 V. 

= 1*97 X 2tu X 50 X 0*1 - 61*8 V. 

/Zi = V(29*5®^ 61*8®)= 68*5V. 

//<oC7i = 1*97x10«/(27C X 60 X 30)=- 209 V 
IR^ = 1*97 X 26 - 49*2 V. 

IX^ = 1*97 X 27U X 60 X 0*02=12*35V 
7Za = V(49*2®+12*35*) = 50*8V. 

77?3 •-= 1*97 X 10 = 19*7 V. 

7^8 = 1*97 X 27C X 60 X 0*6 - 309 V. 

7 Z 3 =.V'(19*7®+309®) = 309*5 V. 

7/ai6% -= 1*97 X 10V(2tu X^60 X 60)- 125*3 V. 

A vector diagram drawn to scale is given in Fig. 42. 

Series circuits of variable impedance. (1) Constard reactance, 
variable resistance. Two cases are important, viz. (1) circuits in 
which the resistance is variable and the inductance is constant ; 
(2) circuits in which the resistance is variable and the capacity is 
constant. In both cases the phase difference betVeen the {l.M.Fs. 
across the two parts of each circuit is 90®. Hence for any particular 
value of resistance the vector diagram for the E.M.Fs. may be 
drawn as a right-angled triangle, of which the hypotenuse represents 
the supply, or terminal, E M.F. 

With variable resistance and constant reactance the E.M.F. 
vector diagrams for the varying conditions may, for constant 
terminal E.M.F., be represented by a series of right-angled t^angles 
having a common hypotenuse, as shown in Fig. 43. The locus of 
the apex of the vector triangle is therefore a semicircle described 
on the hypotenuse. The semicircle for the R-L circuit is on one 
side of the hypotenuse, and that for the R-G circuit is on tfie 
opposite side as shown in Fig. 43, in which the semicircle OAE 
refers to the R-L circuit and the semicircle OBE refers to the R-C 
circuit. 

The locii of the vectors of the currents in the circuits are also 
semicircles as shown in Kg. 43, but their centres lie on the opposite 
sides of, and in an axis'perpendicular to, the vector {OE) representing 
the terminal E M.F. 
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Proof. Let, for the R—Tj circuit, the co-ordinates of the current vector 
with respect to the origin O, Fig. 44, be 

y = /cosy x=-/siny= 

Then, squaring^nd adding, we have 

^ , /_ y _ A’” («“ 4 K* 

^ \/f“ + xv \R^ -VX^) (R‘ ^ X’^y R-^ + X* 



Fia. 4‘}. — Vector UiagrainH for Senes Circuits ot Variable rjnj)edaiice 
(Constant Tleactanco, Variable Resistance) 


Now R^ + -= EXJx. 

Hence ^ 4-3/* — x(EIX). 

This eq^uation in^y be expressed in the form 




2Xf 


4X'^ 


which is the equation to a circle : llie 
co-ordinates of the centre being x — 
EI2X, y — 0, and the radius being EJ2X. 

For the R—G circuit the radius of tlio 
semicircle is E12X, and the co-ordinates 
of its centre are x — — EI2Xy y = 0, 
where X is the reactance of the condenser. 

If, Bowevor, X be variable and li 
constant, the current semicircles have 
their centres in the E.M.F. vector OE. 
Thus the sum of the squares of tho7co- 
ordinates of any current vector is now 
written as 

4- y* = y(A7fe), 



Fig. 44. — Vector Dia|^am for 
tyircuit of Variable Resistance 
and Constant inductance 


/ E \ ® E^ 

wh^ce + =_ 

Ttip co-ordinates of the centre are therefore Jc 0, y =- EflR, and the radius 
is EI2R. > ^ * 

Properties of series circuits containing varii^le resistance and 
constant reactance. The circle diagram of Fig. 43 shows that 


.4 



86 


ALTERNATING CURRENTS 


these circuits, when supplied at constant voltage and frequency, 
possess a number of important properties. Thus — (1) the current 
has a limiting value ; (2) the power supplied to the circuit has a 
, limiting value ; (3) the power factor when maximum power is 

• being supplied is 0-707. * • 

The maximum current in the circuit is obtained when the 
resistance is zero : its value for the R-L circuit is EJeoL = 

The power supplied to the circuit is equal to E I cos 99, and if E 
is constant the power will be proportional to I cos 9?. Now ordinates 
in the current semicircles (Fig. 43) are proportional to this quantity. 
Hence the maximum ordinate in cither semicircile represents th(‘ 
maximum power which can ho. supplied to the circuit. This 
ordinate passes through the centre to the semicircle, and, therefore, 
the current vector makes an angle of 45° to the diameter of the 
semicircle, and also to the vector of the impressed E.M.F. Thus 
the power factor corresponding to maximum power is cos 45° =0-707. 
The maximum power is, therefore, given by 

= 0-707 El = 0-707 EI^ sin 45° = lEl^ . . (35) 

For the R-L circuit 

= iE'^l<oL, 

and for the R-C circuit 
P„ = iwCE^* 

At maximum power (9? = 45°) the vec-tor triangle of E.M.Fs. 
is an isosceles triangle, and therefore the voltages across the resis- 
tance and reactance are each equal to 0-707 x supply E.M.F. 
Hence the condition for 'maximum pow^r is that the resistance of 

* These expressions may also be obtained by determining the maximum 
value of El cos (p. Thus, substituting for / and cos (p in terms of re^' stance 
and reactance, differentiating, and equating to zero, we have 

(IP d { Jt ) d / E^R \ 

dR dR ( V(/e2 + ■ dR \R^ + 

E^R^ + co^L^) - E^R . 2R 
(«* -f (o^L‘^y^ 

= 0 . 

E*{R* f 2E^R^ 

R = oiL — X. 

Substituting (oL for R ii)^ the power eifpresaion for wo obtain 

E\oL E* E* 

^ -h a>*L* “ 2(oL ~ 2X 


or 
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the circuit must equal the reactance of the circuit, i.e.*JR = coL, 
or 72 = 1 jcoC. The exprossioas for maximum power may therefore 
be witten = \E^jR. 

Practical applications. The current and power>liiniting properties 
of series circuits containing variable resistance and constant indue- • 
live reactance are of considerable ])ractic‘al value in connection * 
with electric smelting furnaces of the are type. Thus, by inserting 
reactance in series with the furnace, (1) the ))ower in])ut to the 
furn*ace cannot exceed a ]nedetermiu(‘d limit ; (2) the current 



Fj(j 4.1 - FliHracteristic Ciirvos for Series Cncuit (V)ntaining Variablo 
Kesislanco and Const ant Jridiietane(‘. 

Re]nestMitative of Arc-ty|)e Kleetrie SmaltiiiK Fiiniaef* 


taken u hen “ striking ” the arc caimot (‘xcccd a predetermined 
value ; (3) the furnace is more economical in pow(*r consumption 
than^ono controlled by a series resistance. I’hesV advantages, 
however, are obtained at the expense of the ] tower factor. 

The characteristic curves for a series circuit containing variable 
resistance and constant reactance arc shown in Fig. 45, and refer 
to a 400 kW. arc -type furnace supplied at 220 V., 50 frequency ; 
the reactance of the furnace circuit being 0*06 ohm. The curves 
of Fig. 45 (a) show the manner in which the power and current 
input vary as the resistance varies, due to variations in the length of 
the arc, temperature, etc. The maximum power input occurs 
when the resistance is equal to 0*06 ohm. The curves of Fig. 45 (6) 
show the variation of power and power factor with the current 
input. The calculations for these curves are given in Table I. 
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TABLE I 

Calculations for Fig. 4/5. Series circuit : reactance — 0*00 O. (constant), 
resistance variable. SiJf)y)ly pressure — 220 V. (constant), frequency =60 

(constant) 


Resistance. 

Impedance*. 

Current Input. 

Power Input. 

^ » 

Power Factor. 

ohm. 

ohm. 

amp. 

kW. 

0 

0-00 

3666 

0 

0 

0-01 

0*0608 

3620 

131 

0*1645 

0-02 

0*0632 

3480 

242 

0*3163 

0-04 

0*0721 

3050 

373 

0*556 

0-06 

0*0848 

2590 

402 

0*7^7 

0-08 

0*1 

2200 

387 

0*8 

0-1 

0*1166 

1886 

356 

0*858 

0-15 

0*1615 

1362 

278 

0*^29 

0-2 

0*209 

1052 

222 

0*967 

0-3 

0*306 

719 

1.55 

- 0*98 

0*6 

0*504 

436 

95*2 

0*993 

1-0 

1*018 

219 

48*5 

0*99 


Maximum power ^ - o x 0-0(i X io ' » = kW. 


The series circuit containing variable resistance and fixed capacity 
has a practical application in electric lighting schemes for artisan 
dwellings and cottages where the average demcand is small and would 
be unprofitable to the supply company if house service meters had 
to be installed. In these cases a number of low-voltage lamps,* 
all rated at the same current, are connected in series, and a con- 
denser of suitable capacity is connected in the circuit. Each lamp 
is controlled by a short-circuiting switch. The capacity of the 
condenser is so chosen that with the normal demand the lamps 
receive their rated current, and the current in the circuit is only 
slightly affected by the change in resistance due to switching in 
and out these lamps. But if the normal demand be excecd&i by 
switching in additional lamps, the current in the circuit is reduced 
apprecia^y, and a considerable diminution in the candle power of 
all the lamps in circuit occurs. Thus the circuit possesses the 
property of acting as its own “ demand limiter,” and consumers 
are restrained from exceeding the normal demand. 

Example A lighting installation on the series -condenser system consists 
of seven 20 W., and one 10 W., 1 A. lamps and a condenser of 16’5/«F. 


* The lamps must be so chosen that fhe aggregate of the lamp voltages, 
with normal demand, doeo not exceed 40 per cent of the supply voltage 
For further particulars, see ** Condensers in series with metal filament lamps,*’ 

by A. W. Ashton. Journal, I.E.E, (1912), xlix, 703. 
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capacity. The norma] demand is equivalent to 50 W., and the sfliiply is at 
200 V., 60 frequency. 

The capacity of the condenser for this installation is determined from the 
condition that the lamps must receive their rated current when the demand 
is normal. Tlius, at normal demand, the aggregate lam]) voltage is 50 X 1 — 50 V^. 
juid the voltage across the condenser is equal to \/{ 200 ^~ 50*) = 193*6 V. The 
capacity of the condenser is therefore equal to 10®/(27r x 50 X 193*6) — 16*45//F. 

With this condenser the charging current at 200 V. is { 2 tz X 50 X 16*5 X 200) 



Fig. 46. — Variation of Current, Voltage, and Candle -pow»*r of Lamps 
for Electric Lighting Installation supplied on the Senes -condenser System 


X 10"® = 1*036 A., ^hich is tho maximum current obtainable in the circuit. 
As tho •lamp'i arg .switched into circuit the current decreases as shown 
in Fig. 46, and in Table 11. 

TABLE JI 

Calculations for electric lighting ijistallation on the series-condenser 
.system. 7 - 20W., 1 - 10 W., 1 A. lamps. 16*5 condenser. Su])j)ly 
pressure *200 V. , frequency 50. 


Keais- J 
tance in 
Circuit 
(A). 

* Impedance 

- V{^+(1/0)C)*} 

Current. 

Number of 
20W. lamps 
In Circuit. 

Corrected 
Value for 
resistance 
of Lamps.* 

i 

Current 

in 

Circuit. 

Approximate 
Candle Power ot 
each lamp (as % 
of normal c.p.). 

Ohms. 

Ohms. 

Amp. 


Ohms. 

Amp. 

• 

10 

193*2 

1*035 





20 

194 

1*03 

1 

20 5 

1029 

110 

30 

195*4 

1*024 





40 

197 

1*016 

2 

40*4 

1*013 

104 

50 

190*4 






60 

202 

0*90 

3 

59*0 


05 



0*056 

4 

77*8 


80 


217*4 

0*92 

5 

05 

0*93 

65 


227*3 

0*88 

6 

111 

0*897 


140 

238*3 

0*84 

7 

• 

126*6 

z — 

0*866 



* The values for the corrected resistance are obtained by trial from the 
current /resistance characteristic of the lamps and the current /resistance curve. 
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Series circuits of variable impedance. (2) Constant resista7y:e and 
variable reactance. Four cases of these circuits are possible, viz. 
(1) constant resistance, variable inductance ; (2) constant resis- 
tance, variable capacity ; (3) constant resistance and inductance, 
variable capacity ; (4) constant resistance and capacity, variable 
inductance. The first two cases have little application in practice, 
but are of academic interest : the last two cases have a large 
application in radio-telegraphy and telephony. ' 

Vector diagram for circuits of constant resistance and variable 

inductance or capacity. The com- 
bined vector diagram for the R-L 
and R-C circuits, in which tffe resis- 
tance is constant, is shown in Fig. 47. 
Tn this diagram the vecftor OE, 
representing the iinprcssed E.M.F., 
is taken as the vector of reference : 
OAE is the vector triangle of E.M.Fs. 
for the indu(‘tiv(i circuit for a par- 
ticular value of inductan(*e ; ORE 
is the corresponding triangle for the 
capacitive circuit. The loci of the 
apexes of these triangles are the 
semicircles OCAE, ODBE, respec- 
tively, their common centre being at 
th(‘ mid-})oint of ^ 

The maximum current in eitluT circuit is obtained Avlum the 
reactance is zero : its value is E/R, and it is in phase with the 
impressed E.M.F. The v('ctor in phase with OE. reprewmts 
this current, on the assumption of equ^l resistance and impressed 
E.M F. in the two ca.ses. 


r 



Fin. 47. — Vector J)iaKrains for 
Senes Circuits of Variable 
Impedance (Constant ilcsistancc. 
Variable Keaelanee) 


• 

for the circuit as given in columns I and III. For example, with 4 ^- 20W. 
lamps in circuit the resistance of the lamps will be slightly less than SO ()., 
owing to the current being less than normal. The current correspondmg t<i 
a circuit resistance of 80 O. is O’O.'iO A. Assume the corrected current to be 
0*96 A , ti’^hich corresponds to a circuit re-sistance of 77*8 O. From the 
current /resistance characteristic of lamps the resistance at a current 96 per 
cent of normal is 97*2 per cent of normal resistance. Hence the resistance 
of four lamps in series is 4 X 20 X 0-972 = 77*8 O Thus the value assumed 
for the corrected current is correct. Other values are calculated in a similar 
manner. 

Tlie current /resistance characteristic of the lamps is given by — 


Current (% of normal) 

J0.J 

102-.\ 

100 

97-5 

95 

92*5 

90 

Resistance ( % of normal ) 

103-7 

102 

100 

98-5 

96*5 

94*7 

92*8 
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When the inductance is varied the current vector lags with 
respect to the OE and its locus is the semicircle OFIjg^. Similarly, 
when the capacity is varied the current vector leads OE, and its 
locus is the semi-circle OGIj^. The centres of these semicircles 
are in OE and their radii are equal to Ej^R (see p. 85). 

In each circuit the power is proportional to the projection of the 
current vector on the impressed E.M.F. vector : the power is 
therefore a maximum when the reactance is zero. 

Vector diagram for the general circuit containing resistance and 
variable reactance. Series circuits containing resistance, inductance 
and capacity, in which eithtT the inductance or the capacity is 
variable, have a large application in radio-telegraphy and telephony, 
the variable inductance or capacity being c]n])loyeil to adjust the 
circuit to resonance at a particular freqiien(*y, this adjustment 
being called “ tuning.” 

The vector diagrams for these cinmits are shown in Figs. 48 and 
49, the former referring to the case in which th(‘ capacity is variable 
and the latter to the case when the irjfiu<^‘tance is variable. In 
both cases the vector of the impressed E.M.F. is taken as the vector 
of reference. 

The current in cither circuit is given, for any particular values 
of R, L, C, by I = EIV\R^ h [toL-llayCY], and its phase 
difference with respect to the impressed E.M.F. by tan (p = 
(coL - l/a>C')/J?. .When the effective reactance is zero, i.e. when 
€x)L = \ja}C, the* current is in phas(‘ with the impr(‘HS(‘d E.M.F. and 
its v^alue is equal to KjR, which is the maximum value of th(‘ 
current for the circuit. 

When the variable reactanci* is zero the current is given b>' 
E I \/'(R^ + (o^L^) for the circuit with fixed R and L ; and by 
EI\^[R^ + (i/coC)^] for the circuit with fixed R and The phase 
difference between the impressed E M.F. and the current is 
<p = tdh‘^£oL/i?, lagging, in the former case, and (p = tan“^(l/a)C'/2), 
leading, in the latter case. These currents are shoHn by the 
vectors OA in Figs. 48 and 49. ^ 

When the variable reactance is infinite the current in either 
circuit is zero. 

The locus of the current vector when either the inductance in 
one circuit, or the capacity in the other circuit, is varied is the 
arc 04,1^3, the centre of which lies in OE at a distance J/m = EI2R 
from O, The portion AI^ of this arc corresponds to the condition 
when the fixed inductive reactance exceeds the variable capacitive 
reactance, i.e .(oL >l/tt>(7; and the semicircle I^BO corresponds 
to the condition wlien the latter exceeds the former, i.e. (1 jo}C)> o>L, 
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If a circle be described upon OE as diameter, and any current 
vector, such as OB, be produced so as to cut this circle at D, then 
triangle ODE is the triangle of E.M.Fs. for the circuit ; OD repre- 
senting the component of the impressed E.M.F. expended against 
resistance, and DE that expended against the effective ireactance, 
i.e. DE represents the vector difference between the E.M.Fs. across 
the inductance and capacity, these E.M.Fs. being represented by 
OF (leading the current vector by 90°) and 00 (lagging 90° with 



Fio. 48. — Vector Diagiams for Series Circuit of Vuriatfie Jiiipedanet* 
(Constant Resistance and Inductance, Variable Capacity) 

respect to the current vector) respectively. The voltage across 
the fixed portion of each circuit is rep^resented in both figures by 
OH, which is the vector sum of OD and OF, ** 

When the variable portion of the circuits is varied from zero 
reactance to infinite reactance the loci of the vectors OD, OF, OG, 
OH, are portions of circles, which are marked E^, Ej^, E^, E^ _|. 
respectively, in Figs. 48 and 49. The centres of these circles may 
be determined very simply by considering the conditions occurring 
at resonance. Thus the effective reactance is zero, the current is a 
maximum and is in phase with the impressed E.M.F. , the E.M.F. 
across the inductance is balanced by that across the capacity. 
These latter E.M.Fs. are represented by OK and OL, respectively. 
The voltage across the resistance is, at resonance, represented by 
OE — ^the vector of the impressed E.M.F. — and the vector sum of 
OE and OK is represented by OM, 

For the circuit containing variable capacity, Fig. 48, the centre 
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of circle Ej^ lies at the mid-point of OK ; the centre of the circle 
+ L at the mid-point of OM, and the centre of circle E^ 
ig correspondingly situated on the opposite side of OE, Observe 
that the diameter of circle + j is equal to that of circle Eq, 

For the cirqiiit containing variable inductance, Fig. 49, the centre 
of circle lies at the mid-point of OL , the centre of the eircle E^^ 
lies at the mid-point of OM, and the centre of circle E^^ ^ ^ lies 
at th?> mid-point of EM, 



Fit. 19 — Voctoi Diaj^ittms for Soiios Ciituil of Variable Irnpetlaneo 
(Conatant Kosistanco^and (^apacity, Vaiiable liidut tarico) 


Reionance conditions. With both circuits the condition for 
obtaining resonance is tliat tht' induct ive reactance must equal the 
capacitive reactance, 1 e (oL ~ 1 /( 0 ^^ Whence LC -l/ro“ -1/(27 t/)* 
or \/(LC) = 1 /( 277 /), where /is the frequency in cycles pel* second, 
and Ly (7, are the inductance and capacity, respectively, in practical 
units (i.c. henries and farads). 

If instead of the frequency we are given the wave-length (A) of 
the electrical oscillations to which the circuit must be tuned, then 
^ metres = 3 X 10»//, where 3 X 10® is the velocity of propagation, 
in metres per second, of the oscillations. Hence 

V{I^) = A/(27r X 3 X 10®) = A/(1885 X 10«). 
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But if h is expressed in micro-henries and G in micro-farads, the 
relationship between L, (7, X becomes 

y'(L(7) = A/1885 (36) 

This, then, is the condition which must be satisfied^in ^ “ tuned ’’ 
radio circuit when the tuning is effected by the use of series capacity 
or inductance. 

The curves of Fig. 50 show, for a particular circuit (for*whieh 
R — 26 ohms, L — 0-4 henries (constant), C (variable), the variation 
of current, voltage, and power factor when the capacity is varied 
and the impressed E M F and frequency are maintained constant. 



It will be observed that th(‘ peaks of the curves for the \tltagps 
across the condenser and inductive resistance arc not coincident 
the peak of the condenser voltage occurrmg when the capacity 
has a vcPlue which is smaller than that which gives the peak of the 
voltage across the inductive resistance. This non-coincidenc^ of 
the voltage peaks is caused by the resistance of the circuit. For a 
circuit of zero resistance the peaks of voltage are coincident and 
occur when the current in the circuit is a maximum. Data for 
these curves are given in Table III, and the method of calculating 
the quantities may be shown best by calculating one or two points. 
Thus at resonance wt^ must have (oL = l/tt>(7, ov C = 

Now for a frequency of 60, o) = 314. Hence the capacity, in /iF., 
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required to give resonance is 0= 10®/{314‘“X0-4) = 25*35 //F. With 
an impressed E.M.F. of 100 V. the current is I^ = 100/25 = 4 A. 
The voltage across the condenser is E^ = I j^wC = 4/(314x25*35 
X 10®) = 502*4 V., and the voltage across the inductive resistance 
is j I, = I^{R^ + (o^L^) = 4 X 128 = 512 V. 

[Note.— = 25^ + (3142 Q.42) 128 O.] 

Foi; the points corresponding to a capacity of 20 fiF. we have — 
Effective reactance = (roL- 1 /VoC) = 314 x 0*4- [10®/(314 x 20)] 
- - 33*5 O. 

lm])cdancc (Z) - 1 \ 33 - 52 ) 

« - 41*7 (). 

Current - E/Z ~ 100/41*7 2*4 A. 

Voltage across condenser //cjC 2-4 J0®/314 y 20 — 382 V. 

Voltage across inductive resistance - Is/ (IP -t orU^) -- 2*4 xl28 

= 307 V. 

Power factor = RfZ - 25/41*7 — 0*(3. ^ 


TABLE 111 

Calculations for Fig. 50. SvVics circuit : R ~ 2o O., L — 0*4 H. (constant), 
r' v'ariable. Supply pro.S6iu*c 100 V. (con.stant), frequency - 50 (constant). 


c 

(//F.) 

\HoV 

« 

1 

' o) //- 1 lotC 

1 

Z = 1 

(«)/,- l/fX’)") 

I 

j:iz 

1*08 a 

niz 

- 

I '(oC 

1 I. 

0 

OC 

1 ^ 

or 

0 

0 

100 

0 

5 

ft:^6 

1 -.511 

."ill 

0 196 

- 

124 5 

25 

]() 

.U8 

- 193 

194 6 

0 514 

0 1285 

J 63 5 

66 

If} 

212 

-87 1 

00 4 

1-106 

0 2763 

234 

141 

2n 

l.">9 

- 33 5 

41-7 

2 1 

0 6 

382 

307 

2:i 

138-4 

- 13 

28 2 

3 45 

0 886 

477 

454 

24 

1.3:i 5 

7 

26» 

i 85 

0 964 

511 

493 

24 5 

129-8 

4 2 

25 3.5 

i 915 

0 086 

512 

.505 

2.’i 

127-2 

1 0 

25 0 1 

3 99 1 

0 998 

508 

51 1 

2i} t3.> 

125 0 

0 

25 

4 

1 0 

502 4 

512 

j7 

117 8 

8 8 

26 5 

3 77 

0 913 

445 • 

483 

FO 

too 1 

19 f} 

31 7 

3 15 

0 788 

311 

404 

3:1 

01 

34 0 

12 7 

2 34 

0 585 

213 

3(M) 

40 

79 f) 

46 

52 4 

1 91 

0 477 

152 

244 

50 

63 6 

62 , 

67 6 

1 48 

0 37 

94 

189 

100 

31 8 

94 

07 3 

1 026 , 

0 257 

32 6 

131 

fJi 

0 1 

125 0 ' 

1*28 

0 781 1 

0 195 

0 

• 100 


Series circuits of variable impedance. (3) Constant resistance, 
inductance and capacity, variable frequency. This circuit is of prac- 
tical importance on account of its possessing a “ resonance 
frequency ” which is given by 



96 


ALTERNATING CURRENTS 


in whicii L and C arc in practical units (i.e. henries and farads, 
respectively) and/,, is in cycles per second. 

At resonance frequency the current is a maximum and is given 
by = E I R. This current is in phase with the impressed E.M.F. 
The vector diagram for these conditions is given in Fig. 3^ (6), p. 70. 

Under resonance conditions, and with suitable values of inductance 
and capacity, the voltage across the condenser, and that across the 



Fic. 51. -Cbareicteristir Curves for Series Circuit Suppherl at 
Constant Voltage and V^’afiable Frequency 


inductive resistance, may be considerably greater than the supply 
voltage. Thus, the voltage across the condenser is given by 

Eq ~ 

which, when \j'\/(LC) is substituted for w, and EjR for /ji, becomes 


E 


c 


IL 

~ RaJo 



Hence when L > CR^ the voltage across the condenser will be 
greater than the supply voltage. The ratio of these voltages is 
given simply by \/{LICR^), 
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Similarly the voltage across the inductanco and resistance is, at 
resonance frequency, given by 


h K - /m 




IV(*-+5) = V( 


1 I- 


L 

CR^j 


which is greater than the supply voltage for all values of L and C 
except zero. 

Tlie manner in which these voltages vary with the fr(‘(iuency in 
the ease of a particular circuit, for which R - 30 ()., L — 0*4 H., 
C = 25 //F., is sho\\TL in Fig. 51. OUier curves in this figure show 
the manner in which the current, power factoi*, inductive reactance, 
capacitive reactance, and effective reactance' vary witli the frequency 
when tlfb supply pressure is maintainc'd constant at 100 V. The 
calculations for these curves are given in 'I'able IV. 


U’AliLK IV 

Calculations for#Fig. 51. Seiics ciicuit : li - 30 0., L — 0*4 IT., 
C = 25 /iF. Su})|)ly pressure — 100 V. • (eonslani ) Fiequeney 

variable. 


/ 

CO = 

2jt^ 

(OL 

lO^ltoC 

hL- 

1/COl' 

Z - 

+ 

(coL-l/coC)»} 

/ = 
100/Z 

<'oa (p — 

mz 

//C0(7 

*’l f k " 
V(«*H 

0 

0 

0 

(X 

a 

a 



A — 

100 

0 

10 

62-8 

25 J 

%37 

-612 

612 

0-1635 

T 0 049 

101 2 

6 4 

20 

125-6 

60 2 

. 310 

-260 

270 8 

0 369 

■Ho-11 

117 8 

21 

30 

188-4 

75 3 

212 

-137 

140 1 

0*713 

So 21 1 

151 

57 8 

40 

251 

105 

159 5 

- 54 5 

62 2 

1-608 

1 0 483 

256 5 

175 5 

45 

2S3 

113-2 

141 2 

- 28 

41 

2-41 

^0 732 

345 

286 

60-35 

310 

126 5 

126-5 

0 

30 

3-33 

1 0 

422 

433 

65 

345 

138 

116 

OO 

37-2 

2 60 

>N0 807 

312 

380 

60 

377 

J51 

106 

4.5 

54 

1 85 

io 556 

106 

285 

70 

440 

176 

90-9 

85 

90-2 

1-11 

;2 0 333 

100 

108-5 

100 

628 

251 

63 7 

187 9 

190 

0 526 

|0 158 

33 .5 

133 


Resonance in Practice. The equivalent of tin* •above circuit 
occurs in practice when an alternator is su])plyiTig imloadi'd cables, 
the inductance and resistance being represented by thc' armatun' 
winding of the alternator, and the condenser ])y th(‘ tapacity 
between the cores of the cables. But the “ constants ” of commercial 
distributing systems arc such that the resonance frequency is much 
higher than the normal frequency. Hence, with a pure sine wave 
of E.M.F. resonance cannot occur. If, however, the wave-form is 
non-sinusoidal resonance, due to one of the higher harmonics of 
the E.M.F. , may occur either at normal speed, or at a speed lower 
than normal if the alternator is run up to spe«d with its field excited 
and its armature connected to unloaded cables. 

7 — ( 5245 ) 
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Example, An 1 1,000- V., 50-oyrlo, alternator ifl co inected to concontrie 
cables having a total ea])aeity of ,3 /iF. Tlio inchiotanco of the armature 
winding is 0*02 il., and the resistance of the armature winding is 1*3 O. 

3^hc resonance frequency of the system when the cables are unloaded is 


fr 


_ 1 

1F7t\7(0*0 J X 3 X KVO 


Gi9 cycles j)f*r second 

y 


Tf the wave-form of the no-load K.M.F. contains a thirteenth harmonic 
(the frequency of which 1.3 x 50 650), resoTiance <hio to this liannonic 

will occur at normal s])eed. If the amplitude of this harmonic i.s 1 ])cr cent 


of the fundamental, i.e. 


too 


11000 X 1*41 4 


155 V., tlio current due to 


It at resonance is 155'I*.3 119 A. (maximum value). |-fence if the peak 

of the h^M.F. wave of this harmonic occurs at the same instant as that of 
the fundaniental, the voltage impri'ssed on the cables is ^ 


11000 ^ 1-414 f 119/(277 X 0.5t) x 3 - 10®) ^ 25,250 V. 



Ki( 4. 52. -Circuit and Vector Diagrams for Parallel Circuit 


II.— PARALLEL (IRC^ITITS 


Parallel circuits of constant impedance. Tho vt clor diagram for 
a jtarallol circuit, consisting of two induclivt^ resistances, it given 
in Fig. 52. The total, or line ” eurreiit, /, is equal to the geometric 
sum of the branch currents /^, 1 2 : its magnitude and ]jhasc may be 
calculated from Fig. 52 as follows 


I = V'b^i‘^^‘^9’1 f- I- (37) 
97 = tairi(/i sin (p^ + sin (p2)l{ti <'os fos q)^) 

The joint iftipedancc, Z, of the .-ii’c-uit may bo obtaiiu'tl, from 
Equation (37), and Eig. .52, as follows 


/ 


1 

Z 


= E/Z= Vl (/lOos^Ji + /jOosyj.J'i f (/jsin9?, I-Zasin y'J-l 

^llWzr z,-zJ ^Wz, -^Ky^J ) 




‘ n 9. I 


7j 2 
-^2 


V22* 




(38) 
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Thus for the general ease the reciprocal of the joint inipedance is 
not equal to the sum of the reeiprocals of tlie sc})aratc* impedances : 
itTs calculation therefore requires a knowlcdgt* of th(* vahu's of the 
s(q)arate impedances as w(‘ll as the resistances and n^actanccs. 
Special Ca,'^(.y In the special case ^\h('u 0, — 0, we have 

1111 
~Z It 

and in the olhe^r case' wlu'ii 0, R^ 0, wv have 

11 1 I 

z ~ X yS Y, 

O 1 z 

When the reactances X^, X.^, consist of eonde'iW'i s, 


9 





H(*uc(‘ the join^ capacity of the eondcuse'rs is 




a - f f V 

• 

Thus, wIk'U conde'use'rs are' e'oiuu'cteel in ])aralle'I, the' joint capacity 
is equal to the sum e)f the' se‘])arate' e‘apae*ilie s. 

Admittance. Ue‘\e‘rting lo the ge'neral case, Fig. 52, and emple)y- 
ing s,> ml)e)lie ne)tatie)n, the' e‘e[uatie)n te) the' line curre'iit may be 
writte'ii 

• / /i I 

• - (JfJlZ,) I {E Z,) 

whe'ne*e* 


1 1 1 


(.•59) 


y - Ti I y> 

where Y is the' re'e*i]U'e)cal of the je)int imi)e'elane*e anel* Y^, are 
the re‘e*fJiroe-als of the se'parate im]>cdane'e‘s. These ree i])re)e*als are 
calleMl admittance. He'iiee' the' jeunt aelmittance' e)f a numbe'r e)f 
eireuits cemnected in ])arallcl is c'qual te) the' gee)mctrie* sum €if the*ir 
separate' admittances. The* admittances e)f these circuits may 
there'fe)re be' e*ompe)unele'd in a vecte)r diagram in a manne'i* similar 
to that adopted with the several impedances e)f a series circuit. 
For example, in Fig. 53 the vector OA represents the admittance Y^, 

OB. the admittance Y.^. The joint admittance is re'presentcd by 

OC, which is the vector sum of OA and OB. 

Inversion. The joint impedance Z, coiTcsponding to the joint 
admittance. Y, may be obtained from the vector diagram by 
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determining the vector which is the reciprocal of the admittance 
vector, this process being called “ inversion.” For example, two 
reciprocal quantities, F, Z (= 1/F), are represented in a vector 
diagram by vectors of different lengths — such as OY, OZ, Fig. 54 — 
located on opposite sides of the axis of reference an^ making equal 
angles with this axis. The projection on OZ of the pbint Y gives 
the point F', which is called the image of F. 


Two points such as F' and Z, Fig. 54, an* called “ inverse points.” 
The origin, O, is called the “ centre of inversion,” and the value of 
the product OY' .OZ which corresponds to unit values of F and 
Z, is called the “ inversion constant,” K^. 

If the admittance vector is drawn to such a scale that 1 em.= m 
mho (unit of admittance), and the impedance vector is^drawn to 



Sliowing Addition of 
Admittances 



Fia. 54 -Wetor Diagiani ot 
Reeipioeal Vector Quantitu's 


such a scale that 1 cm. — ohms then OY' — ^ jm, OZ — Zjn, 
Whence OF' X OZ — YZImii — since F.Z — 1, i.e. the 

inversion constant is equal to the product of the reciprocals of the 
scales of the vectors. Htmce the inversion of the image of an 
admittance vector — drawn to a scale of 1 cm. = m mho — to an 
inversion constant giv(*s an impedance vector having a scale of 
1 cm. — ohms. Conversely, the inversion of the image of 

an impedance vector — drawn to a scale of 1 cm. — n ohmd — gives 
an admittance vector having a scale of 1 cm. — (1/w^,) mho. For 
example, if OY, Fig. 54, represents an adrnittanci* of 0*05 mho, 
and is drawn to a scale of 1 cm. = 0-025 mho, i.e. 6? F= 0*05/0*025 
= 2 cm., then the length of the impedance vector OZ for inversion 
constant equal to 8, is 8/(0*05/0-025) = 4 cm., and the scale of 
this vector is 1/(8 x 0*025), or 5 ohms = 1cm. Therefore the 
magnitude of the impedance is equal to 4 x 5 = 20 ohms. 

Instead of determining the impedance scale from the inversion 
constant and the adnjittance scale, it is more convenient in practice 
to select the impedance seale such that the longest impedance vector 
is of a convenient length. 
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The principle of inversion is of eonsidt*ral>Ie value in the graphical 
solution of problems on parallel and siTit's-parallel circuits, and 
further applications will be found in this and th(» following chapters. 

Conductance wd susceptance. Since admittance, like impedance, 
is a complex quantity it must be expr(*.ss(*d, wIk'ii the rectangular 
form of symbolic notation is em])loyi‘d, in terms of in-pJiase and 
quadirature components which are demoted by the symbols g and b, 
respectively. These comp^ments can be expressed in terms of the 
constants, R, X, of the circuit. For example, 

/ R \/ X \ 

• Z H I jA- + U’“ 1 A’V l-A^V 

- S -jb 

where !7 -- | A^) and h - X/(l{^ | X^) - XjZ^. 

g is calk'd tlu' conductance'^ Ix'cause, for a circuit of zero reactance, 
WT hav(' g — RjR^ - XjR. b is called* the susceptance and, for 
circuits of Z(‘ro resistance, is ecpial to the r(‘ci])roeaI of reactance, 
i.e. b -- XIX‘^ - l/A^ 

Hence for the circtiit of Fig. 52 wc haw* 

Ti ~ 8\ J 2 Si 

Y ^ Yi ~^^Y2 — (Si "J^i) + (Si 

~ (5^1 -hSi) ~j(^i 4 ^ 2 ) 

Whence, Y ~ \/\(g^ I gj^ ~\- I b^Y\ . . (40) 

(p — tajrV^i f />2)/(f7i f (Ji)- 

Parallel circuits of variable impedance. (1) Conslgnt resistance y 
indact9bncey and capacity ; variable Jrequeyicy. Tjet one branch of a 
parallel circuit consist of a fixed inductive resistance (Ry L), and 
the other a condenser of fixed capacity (C). The current in the 
inductive resistance at a frequency / is I E l'\/(IP -\- or L^)y 
where co — 27r/. The power component of this current is cos q>^ 
= ERj(R^ + oY L^)j and the wattless component is /j sin = 
E(oLI(R^ + co^L^)y which lags 90° wdth respect to the impressed 
E.M.F. The charging current of the condenser is I.^ = (oCEy and 
leads the impressed E.M.F. by 90°. Therefore, the phase differ- 
ence between the wattless component of the current in the 

* The term coiiductemoe is employed in connection with continuous-current 
circuits to denote the reciprocal of resistance. 
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induc'tivc resistance and the charging current of the condenser is 
180'^. Hence the wattlc*ss component of the line current is 

EfoL 
~ It^ I 

m 

which, if the fretjiK'iicy is variabl(% becomes zcw when 


i.e. wlien 


I arlj^ 


— R" b (o^L^ -= JL( a j , 

where Xj^ (— (oL) is the inductive' reactance and X^ I /coC) is 
the capacitiv'c I'c'aclance. Thus the coiKlition for tlu' \vattl(\ss 
compoiK'iit of tli(' line ciirremt to be zero is that the' product of the 
inductive and capacitive' re'aetane'cs must e^epial the' square' e)f the' 
impedance of the indue-tive' ])raiK*h. ’ 

The fre'que'iicy eorres]y/neling te) this condition is obtained l)y 
solving the e'qiiation feir (o. Thus 


Avlienco 


27t/sJ\LC L^J 


Resonance. Every ]3arall('l circuit consisting of a condenser, of 
fixed capacity, in one brane-h anef a fixed indue*tive' re'sistance' in the 
other branch has, therefore, a particular fre({ueiicy at which the 
charging curremt of the condenser balance's the* wattless current in 
the ineluctive* re'sistance. This freepiency, which is given by J<]qua- 
tion (41), is'calle’d the “ resemance frequency” of the (parallel) 
circuit. It is not, he)we*ver, the* natural frequency of thV* local 
circuit — consisting e)f the condc'nse'r and inductive re'sistance — as 
this frequency is givem by 


/„ 



L 

7yC“4Z/V 


(42) 


When E — 0 the resonance frequency becomes equal to the 
natural frequency of the circuit : moreover, the resonance frequency 
for the parallel circuit is then equal to that for the scries circuit 
containing the same values of inductance and capacity. Under 
these hypothetical conditions — ^i.e. with zero resistance and no 
losses — electric oscillations, when once started in the local circuit. 
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may bo maintained without the further supply of energy to this 
circuit. 

Variation of line current with freQuency. Reverting to the 
practical ease, in which the mductive branch contains resistance, 
th(‘ luie currftit at a frequency / is gn eii b\ 

^ I (/i 

■yi(S)''[-(4-)ii 




Frequency 

(a) • {b) 

Fk. o’) {a) C’liciT cU’tci istir (^iiv'^es foi Piiiall(l Ciirml Siip])li(Hl at 

(Constant Volla^c and \ .irjal)I»‘ Fie(jU(iuv. [h) Vlot.of (^irients 
• /, 111 Polai (’() oidiiudos 


At zero frequency (o — 0, and I — EjR. As the froqucncy is 
increased from zero the liiK' current decreases in valui‘ and becomes 
a minimum at a fr(*quenc*y sliglitly above the resonance frequency : 
it then increases as the frequency increases Himct* if linc^ current 
be jilottcd against frequency a V curve is obtained as shown in 
Fig. 55 (a), which refers to a particular circuit for which 7? = 30 0, 
- 04 H, (7 - 25 /iF. 

Other curves in this figure show the maimer in which the resultant 
power factor, the branch -circuit currents, and the wattless and 
power components of the current in the inductive branch vary 
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when the frequency is varied and the supply pressure is maintained 
constant at 100 V. The calculations for these curves are given in 
Table V. 

The line current and the current in the inductive branch are also 
, plotted to polar co-ordinates in Fig. 55 (6), from wKichpit will be 
observed that the curve for the latter is a semicircle. 

It will be observed that as th(i frequency is increased from ^ero, 
the wattless component of the current in the inductive branch 
increases from zero to a definite maximum value and then decreases 
with increasing frequency. The frequency corresponding to the 
maximum wattless current in the inductive branch is obtaiyed by 
(lilTerentiating, with respect to co, the expression for this current, 
equating the r(\sult ic) zero and solving for co. Thus 


sin = EmLKRt + co^L-) — EoyLjZ^ 


jL 

dfo 


(/, sin T’l) -- 


ELZ- - 2EoW 

■ 


or + 0)2 L2 = 2 o) 2 Z 2 

Whence m = RfL. 


TAIiLK V 

Calculations for Fig. 55. Parallel circuit : iridiietivu branch, H MO O., 
L — 0*4 H. ; conflciihor branch, O — 25 fiV. Supply prtji^sure) — IGO V 
(constant). Frequency variabh'. 










£ 


Power 



Z - 
ViR^ -f- 

100 Z 

1 h 

! sin (pj\ 

i 

L- 

(oCK 

- 

sin (p) 

/j COSgPj 
(-/ 
cos (p) 

v{{l sin 
(/ 

cos qp)*} 

Cos q> 

Sup- 
plied 
i:i^ 
cos rp 


1 


1 

1 






^ Watts 

0 

0 0 

30 ' 

3-33 

0 

— 


3-33 

3-33 

1-0 

333 

5 

31-4' 12-5 

32-5 , 

3-07 

1-19 

0 08 

1-11 

2-84 

3 05 ' 

0-938 

284 

10 

62-8 25 1 

39-1 1 

2-56 

1-65 

0-lG 

1-49 

1-96 

2- i'* 

0-8 

196 

12 

75 ^30 

42-4 

2-36 

' 1-67 

0 19 

1-4S 

1-67 

2-2.> 

0-747 

167 

20 

125-6 ^50-2 

58-5 

1-71 , 

1-46 

0-31 

1-15 

0-88 

J-44 

0-61 

88 

30 1 

188-4 75-31 

81-1 

1-23 

1-14 

0-47 

0 67 

0-46 

0-51 

0 56 

46 

40 

251 100-41 

105 1 

0 95 1 

0-91 

0-63 

0-28 

0-294 

0-42 

0-7 

29-4 

45 

283 113-21 

117 , 

0-85 1 

1 0-82 

0-71 

0-11 

0-218 

0-244 

0-894 

21-8 

48-0 

307 122-8 

126-4 

0-791 

0-768 

0-768 

0 

0-188 

0-188 

1-0 

18-8 

50 

314 1 125-6 

129-3 

0-773 

0-751 

0-786 

- 0-035 

0-18 

0-183 

0-984 

18 

55 

345 ' 138 

141-2 1 

0-71 

0-69 

0-86 

-0-17 

0-15 

0-23 

0-654 

15** 

flO 

377 '161 

154 1 

0-65 

0-64 

0-94 

-0-3 

0-127 

0-33 

0-385 

12-7 

70 

440 ,176 

178-5 1 

0-56 

0-55 

1-1 

-0-55 

0 094 

0-55 

0-171 

9-4 

100 

628 993 

252-8 

0-395 

1 

0-393 

1-57 

-1-177 

0-047 

1-18 

0-04 

4-7 


Analytical Investigation *of Variation of Line Current with Frequency . 

The shape of the Ime-ciirrent/frequency curve for the general case may be 
ascertained analytically by investigating the law of variation, with respect 
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to frequency, of the sevenU terms of Equation (4;{). Thus tlie vafue of the 
first term [!/(/?* 4- is a maximum at zero frequency and decreases 

as the frequency increases : the rate of decrease being at first rai)id, then 
diminishing gradually, and finally becoming zero at an infinite frequency. 
The value of the second term \(jS^{2LC is zero when the frequency 
is zero : it increiyfes as the frequency increases, until it attains its maximum 
value at a frequency below the resonance frequency; it then decreases, 
becomes zero at a particular frequency -which is higher than 'the 


resonance frequency — and then 
changed sign and increases contin- 
ually as the frequency is still further 
increased. The variation is shown 
grayjhically in Fig. 50, the curv'es of 
which refer to the circuit calcidated 
in Tabled^. 

The general shayDo of those curves 
is the same for all circuits, but the 
frequencies# at which the maximum 
and zero values of the second term 
occur depend uyion the “ constants ” 
of the circuits. For example, the 
frequency corresponding to the 
maximum value of [co“{2LC 
is obtained bj' equating the first 
differential coefficient of this cpinn- 
tity to zero and solving for 
Thus 



Fiu. 50.- -Variation of Quantities 
with Fr«qiu*nev, for I’arallc*! Circuit 
(/f .30 0., // () lK.,r; 25 //F.) 


d_ 

(ko 




CP 



Z2(4u>/.r) 2o)LH2oPLC) 


- 2a)(P = 0 


whence 2{Z^ -oPL^) - Z'CIL, 


which, when {R^ is substituted for Z-, reduci's to 


vP 




The quantity \(iP{2LC jZ^- - C^)\ is zero NNhen 2kCIZ^ - C\ and the 
frequency corresponding to this condition is obtained from the equation 




LC />•= 


Substituting 


whence 

Similarly, 

whence 


numerical values for /»*, 7/, (\ from 1’able V, w(*have 

, /,30 /2 C 10 « \ /: i ()\2 

(o-4V 0-4 X 25/ V()-4) 

/ = (/>/2t — y^2787.5/27T — 20*0 c\clcs per .s^colld. 

fi “ coi/27r = -v/194375/2t: — 71-2 cycles per second. 


Now the diffcrc'ncc between the quantities [1/(72^ 1 and 

\(iP{2LC I Z^ — C'®)] is proportional to the square of the current [see Equation 
(43)]. ; 

Hence intercepts between ordinates of the curves in Fig. 5G are propor- 
tional to the current. As the frequency is increased from zero, these inter- 
cepts diminish on aiccount of the curves approaching each other, but after 
a particular frequency is reached the curves diverge and the intercepts 
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inorpiise. Jii tho case of a hypotla*! u*al circuit without roMiatance, the curves 
touch at rosoiiarico frequency, but for yiractical circuits tho minimum intercept 
occurs at a frequency slightly luglu'r than tho resonance frequency. 

'riio frecpioncy corros])on(ling to tho minimum value of tho line current is 
(lot(‘rminofl by equating tho first (liff(*rential coefficient of Kquation (43) to 
zero and solving for o> Thus, writing Kquation (43) in tl^ form 


I 





ioKJ 




and denoting the (juantity in lh<‘ bracket by n, we iiavo 


iL 

(Id) 


2<^it ' (1(0 2\'u \ (//“ 4- cj“//“)- 


= 0 


whence 


ra- 






3308 is grcatc'r than tho value' of co“ at r(“'Oiianee fre(pienc\ soo Kquation 
(41 ) — as the coeflieient of tho first l(‘rm is greater than unity. Tfio difference 
botwci'n these freciuencies depends u])oii the values of 7?, L, C. For (*xamplo, 
m t lie case of the circuit caleulalisl in 'Tabh' V tlu' resonance freqiK'ncy is 
('fjual to 4Sdh and tho fn^quency at which tlu* line current is a minimum is 
ecjual to f)()*3 cyek'S per se(*ond. 

TIk’i minimum vahai of the lino curn'iit may Ix' oliiuiiK'd by substituting 
this value of in JOquatioif; (43). For exam])l(‘, substit u1 ing tho numerical 
value of OOSTo [ (27r X 50*3)=^) and tin* values of N, A, from Tablo V, 

in Kquation (*13) wo have 


-• 00 ^( 1 - 

- (MS2r)A. 


0087 
■ 30- I 00873 


0-4 


w.) 

0-4^ 


10 


— 1 00875 


10 1 


33io vahu* of the line curn'ut at r(‘sonanc(‘ freipa'ncy is obtained by sub- 
stituting the ap])ro])i i,it(^ value of (o in Kejuntion (43).* Thus, at resonanco 
frequency, (o^ {{[jL(’) {h* IJjy^]--s(( Kquation (41)«and Kquation (43) 

reduces to 


I - ETt(Clh). 

Honeo for Iho circuit (*alculalod in Tablo V tho line current at re'sonanco 
frequency is 

1 — 100 X 30 X 25/(0- 4 X 10«) 

- 0-1 875 A 

• 

Joint impedance at resonance frequency. A panillt l cirotiit con- 
sisting of an inductive* resistance coiuiectt‘d in parallel with a 
condenst'i* poss(*sses zero susceptaiiet* at n'sonanee frequency, i.e. the 
expression for the joint impedance of tlie circuit contains no 
“ reactanct* ” term. 

In the case of the circuit consid(*red above*, the line current at 
resorifince frequency is given by 


I = Klt{Clh) 

and the*refore the joint impedance at this frequency is 

i-^=i ^ 

^ / R'C 
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i o. the joint impedance at resonancM^ frequency is c'qual to the 
product of the re(‘iprocal of the resistance of the inductive branch 
and a numerical cot'fficu'ut, the value' of which is equal to the 
ratio LjC. 

For the sp(^*ial case' avIk'U L = C, we liave 
Z = MR. 

Aifl)ther e*ase e)f inte're\st is whe'rc the* ceaiele'use'r braiieh contains 
resistane’c. fn this case, le't R^^ demede* the' i-e'sistaiie'e* in serie's with 
the condensiT, auel R the' re*sistauce‘ in the' iueluctive branch, tas 
above. Them the' wattle'ss (*(nn])one‘nl of the* eairre'iit in the 
cemelem*e'j’ ])rane*h is now ^ivem by 

^ I (1 W')-| 


The wattless compone'iit e)f the' cnrreait in the' Inductive' branch is 
given by 




E(()L 

li- 1 o-/^- 
H-cncc the conelition for resemane e' is 
/i sin — 1 2 <J > 

0)1^ R^ 1 (0“// Z-^ 

JiJlOUnCy 'z,} 

Thus, fe)r rese)n;fnce, the' rath) e)f the' re*actane*e's e)f the' two brane'lie's 
must equal the ratie) of tlu'ir impedances sepiareel. 

Solving for (o, we Jiave 


^R^-L/r_ 

CL(R,;^-LIC) 


The s])('cial (*ases are (1) whe'ii R^ R ; (^) wlie-n*/? \/(LIC), 
R^ --•A/iLIC) ; (3) Av he'll R„ -=R, L - C. The values of rn 
ce)i‘responding te) the' n'sonauce* fre‘e|ue‘iicie'S in these c*ase's are 

(I ) rn = V(i ; (^) <'> - I !^'- 

The line curre'iit at resonaiu'e* frequency is e'qual to the sum e)f 
the poAver comiieinents e)f the branch-eire uit curre'iits, i.e. 

I __ /jceisy?! cos e^^jj 


_ER ERo 

' lU+0/o>U)- 

/ Ji ^c. ' 

^ \lti -I- co^L^ Ro^ + (t!u)Cy 
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Hcncc, substituting for the values of R^ and co corresponding to 
the above special cases, we have for the line currents at the 
resonance frequencies — 

(1) = IILC I = E \ 2RI[R^- + g.lC)]] 

(2) At all frequen(‘ies I = E '^/(CjL) 

(3) - 1/L^ = I = E \R!(R'^ + 1)1 



Fra 57 # Fia 5S 

CiK uil and Vector l)uija;rarns for Parallel Circuit of Variable 
Fnipedance (Vaiiablo Coiidenvr in One Jhaneli) 


Whence the impedances at the resonance frequencies are 


( 1 ) 


R 1 



B 1 

-2 + 27 ? 


For the second case — when R — R^ •= \^(LIC) the impedance 
at all frequencies' is equal to '\/(LIC). 

In each of the cases (1 >, (3), the joint conductance of the circuits 
at resonance frequency is equal to twice the conductance of •either 
of the branches. Thus the joint conductance, g, is equal to the 
sum of ^he separate conductances g^- Now g^ = RI{R^-\-a}^L^), 
and </o= Roj[Ro^-\-(\j(jt}GY\ Hence, when R — 22^, and (x)^= (1 jLC ) ; 
gri- RI[R^ V(LIC)\, g^= RI[R^^(LIC)l Whence g = 2g, = 2g^, 
and similarly for the case when Ro = R, L — C, and o) = 1/L == I JO. 

Parallel circuits of variable impedance. (2) Constant resistance 
and inductance in one branch, variable reactance in the other branch. 
The case which is of practical importance and which will be 
considered here is whqre the variable reactance consists of a con- 
denser of adjustable capacity. The circuit diagram is shown in 
Fig. 57, and the vector diagram in Fig. 58. Assuming constant 
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supply voltage and frequc'ncy, the current, /j, in the branch of 
constant impedance will be constant, while that, /g, in the branch 
containing the condenser will be directly proportional to the 
capacit}", e.g. /g = (x)CK = hC. The phase difftTcnces between 
these currents^nd the supply E.M.F. arc constant : that between 
the supply E.M.F. and 7^ is <p^ = in,n~^(oLjR (lagging) ; that between 
the supply E.M.F. and /g is 90*^ (leading). 

Th^ line current, 7, is equal to the vector sum of 7^ and L^. Since 
7i is constant in magnitude" and dm^ction, and I^ is of variable 
magnitude but fixed direction, the locus of tin* extremity of tin* 
line current vector will be a straight line drawn through 7j parallel 
to 07.g*(Fig. 58). Thus, as the capacity is varied from zero, the 
line cuTent is brought more into phase with the sui)j)ly E.M.F., 
i.e. the #tfective reactance of the circuit as a whole is diminished 
and the power factor is improvt'd. At a particular value of the 
capacity the line current is exactly in phase with the supply E.M.F., 
and has its minimum value* : at higher values of the capacity the 
lino current increasirs in magnitude' anel le‘ads the siqiply P].M.F. 

If values e)f line current and capacit 3 f are plotted, we obtain a 
V curve, as shown in Fig. 59, and if the poweu’ fae'tor is also plotted 
we obtain an inve^rted V curve (see Fig. 59). 

The curves of F^ig. 59 are calculated feu* a parallel circuit similar 
te) that of Fig. 57, supplied at a cem'^tant E.M.F. of 200 V., and a 
constant frequency of 50 cycles per second. The inductive branch 
has a resistance of 40 ohms and a constant inductance of 0-54 
henries : the capacitive branch contains a condtmsc'r, th(‘ cajiacity 
of which is adjustable betwi'cn zero and 30 ^F. 

The method of calculating these curvt's is as follows — 

The impedance of the inductive branch is 

z = V^O^ + (277- X 50 X 0*54)2 1 - 174*4 ohms. 
Whence 7^ - 200/174*4 -= M4(i A. 

cos -= RIZ = 40/174*4 = 0*23 

The line current at unity power factor is 
I — I^ cos cp^ 

= 1*146 X 0*23 0*264 A. 

The capacity required to give unity powi'r factor is determined 
from the condition that the charging current of the condenser must 

* The condition which gives unity power factor is ttie bamc as that which 
gives the resonance frequency, for the parallel circuit, equal to the supply 
frequency. Under these conditions the stored energy of the circuits is 
transferred from the condenser to the inductance, and vice versa^ during 
successive quarter periods. 
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be equal .to the watthvss current taken by the inductive resistances 
i.e. /g — /i sill (p^ -- (oCE, 
whi'nce C --- ainq^^/oj/^J 

-- \ M4fV(l -0*23-)|/(277 X 50 x 200) 

-- I 116/02800 -- 17-75 x 10 « 



Fi(i. .-)!). -(’}iarart(Mistie (^irvcs for (’in iiif of \'anablo 

lrii])odaiU(‘ 40 0., L 0*51 If., (’ Varjablo) 

For any otlic^r value of capacity, sueh^is 10 /^F., we have 
Wattless eoiiiponeiit of line current = siii ~ loCE 

_ M 16 -62800 X 10 V m « 

- 0-487 A. 

Power eoinpoiK'iit of line eurrenit - cos ip^ 

^ 0-2635 A. 

Line ouiT(*nt — v/(0-2635- (- 0-487'^) 

- 0-554 A. 

Power factor —power component /line current 

= 0-2635/0-554 
= 0-475 (lagging). 

Other point.s are calculated in a similar manner, and are given in 
Table VI. . 
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Practical applications. Tlie curv'^cs of 59 show thal \ circuit 
consisting of a fix('d in(luctanc(‘ connected in paralli l Avith a con- 
denser poss(‘sscs the 2)roperty that if the cay)acity of tli(' ('ondi'iiser 
be chosen suitably, the power facdor of the combined circuit is 
higher than that of tlie inductive branch alon(^ This ])ro2)erty is 
of considerable value in practice. For examy)^', if a ])artieular 
circuit possesses a low (lagging) y)ow(‘r facdor, th(‘ (‘tTeets of this 
low pojwer factor on the siiyiydy system may be avoided by con- 
necting in yiarallel with the circuit a condense'!- of suitable capacity. 
Condensers used in this manner for imy)roving tht' y>oAA('r factor of 
power circuits are genc'rally of the oil-imnu'rsc'd, foiled-yiay^e-r, 
t3^pe (secpp. 54). 

In the ay)plication of condensers to such circuits it is lmy)ortant 
to observe# that the caymeity required fen- e orri'ctivei yairpose's is 
proportiemal t e) ee)s (tan (j\ - tan e^), a\ he-re' is the' yihase diffc'remee 
for the inductive cire'uit alone' anel 99 is the' resultant ])hase* elitTere'iiee 
for the combined circuits. Thus, if the' re'sultant [)e>\\er fae*te)r is to 
be unity (i.e. cp ~~ (y, the (-apacity re'cpiired will be proportiemal 
to sin 99^, but if a lowe'r i*e\sultant povve-P fae*te)r is reeyuire*el, the 
cajiacity will be smalle*r. Fen* e'xam])le, if the' eaiginal yK)we'r factor 
is ()-707, correspemding te) 99^ 45°, and the' re'sultant ])e)we‘r factor 

is to be unity, the cajiacit}^ reqnire'd will be projieu-fiemal to 
cos 45° - 0-707. If, however, the le'sultant ])e>we*r fae-ten* is to be- 
0-95 (lagging), the cajiaeity wdll be ])rope)rtie)nal to e-os 45° (tan 45° 
- tan 18-2°) -= 0-707 (1 - 0-3288) 0-475, Avhie-h is about twe)- 

thirds of that re-ejTiircd to e>btain a y)ower fae-te)r e)f unity. He-nee*, 
in case's A\liere a resultant yiower fae-tea- e)f, sa^ , 0-95 is satisfae-tory, 
the cost of the condenser re-quireel for the jmrjiose will be cemsidei ably 
lower than that which weiuld be ne'cessary fen- eeuTce ting the y>ower 
factor to unity. 

Example. A 40II.P., .^50 V., 50 cycle', eille'rnaf in" nu rciit^ motor lias a 
jiower fe^tor at full loael (which t^orn'sjioials to an iiijml of .‘14 kW.) of 0-85 
(lagging). What cajjacil^'- of fOiulcns<‘i , coiiiK'ctcel iii ]).iial1('l ^\lth tfa* 
motor, IS re'quired to obtain <i resultant ]>owor factor of 0*98 (lagging) If 
this conde^iiber is permanently connt'ctcd in parallel with the motor, wdiat 
will be the resultant power factors when the' motor is o])or.iting at hfllf load 
emd quarter load, absurning the yiowcr input to tho motor at these l<)<uls to be 
17*5 and 9*7 kW. ros]3oc lively, and the corresponding povM^r factors to be 
0*78 and 0*63 ? Neglect losses in tho condenser. 

The current input to the motor at lull load .'34000/(550 >n 0*85) — 72-7 A. 

„ „ „ „ „ half „ - 17.500/(550 X 0-78) - 40-7A 

.f f, ,, ,, ,, quarter ,, 9700/(550 X 0*0.3)— 28 A. 

Wattless component of current input at full load = 72*7 v/(l - O-Sa-*) — 38-4A. 

,, „ „ „ half „ - 4b*7v'a-0*782) = 25-5A. 

M „ „ „ quarter,, — J ^(l - 0*03®) = 21*7A. 
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Power component of full-load current — 34000/550 — 61*8 A. 

Line current at 0*98 power factor and full load on motor =61'8/0*98 — 63*1A. 
Wattless component of this current = 63*1 \/(l - 0*98*) = 12*6 A. 

Charging current of condenser = Difference between wattless components 

at power factors 0*85 and 0*98 
- 38*4 -12-G 
=- 25-8 A. 

Hence capacity of condenser — 25*8 X 10®/(27r X 50 X 550) — 149 fxF. 

Note — Capacity of condenser required to give a power factor 8f unity 
with full load on motor — 38*4 X 10®/(27r X 50 X 550) — 222 fiY. 

Assuming constant line voltage and frequency, the charging current of 
the condenser will remain constant. 

Hence the wattless component of the lino current when the motor is 
operating at half load — 25*5-25*8 — -0*3 A. 

[The minus sign indicates that this component is leading the impressed 
K.M.F.] 

Power component of line current when Ihe motor is opitrating^t half load 

- 17500/550 31*8 A. 

Line current ~ ^(31*8* -f- 0*3“^) — 31*8 A. 

Power factor -- 31*8/31*8 — 1*0 

[Note. — Actually the phase difference is about 0*Qk (leading).] 

Wattless component of lino current when the motor is ojicrating at quarter 
load 21*7-25*8 - -4*1 A. 

Power component of lino current at this load 

9700/550 -17*05 A* 

Lino current ^(17*652 + 4*12) = 18*1 A 

Power factor =* 17*66/18 1 = 0*986 (leading) 

TAHLH VI 


Calculations for Fig. 59. Paralh'l circuit : inductive branch, R — 40 O., 
L — 0*54 II. ; condenser branch, C variable, 0 to 30 tiF. Supply 
pressure == 200 V. (constant), frocyiency - 50 (constant). 


^(//F ) 

/g — \i)CE 

sin —I 2 

cos 

(^icos (p,)‘ H 
(/, sin 9 Ji)» } 

cos (p 

0 

0 

1*116 

0*2635 

1*146 

A 0*23 

5 • 

0*314 

0*801 



0*844 

i) 0*312 

10 

0*628 

0*487 



0*654 

0*475 

15 

0*942 

0*173 



0*315 

1 0*836 

17*75 

1*116 

0 



0*2635 

1*0 

20 

1*256 

-0*141 



0*29 

f 0*909 

25 

1*67 

-0*455 



0*626 

■2 0*5 

30 

1*885 

-0*77 



0*814 

S 0*323 




1 
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Parallel circuits ol. variable impedance. (3) Constant impedance 
in one branch, variable impedance in other branch. Consider the 
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circuits represented in Fig. 60, in which one branch contains a 
variable resistance in series with a fixed reactance, X^. Denoting 
the conductances, susceptances, and admittances of the circuits 
by S'!. <72 ; ^2 ; ^ 1 . 5^2. respectively, wc have 

- XKR^ 1- j,, =- |. 

h, - XJ{R,^ t X^^) b, = XJIR,-^ H- X/) 

Ki = gi -&i Tz - g, -jb. 



('ll cult and \’t‘ctor Diai^rains for raictllt‘1 riicmt oi Wiriablt' 
Iiu]K‘(lauc<* (Vniiablc Ht'sislaiict' »n One lb*anc}i) 


The joint admit tauc(% T, is e(]ual to th(‘ .sum of the* .separate 
admittane(‘s, i.e. Y Tj | Y.^. Now 1% \ariabl(‘, being z(*ro 
wh(m M.t — oc, and (apial to /(l/X.^) ^\ht‘n - i). The joint 
admittance, ¥, tnay bi* obtained (dther by calculation or gra])hically, 
the graphical construction po.ss(\ssing the advantage that the 
magnitudes and phase ditYerenee.s of the branch and 4ine currents 
may b^ (obtained at the same time as the joint admittance. 

Th(^ admittance diagram is sht)\vn in Fig. (il. The viator OA, 
in the fourth quadrant, represents the admittance 
The vector AC — parallel to the vertical axis and of length equal to 
1 /X 2 on the admittance* scale — ri'prescnts the maximum value of 
the variable admittance Y^y this value corresxjonding to 7^2 = 

A semicirch*, ABC, described on AC, therefore, gives the locus of 
the admittance vector Fg when the resistance, varied from 

0 to oc . 

Proof, Ijot the vector AB, Fig. 01, represent any particular value, 
of the admittance Fj, corresponding to a particular value, R\ of the variable, 
8— (5245) 
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resistance. Thon Y \ 9 ' where u' =-- R'J and 

b\ - X 4 Now if AF i.s the projection of A li on AC 


AF - Y\ cos <p. = 6', - 




- ; Fli - y'a sin (f^ - g\ 




yr./ X./ ’ ‘ ‘ ' " " yr,2 + 

yv Ali^^AF^ [ h 6 V- 

^ \H',^ + XjV h',‘, I- .V 


Hut y' 2 cos <^2 ~ X^I{F\^ -\ AV). 

Hence 1/(7.^ h - {Y'.,cob <p,)IXo^ 

i.e. yV-= {Y\, COB fp^)IX, 

or Y' 2 . — ( 1 /X 2 )cos </)2 

Wiicrico y\,/cos fp 2 1 1 X 2 ~~ a constant. 

If B(* he drawn peijuMidicnlar lo Aliy then 
AC - y' 2 /co.s 7^2 — l/A'^. 

llencc' A(' is of consiant value, and since anj^le ABC i.s a riglit angle, 
]ioint B lies on a .s(*inicn'clo described on AC a.s diainet*LT. 


The joint adinittanoe, Y, is therefore rc'prest^nted by the v’^octor 
OB, Fig, 01, and the locus of this vector wlien the resistance, i/g* 
is varied is the stunicircle A BC referrt'd to tlie pole O. 

When the variable brar ch contains a coiuh'nst^r of fixed ca})acity, 
instead of a fixed inductance, the locus of the joint inipcdanct* 
vector is the semicircle AGO, the j)olo being at O, as before. 

The vi'ctor, OB, Fig. 61, representing the joint admittance, also 
represents the line current to a scale E times the admittance scale, 
where E is the line voltage. Moreover, the vectors OA, AB, 
represent the branch currents, I^, I^, to this scale. Thus, by a 
suitable change of scale, an admittance diagram is converted into a 
current diagram. 

Determination of the diagram for the joint impedance. Since the 
reciprocal of admittance is equal to impedance, the inversion of 
the locus of the joint admittance vector, in Fig. 61, will give the 
locus of the image of the vector of the joint impedance. Now the 
inversion of a circle with respect to a pole, or centre of inversion, 
external to the circle is another circle having its centre on the line 
joining the pole and the centre of the original circle. The position 
of the centre of this new circle is determined from the condition 
that the common tangent drawn from the pole to both circles must 
be divided at the points of contact such that the product of the 
lengths from the pole* to the point of contact of each tangent must 
be equal to the inversion constant, Ki. 
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Proof. Let ABCD, Fig. 62, be a circle of which an inversion Rj required 
with rospf ct to the pole, or inversion centre, O. From O draw the tangent OA 
and divide it at .dj such that OA.OA^ i.s equal to tlie inversion constant, K^. 
At Ai draw a perpendicular, to meet the lino joining the centre of the 

circle ABCD and the pole O. Then the ]3nint of intersection, is the 
c(Mitre of the circle which is the inversion of circle ABCD. 



From O draw any line, such as OBDBJ)^. to cu< both cirehvs at jioints 
Z), jf?, B^f D^. Join AD, AB^ d'hiai Af> is jiaralhd to A , ; 

AB IS parallel to A^D^. Therefore tnangh^ OAD, OA^B^ are similar; 


also triangles (JAB, t'L'l are similar. 
Hence OD : OA OB ^ : Od ^ ; OB : OA 
OD^ ; OA^. Whence OB.OB^ 
OD.OD^ -- OA.OAj. PomisA, Ai; B, 
Bi ; D, Dy\ are tluTeforf* in versts 
points, and tho arc AB(' is inversi* to 
(he are AJ^ (\. Similarly tho arc 
A^D^(\ is inverse to tho arc AD(\ 

To construct* the iinpedanct* 
diagram corresponding to tlie 
admittance diagram of Fig. 61, 
Avhich is reproduced with tho^samt^ 
lettering in Fig. 03, draw the line 
OQ, joining the centre, Q, of the 
semicircle ACM and the pole O : 
draw the tangent OD and deter- 
mine the point D^ such that 
OD.ODy — Ki— 1 fnin, where 
is the inversion constant' and w, 
n, are the scales for admittance 
and impedance respectively. From 

draw a perpendicular to meet 
the line OQ, produced, if neces- 
sary, at § 1 , which is the centre of 
the inverse circle. 

An alternative method of 



construction, which does not require a 
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kn(>wlc(l^(‘ of the invcTsioii constant and which permits the scale 
for th(‘ inverse* circle* to be* s(‘lected according to the space available 
aiiel to the diame*U*r rc'quired for this circle, is as fejllows : Join OQ 
and produce to the* e ircumtert*ne*e of the admittance circle ABECF. 
Measure the* lengths of the* intere*epts OF, OE, fe)r the ]joints where 
this line* inte'rsects the* aelimttane*e e*ire*le*, anel calculate freun the 
seale fe)r aelmittane'e*, the value's, in mhejs, of the aelmittane*e*s thus 
re})resente*d. The*u the* re*cipre)eal e)f the aelmittanee* represV*nted 
by OF give*s the* maximum value*, in eJims, e)f the* je>iut impedance. 
He'iice, sele'e't the* scale fe)r imiiedaime* sueh that this quantity is 
re*pre‘se‘nte‘d by a vector, OF^, of eemve'nie'nt length. Point F^ is 
the're*fore inverse te) pe)int F. I)e‘te*rmine similarly, to the impe- 
datie-e se ale*, the* i)e)int E^ (em OQ) re‘pre*se‘nting Ihe* minimum value 
e)f the joint im])eelane*e*, ce)rre*s 2 )e)neling te> the maximum' value ejf 
the* jennt aelmit tane*e* OE. He*nee*, ])e)ints F^, E^, are* em the eliamete*r 
e)f the* inverse* e*ire*le*, the* ce*ntre e)f whie h, Q^, is e)btaine*d by bisee ting 
the* line joining F-^E^. 

The* arc A^By^Ey(\ is the* iiiversiem. with re*s|)evt te> the* ])ole O, e)f 
the semicircle* ABEC \ the* ])oiuts A^liJ^j^(\ being the inverse 
pe)ints to ABEiJ re*spectively. Thus, as the* joint admittanee* vector 
moves alemg the* semicircle ABEC from te) (\ the* image of the 
je)mt impedance \e‘cte)i’ me)ves along the arc A^B^E^i\ fre)m A^ te) 
(\. Finally, h} eletermiiiing the image of this are* in the* lirst 
([uaelrant we iiave* the locus e)f the joint imf)e*elance* Aee*te)r. This 
locus is she)wn in Fig. 63 b\ the* are* A^ B^ E^'(\' . Thus the ve*ctor 
OC^ represe*nts the* 3e)int impe*elance* when the variable resistane*e, 
7^2 j zero, and the ve*cte)r OA^ re*])rese‘nts the* im])e*elane*e* whe'ii the 
variable resistance is infinite*. 

The diagram of Fig. 01 has a more, ext e*nsive a])plicatie)n than 
that of obtaining the* je)int admittance and je)int impe'elance e)f the 
e*ircuits represen te*el in Fig. 00. We* shall she)W in the* fe)l lowing 
e*h«apte*r that all c^uantities relating te> the ])e*rfeu'mane*e ^f the 
e*ircuit when the resistance R 2 is varie*el may be e)btained from this 
diagram. 


WORKED EXAMPLES ON SERIES AND 
PARALLEL CIRCUITS 

General remarks concerning the solution o£ problems on series 
and parallel circuits. Series Circuits. In j^roblems on series circuits 
it is necessary to determine the impedane*e of the circuit for the 
purpose of calculating the current. The calculations are of a 
simple nature and are easily effected by algebraic methods. 
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Thus the impedance of tlie circuit is given by 

Z - V 1^" + ((oL~\jcoCf j 

where li is the total resistance of the circuit, L tlie total inductance, 
and C the toteil ca 2 )acity. 

The current is given by 

. I - A’/z, 

and th(‘ phase dift’erenct' b(‘t\\c(‘n terminal and current is 

givc'ii by 

ip — t an ^ (m /> - 1 lo )( '') / R, 
or by * 9 — ^Rj/j. 

In coj^ection with the tirst (expression for the phase difT(‘ivnee, 
it should ])e obs(‘rv(‘d that a ]ilus ( f ) sign for q\ corres])()nding to 
o)L ' I /Vaf/, dcnot(‘s “lag,” and a jninus (-) sign, corr('s 2 )onding 
to (oL denotes ‘‘ Ic'ad,” of th(‘ eurn'iit with n'speet to the 

impr(\ssed E.M.F, 

VVlien th(* second ex])i ('ssi()n, or cosin(e,*is us(‘d for obtaining q\ no 
indication is giv(‘n as to w'ii(‘tb(‘r th(‘ eurrcait is l(‘ading or lagging 
with res])cct to the impressed E.M.F. In this eas(' it will b(‘ lu'cc^s- 
sary to (letermim^ wheth('‘r (oL - l/^af^ Ihuiee wh(‘n th(‘ actual 
angle (p is r(‘(|uir(‘(l it should ealeulatcsi from tla' “ tangc'ut ” 
exjjression, but wlnm only the ])ow(t factor of the circuit is retpiired, 
th(‘ “ cosine ” ex])ression should bc' uscxl. 

For the spcefal eas(\s of s(Ti(‘s circuits tlu* (‘(juatious- sonu* of 
which w(Tc deductc'd in (1ia])ter TIT follow directly from tlu' 
g(‘n('ral ecpiation and arc ta})ulat(*d bidow- 


Special Case. 

• 

InipcdaiuT. 

Cnricnt. 

Tan </’ 

1 

; 

It only 

It 

Lilt 

0 

• 0 

L only • 

ojL 

i:io)L 

V. 

00^ (laK) 

(' only 

l/toC 

0)i'L 

cr 

90" (l<*ad) 

It and L in soiirs 


]:i\ Ht'^-Viirl^) 

in Lilt 

00“ (Ian) 

It and C in soiics 

^ \ltU(iltoC)'^\ 

\j::u {Jt^ \-{\lo)V)^\ 

- 1 VrX It 

0- 9(4f (Jead) 

L and C' in bcncs 

\ {(i)L ~ ^!ioC)^ 

LI \ (fnL - 

a <»J a 

i 90" oi 0, ac-cordinn 





to nludluT 





inL.' <l/foC 


Parallel circuits. In the majority of ]noblenis on ]^ajall(‘l circuits 
it is generally simpler to obtain the line' (mrrent from the joint 
admittance of the circuits rather than from^their joint im]>edancp, 
and in th(‘se cases the results are best calculated by the symbolic 
method. 
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The numerical value of the joint admittam'e is given by 

^ = Vl ((7i + 9^2 + f/a + • + (^1 + ^2 + ^3 + • 

where g^, g^ . . 63, . . . arc the conductances and 

admittances, respectively, of the several branch circuits. 

The line current is given by 

/ = EY, 

and its phase difference with respect to the impressed E.M.F. is 
given by 

(p = tan‘^( 6 | F- ^2 + ^3 1 “ • O/C^i + f I/a + • •)• 

* 

Series-parallel circuits. Tn all problems on series-parallel circuits 
the parallel portions of the circuit are treated separately and the 
joint impedances determined. The series-parallel circuiV is then 
replaced by an equivalent series circuit and th(' total impedance 
is readily determined. 

Example 1. A eoi] hdviug a rosistanco of .5 ohmseind an iiiductanoo of 
0*02 honry is arranj^t'd in pmallel with another coil havinp a nvsislanco of 
1 ohm and an inductance of 0*08 H. Oalculato the curnnit flowing through 
each coil when a pressure of 100 volts at 50 cycles is applied to thorn. Find 
the total current passing, and estimate the resistance of a single coil which 
will take the same curr(‘nt at the same jrowor factor. \_L.TJ.y 1922.] 

Solution by the trujonomvfnc method 

The stops in this method of solution are - 

1. Calculate the current in each branch of the parallel circuit, and the 
phase differonco between each of these currents and the iilijirossed 10.M.P\ 

2. Comj)ound these currents to obtain the lino current, iletormining also 
its power and energy components. 

2. Calculate the joint impedance of the parallel circuits. 

4. Tlienco, from the impedance and the power and wattless com])ononts 
of the line current, determine the resi. stance* and reactance of the single coil 
which will take the same current, at the same power factor, as tho parallel 
circuit. 

Thus, tho impedance of tho 5 O., 0*02 H. coil i.s 

- V['52 -f- (314 X 0-02)2] ^ 8.02 O. 

Whence, 7, -- 100/8-02 = 12*46 A. 

cosy^i = 7?i/Zi - 5/8-02 - 0-G21: 

sin Pi -- X/Zi - 314 x 0-02/8-02 - 0-783 

The impedance of tho 1 O. 0-08 H. coil is 

- ^y[\^ d- (314 X 0 - 08 ) 2 ] __ 25-12 0. 

Whence /a - 100/25-1 2 — 3-98 A. 

cos Pa = 7?2/^2 -- 1/25-12 - 0-0398 

sin Pa — X 2 IZ 2 == 314 X 0-08/25-12 = 1-0 appro. x. 

The line current is 

^ -f- -f- 2Ji7a cos (pa - Pi) = 15-85 A., 

and the joint impedance of the parallel circuit is 
Z = 100/15-85 = 6-31 O. 
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Power component of line current = I cos (p — cos (pi + cos 

= 12-46 X 0-624 + 3-98 x 0 0398 
= 7-94 A. 

Wattless component of lino current = I sin tp = sin -f- sin (p^ 

= 12-46 X 0-783 + 3-98 X 1-0 
= 13-74 A. 

sin q> — /sin 9?// = 13-74/15-85 0-866, 

and ^ cos q) = I cos 99// = 7-94/15-85 — 0-5. 

Now if R and X aro the rosistanco and reactance, respectively, of the 
single coil, wo have 

R = Z cos 99 

= 6-31 X 0-5 -= 31(> (). 

X — Z sin 99 

- 6-31 X 0-866 - 5-46 O. 

Whence, L — 5-46/(271 X 50) 

=- 0-0171 H. 

Sobition hi/ the symholic method. 

Taking to — 27r X 50 — 314, the adinittiince of the 5 O. 0-02 II. coil is 

5 . / 314 V 0 02 

■ ‘ 59 ^ 1 - (311 X (311 X 0-()3)“ 

- 0-0777 - j 0 097S 

Wlu'nco, Yi - + 0-00752) - o-l 2-l() mho. 


^i'he admittance of the 1 (), 0-08 H. coil is 


Y. 


1 ./ 314 \ 0 08 \ 

1- [ (314 X 0-08)2 '-‘(314 X 0-08)V 

0 00158 - j 0 0397 


Whence, F, -« V(0'001582 + 0-03972) -= 0-030S mho. 

Honcp, tho joint admit (anoo of the two coils connectod in jiurallcl ia 


r - y, 4- r, 

(0-0777 + 0-00158) -j{,0 0975 (- 0-0397) 
^ 0-0793 -j <f- 1372 

Whmoo, Y -- f 0-1372=) - 0-158.7 mho. 

The branch curriMits are 


/i -- lOOFj - 12-46 A., 
/a -- IOOF2 = .3-98 A , 
and the lino current is 


/ = lOOF - 15-85 A. 


The admittance of a single coil which will take this (lino) current at the .same 
power factor must equal the joint admittance of the above coils connected in 
parallel. 

Hence if g and 6 denote the conductance ami susceptanco, respectively, of 
the coil, 

y ^ g-jb ^ 0 0793 -j 01372 

g = 0-0793 ^ 

b 0-1.372 

Y = s/(0*07932 + 0-13722) - 0-1584 


Whence, 



120 


ALTERNATING CURRENTS 


Now * g — 
aTid - Y“ 


1 X2); b -X/(/?2 
JJ^ . A'2 

(77m 


X2) 


{R^ ] x^)-^ f X- 


Frnni tlioso ocjiiatjoiis wo ot)tn,iri 
R-^ + - I/r= Rig Xfb. 

n ^ glY-^ 

0-07<):i/()- 15842 


- .‘MOO. 

-Y bjY- 

()• 1372/0* 1.5842 

- .5*40 0. 

L 5*40/(27r ) 5(0 

0*0174 II. 


Example 2. If an indnolivo 


0-05 H ; 


45 


220v 

I 0-02hc 



Fi(.. ()4. (’iroiiil Dia^i.iin tot 
Workod F\arnj)I(‘ Xo .3 


may t h crof oro 
roHistanco of 


bo rt*j)lacod by 


rosisttinoo, for winch R 2 ohms, h =_ 0-00.5 
h<‘niv, IS ooimot4otl m series with tbo 
ciroiiit of th('i indnolivo coils in Fxainplo 
(1) above, to \vhaP> value must the lino 
vollago be raistsl in order 1 hat the ciirronts 
through th(‘so coils may bo the sanu‘ as 
in the above case, th(‘ froquoncy being 
roinaining nnohangotl ? What will b(‘ 
th(‘ resultant [lower factor under these 
conditions ? 

Adopting the valiii's of 3*10 (). and 
5*40 (). obtained abovt' for the joint ro- 
sistaiioo and ri'aotanco, rospool ivoly, of 
(h(* ])aral1ol-connootof4 intiiiotive coils, 
the sorios-j>aralk4 oiroiiit of this ovanqile 
an oipiivalont soi i(*s circuit having a total 


3*10 -I 2 5*10 0., 

and a total reactance of 


5*40 H- {2t: X 50 0*005) 

Hence the total imjiedanci* 

Therefore the iin[)ressod F.Al.F. 
lies 111 tan t power factor 


7*03 (). 

V(5*102 j 7*0.32) 8*72 0. 

1.5*85 ^ 8*72 138-2 V. 

8*72/v'(*>lh’* 1 7*032) 
.5*10/8*72 - 0-.592. 


EiXample 3. The circuit shown in Fig. 04 consists of three parallel 
branches .1, 7?, C, the branches A and B being connected to branch C through 
an inductive resistance D. Determine the current in each branch circuit, 
the line current, the resultant power factor, and the powder supplied to the 
circuits. Branch A consists of a condenser of 10 fiY. capacity in series wnth 
a resistance of 50 O. ; branch Ji consists of an inductive resistance, for which 
R -- 25 O., L — 0*.35 H. ; branch consists of an inductive resistance, for 
which R — 4.5 O., L — Qi02 H. Tho series inductive resistance D has a 
resistance of 12 0. and an inductance of 0-05 H. The supjily pressure is 
220 V. and the frequency 60 cycles per second. 
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Denoting the atlnnttanoes of tlio branches Lt, (\ by Fj,, 1 *^,, resj>er- 
tively, and the conductances and ausceptances by r/^, 7^,, 7^,, aiul 
lospoctivoly, ue have 

4 (loV^Ti lop '' ” 

“ 25Ml3aTl^= ^ ’ 


45- f-(514 OOJ) 

10"/ (51 4 10) 

50-* + (10«/(514 X 10))- 


21-S 10 =* 


3-07 10 = 


s.(,5 10 3 

“ 253 (.{14 ^ 0-55)- 


514x0-02 . 

453'+ (514 0 02)3 

WheiKO, Y^ 10^ \ )3 07 10' 

_r/„-y6^, 1-965 10^-j8 65 10' 

^'a + u f 1-965)10'' j{8-65 -3-07)10 ' 

2-447 10 ^^j5 58 ^ 10 

rii(* joint ini[)(Mlan( (', > ol tht soiios paialh I l*i ini h ilil) is Ihin foio 

r. , ' 

■^1 i ( ^ ^ 1 I b ) D I D ^ ( ^ / 


I ^ ^ r I f> J 

wliojo (f and b aio the )<»iut rondiic taur es and sus( r'pt.iiit i s, itsj (»(liv(l\, of 
the ]i.ii<illel biciiKhes 1 and U, and lijy, A'p, aic tin 1 1 si>-,taii( and reactance, 
iesp<u*tively, ot the s(M ic's portion, D 

Substituting numotical vaku s foi these iiu.intities, wo obtain 


73 -j. lii. 


r r 

7- 1 6- 


{12 I 65-9) + j{314 < 0-05 ^ 150-3) 77-9 \ jl66 


77-0- ] 10k 


/ 166 \ 

‘^V77-113 4 loo-/ 


- 2-315 \ 10^-)4-93 X JO 3 

Whence the joint adnuttanco of the complete ( m uit shown in Fig 04 is 
y Yi h Yq [2-315 \ 21-8)10 '-j{4-93 > 3-04)10^ 
24-115 X 10^-j7-97 < 10 ' 

5’horefore the line current - 220. F 

220 v/ ( 0-02412 1 0 - 00 J 972 ) - 5-59 A 

Power fiujtor = 0-0241/^^(0-02412 + 0-007972) - 0*95 (lagging) 

Power supplied = 220 X 5-59 X 0-95 = 1169 W. 
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Current \n branch C 220. 

= 220V(0-02182 + 0*003042) = 4*84 A. 
Current (/jj) in the series -parallel branch ABD 
-= 220. Fi 

-- 220^/(0*00232 0*004932) -«l-2 A. 

Potential difference across the parallel -connected branches A, D 

- 220 -/uZd 

= 220-[{220x 10-^2-315 -j4-93)] 

{12 +j{314 X 0-05)]] 

--= 220- {23 13- j5) 

= 197 -hjS 


B 



Fro. 65. — Cireuil Diagram of Wheatstoire Hridj^ro for Alternalinp; 

Current Mea.suremeii< s 

Current in branch A — 

{0’482 A 10 2 -f j3 07 X 10 {197 -| jS) 

0 079 \-j0’607 

Ij, V(0-0792 I 0*6072) _ 0*612 A. 

Current in branch B- - /j, - yj^{197 + jS) 

{1-965 X 10^-j8-65 X 10^) {197 f j5) 
0-43-J1-695 

/. 7b 1*0952) 1-75 A. 

[Note. — All currents are referr(*d to tho lino voltage which is consiiliorod as 
the vector of reference. J 

Exan\ple 4 The arms of a Wheatstone bridge, taken in order, consist 
of (i) a conden.ser shunted by a non-inductive resistance, (ii) a non-inductive 
resistance, (iii) an inductive re.sistance, (iv) a second non-inductive resistance. 
The bridge is supplied with alternating current of sine wave-form and a 
telephone is used to indicate balance. Find tho condition for which there 
will be no soiuid in the telephone. {L.ZL^ 1921.) 

[Note.- -The Wheatstone bridge adapted for alternating currents is 
employed in practice for measuring inductance, capacity, and dielectric 
losses at commercial and higher frecpiencies. A telephone may bo used as 
a detector for balance at audio -frequencies (800 to 2000 cycles), but for 
other frequencies a vibration galvanometer must be employed. Alternative 
forms of the bridge are discussed in Chapter XV. j 

The circuits of the bridge are represented in Fig. 65. 
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In balancing the bridge the currents in the adjacent arms must bef adjusted 
to equality of phase as well as magnitude. Therefore when tlio bridge is 
>>alanced the ratio of the impedances of tlie several arms must bo the same 
as that of the resistances of the corresponding arms in a bridge supplied with 
steady currents. Hence if Zj, Zj, ^3, denote the impedances of the arms 
AB, BC, CD, DA, respectively (Fig. 05), the condition for balance is 


Now Zi — 


IT, + 




1 


It -^-jioL - BmJ- ! \ 

Vtt: ^ 


/>’i 


For tliis equation to lx* true we must have equality between both the 
in-phase and qiiadratrro parts. Thus 


or 


A*3 

Hi Hj 


wdiicb is the condition for balance with stituly cuiTentb, 


Also 


(oh = o)CL\h\ = co(^L\lt^ 




Now tan ^wLflt^ is the phase dilYeri'iice, when the bridge is balanced, 
between the impresst'd hj.M.F. and the current in the branches CD A ; and 
tan‘^a)('''i?i is tho ]ihaso difference botw'een the imjiressod E.M.F and the 
current in the branch A UC. Therefore tho bridge is balanced for magnitude 
and idiaso 


ExamplG 5. A ]jarallel circuit consists of tw^o brandies ; one bninch 
contains a fixed imijodance (21O./30°); th(^ other cons'st^s of a variable 
inductive resistance, of which tho reactance is constant and equal to 10 O., 
and the resistance is variable bctw'een 1 and 50 (). Determine ( 1 ) tho varia- 
tion of lino current, (2) the variation of tho joint impedance, when tho 
resistance is varied and the circuit is .supplied at a constant pressure of 
100 V., 50 frequency. 

This problem w'ill bo solved gra\)hically in order to illustrate tho application 
of the principle of inversion. A reproduction, on a considerably reduced 
scale, of tho diagram for the complete grajihical solution is shown in Fig. 66, 
and the student is advised to re-draw this diagram, stop by step, as explained 
below, on a shoot of drawing paper (half imperial size). 

Tho steps in the construction are — 

Draw rectangular axes XOX, YOY. Select the scale for impedance as 
1 cm. = 1 ohm, and draw in the first quadrant the vector OA having a length 
of 24 cm and inclined at an angle of 30® to tho horieontal axis. OA therefore 
represents the impedance of the non-variable branch. Tlie admittance of 
this branch — 1/24 == 0*0417 mho, and therefore a convenient scale for 
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adinittttiico will ho 1 cm. — D’OCtl mho. IJiviilc OA at A. such tliat OA 
— ()-0417/0*0()o =- 8*:U cm., and dcierrnino the image, B, of A'. Hence, 
OB will ropre.Sf-nt, to a scale of 1 cm. 0-005 mho, tho admittance vector 
c*oiTcsponding to the impedance vector OA. 



Ftg. 0(>. -Graphical Solution to Kxamjilc No. 5 


Neglecting for the moment the limits of the resistance of the variable 
branch, the admittance yf this branch is 1/10 = 0-1 mho when /? — 0, and 
is zero when 7? — oc. Hence from B draw BG parallel to the vertical axis, 
and of length — (0- 1/0-005 ) 20 cm., to represent the admittance of the 
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variable branch when — 0. Upon BC describe a semicircle, the 

cent re of which is at Q. Then this semicircle is the locus of the admittjince 
vector, dravATi from B, for tho variabh* branch circuit wlu'ii thci resistance is 
varied from zero to infinity. 

To dc'termine the ])ositions of the vector for difTeront values of tlie variable 
n'sistanco wo must determine the inversion of semicircle B(^(m with respect 
to the polo B. Mow the inverse poinj corrosjionding to C lii\s along BC\ or 
BC produced, tho actual position of tho jKunt dejiending U]ion tlio scale 
adopted for resistance. For the present jnirpose adf)])t a si'ah* such that 
loin. - 2 ohms. Then tho inverse point corresponding to is at //, a 

distanc^of 10/2 - 5 cm. from B. Tho inverse j>omt corresjionding to B lies 
at an infinite distance along a ]>er])endicular drawn through II. J)raw this 
perpendicular, of length C'qual to 50/2 - 25 cm. (rcprest'iit ing tho 

maximum value t)f the variable resistance) and construct upon il a scale to 
represent values of resistance from 1 to 50 (). .loint ])omt I on this scale to B 



(^0 {^>) 

Ficj. 07.- (^rcuit and Vector Uiagrams for Worked FxaTn])le No. 0 

and produce so as to cut th(' seniicirch* BC(' at 1. Similarly, join point 50 
on the r(*sistanc(' sr*ale to B and obtain the i^imt 50 when' this lino intersects 
the semicircle. 'J^licn the arc 1 f/ 50 is the locus of the admittance vector 
for th(» variable bi'niich when the resistance of this branch is varied between 
1 and 50 ohms. W ctfirs dra\vni from <) to the ])omts 1 and 50 represent the 
joint admittaiu’e of the ])aiallel circuit when the resistance of the variable 
lu’anch has values of I and 50 (). respectively'. 

The joint admittance c-orresponding to any other vahu' of ri'sistancc, say 
10 ()., is tditained by first joining th(» a])propriate j)oint (10) on the r<vsisf anco 
scale to B, determining the ini.orsec*tion of this line with the scmicircU' 
BBC, and then joining the latter point (10 on senucircli‘) to O. The line 
0-10 repres(‘nts the joint admittance, and tht‘ \a1u(' of this (juantity is 
obtained by multiplying the length of this line by' the ajijiroi'riiiti* scale. Th(» 
lengths of the joint admittance vectors corresponding to various values of 
the variable resistance are givi'ii in tabular form Ix'low. 

The lino current is obtained by' multiplying the joint admittance by' the 
line pressure (100 V.). 

To obtain tho joint impedance grnjihically wc must deterinine the ifiversion 
of the arc 1 U 50 with ri'sjioct to the polo O. Thus, join OQ and prodiK'C so 
as to cut the semicircle 0(1 B, produced, at I) and K. Measure the lengths 
OD and OE^ which should be 5-91 cm. and 25*9 cm. res|>r'ctiv'ely. Now OD 
represents an admittance of 5*91 X 0*005 0*0295 mho, and OE rt'presents 

an admittance of 25-9 X 0*005 — 0*1295 mho. The values of the impedances 
corresponding are tlierefore 1/0*0295 -- 33*83 ohms and 1/0*1295 --- 7*72 ohms 
respectively. These impedances are rej)re.senlcd on tho original impcdanco 
scale (viz. 1 cm. — 1 ohm) by 0D^{-- 33*83 cm. ) and OE^{- 7*72) cm., both 

points /)j and Ei lying in OQ or its extension. Tla^ diameter of the inverse 
cii’cle is tlierefore equal to D^E^, and its centre is at In Pig. 66 only a 
portion of this circle is shown, and the arc corresponding to the invei*wion of 
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the arc 1 (7 60 is shown in full lino. This are is the image of the locus of the 
impoclance veotor when the rosi.stance of the variable branch is varied between 
1 and 60 ohms. By transferring this arc to the first quadrant the impedance 
vectors and their locii are shown in tlie correct position with respect to the 
vector of roforonce. 

The lengths of the impedance vectors corresponding to values of the 
variable resistance between 1 and 60 ohms inclusive, aiid the, values of 
‘ impedance deduced therefrom are given below — 


lU (ohms) 

1 

2 

3 

4 

5 

6 

8 

10 

15 

20 

3(1 

40 

50 

Length of joint 
udmittancQ vec- 
tor (cm.) 

2508 

25-81 

25-86 

25-0 


24 9 

23-55 

•>2-28 

19-4 

17-25 

14-55 

13-05 

12-05 

.Joint Admit- 
tance (mlio.) 

01284 

0-1292 

0-129.4 

0-128 

25-14 j 
0-1257 

0-1245 

0-1177 

0-1114 

0-097 

0 0862 

0-0727 

1 

0-652 

0-602 

Lino current 
(amp.) 

12-84 

12 02 

12 93 

12-8 

12-57 

12-45 

11-77 

11-14 

9-7 

8-62 

^-27 

6-52 

6-02 

Leiitfth of joint 
Impedanco vec- 
tor (cm.) 

7-78 

7-74 

7-73 

7-8 

7-97 

8-03 

8 48 

8-98 

10-3 

11-6 1 

13-8 

15-3 

16-6 

■Joint impe- 
dance (oiims) 

7-78 

7-74 

7-73 

7-8 

7 97 

8-03 

8-48 

8 98 

10-3 

11-6 1 

13-8 

15*3 

16-C 


EiZample 6 . One branch of a paralhd circuit contains an inductive coil; 
the other branch also contains an inductive cod ik series with which is 
connected a condenser of adj^i.stable capacity and an adjustable non-inductive 
resistance. Determine the values of capacity and resistance such that the 
currents in the inductive coils are equal and have a jiliaso difference of 90“ 
with respect to each other. The circuits are supplied at constant voltage 
and frequency, and tlie wave-form of the E.M.F. is sinusoidal, 

A diagram for the circuit is shown in Fig. 07 (a), and a vector diagram 
showing the required conditions is showm m Fig. 07 (/>). 

Adopting the symbols shown m Fig. 07 {a), we must have, for tlie aljove 
conditions to bo .satislied, 


(i) 

h - 

h. 

or Z^ 

-Z,. 


(ii) 

h - 

jlf 

or — tan - 

cot (ft 

Now 

Zf = 

Rf 

-f re 2 /> 

2 

1 


and 

Zf 

liz 


+ (iol. 

- l/(oC7)' 

Hence 

, from (i). 





Rf 


Uh 

+ Rf 

+ (<olu 

- UmV)- 


i.e. ^ - {,0-w - ^ -h + Ilf- Ilf 

whence C^{(o^{Li^-L./)-\- R)^}+ 2LJJ- {l/co^) = 0 . (o) 

From (ii), we have ^((7i -i&i) = - 7 ^ 2 ) 

where 61 , 63 , are the conductances and suscoptances respectively, of 

the branch circuits. 

-- <72 + 62 

ffl — ^2* U 2 ~ ~ 

Ri x/ /?2 + 7 ? X, 

Z^ Z^ Z^ 


Hence, 

i.e. 

or 
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Whence 


i?i 

R^ + li 


i.e. R\{Rz + ^) — “ o)L^[- loL^ + VioiC) 


from which we obtain 

• («. + «) 




Substituting this value of {R, f /?) in equation (a) and re-arranging terin«, 
wo have 

I -0 

from which C can be calculated w'hen tlio constants of tlu‘ inductive coils 
'are know'll. When C is dotennined, the value of R is obtained by substituting 
in equation (b). 

rr /?i/oi -f /.-ill I 

If - L. _ 0-2 11., R^ R,- lOO., and u> .‘114; then, on sub- 
stituting these values in equations (c) and (/i), we obtain C — 4!h7 /iF., 
R == 52-8 O. 

A chock against these values for (J and R is obtained by calculating tho 
im])odances of tho bragcli circuits. Thus 

^ VW-f VLIO* I (314 X 0-2)^ - VllO'+C^-S*) - 70-3 0. 

= V{(7^i4 70* l/<u('’)0'_ v/KlO 1 -''a-S)* i (3I4> 0-2- 10V 314 

X 43-7)*l 

= ^('12-8* + 10*) - 70-3 O. 
y, — tan''(oX.,/7?i — tiiu'*(314 X 0-2/10) - 80-0° 

, ^ , (314 X 0-2) -10V(311 X 4.3-7) 

9i-Ti — + 9*1'' - 90^ 


10 t- 52-8 

tan 1- 10/02-8 -D-r. 


[Note. — This method of obtaining a ])liase diflen‘nce of 90^ Ix-tween currents 
in tho tw'o branches of a ]iandlel circuit is called “ ]>hase sjilittmg ” ; it has 
number of practical a])plications, an important aiiplication being in the 
phase -shifting transformer for us* wdth the alternating-current potuntiomoter 
(so© Cliaptor XV).] 
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THK r.OAD DJAOllAM FOR THK KLECTRIC CiRCTJTT 

The load ditagrain is an oxteiulod v<*etor diagram and is so called 
b(‘caiis(* all quantities relating to the circuit (such as current, 
pressure, powc*r, ]:)ow(‘r factor), as well Jis the pcrforniance of the 
circuit (i.('. voltage regulation, (efficiency, and losses) can be obtained 
by gra]jhi('al construction. 

The load diagram for a circuit is constructed from tin; no-load 
and short-circuit diagram for that circuit, and th(' latter is obtained 
from the admittance' diagram ])y a suitable change of scale (se(‘ 
]). 114). In order that th(‘ final diagram may apj)ear in a con- 
vtuiient ])osition tlu' admittance' diagram is drawn in the first 
({uadrant, instead of in the fourth (piadrant, as hitherto, and the 
V(*ctor of reference is v^c'rtical. rmp(‘danc(‘s, or, more correctly, 
their image's, therefore apjx'ar in the same quaefrant as admittances. 

Fn this chapter wv shall deduce load diagrams for series, paralh'l, 
and series-j)arallel circuits, but as the no-load and short-circuit 
diagram for the paralhd circuit has already been deduct'd (p. 113), 
the load diagram for this circuit will be obtained bt'fort' considt'r ng 
series and s('rics-])arallel ('ircuils. Mort'ovt'r, tlu' load diagram for 
the parallt'l circuit is more easily deduct'd than the diagrams for 
tht* oth(*r types of circuits. 

Parat.eel CiRcriTs 

Load diagram for a parallel circuit containing variable impedance 
in one branch. Let the* variable imp^dance consist of a constant 
reactanct' and a vai iable resistance as re])resented in Fig. GO, p. 113, 
and discusst'd in the ])re\i(nis cha])tcr. The admittance diagram 
for this circuit is shown in Fig. 61, p. 113, and was constructed 
with the vector of reference (i.c. the vector of the impressed F.M.F.) 
horizontal. If the diagram be reconstructi'd as a current diagram, 
with tht* vector of referc'nce vertical, we obtain the diagram shown 
in Fig. G8. In this diagram the point /q, corresponding to point A 
in Fig. G1 fi.e. ~ oc], is called the no-load 2 >oint : the 

point Ig, corresponding to jxnnt C in Fig. 01 [i.e. (Fig. 60) — 0], 
is called the short-circuit 2 ^oint. The line currents corresponding to 
these points are represented by Olf, and Olg, and are called the 
no-load and short circuit currents respectively. Any intermediate 
point G on the semicircle 1 JGI ^ corresponds to a particular value 
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of the variable resistance intermediate between zero 

and oc, and the vector OG represents the line current under these 
conditions. 

The diagram of Fig. 68 shows, therefore, the variation of the 
line current in ^lagnitude and phase between no-load (i.e. jRg = oc) 
and short circuit (i.e. R^ = 0), and for this reason it is called the 
no-load and short-circuit diagram for the circuit. 

The complete performance of the circuit (e.g. the current, power 
input, power factor, and losses) may be obtained graphically as 
follows — 

The line current, /, as already shown, is represented by the 
vector drawn from O to the semicircle ; tlic angle which this 



Fig. G8. — Load Diagram for a Simjdo Parallel Circuil 
[Fig. 60J 


vi'ctor makes wiUi the vertical axis is equal to the phase difference, 
rp, between line current and impressed E.M.F., and the cosine of 
this angle is equal to the power factor of the circuit. Hence if a 
quadrant ABC be drawn with O as centre, and the vertical radius 
OA be divided into 100 equal parts, then the vertical projection of 
the point of intersection of any line-current vector with the quadrant 
gives the power factor as a percentage. Obviously the power factor 
attain^ its maximum value when the line-current vectof is tangential 
to the semicircle IqGI^. 

The current, /g, in the branch of variable impedance, corresponding 
to any particular value of resistance, is represented by a chord in 
the semicircle, the chord being drawn from 7^ to the appro- 
priate point, say G, on the circumference. 

The power, Pg, supplied to this portion of the circuit is therefore 
represented by the ordinate GD in the semicircle IqGIs- 

The power factor, cos (p 2 , of this branch may be obtained from 
the quadrant ABC and scale OA, by drawing through O a parallel 
to I^G, and projecting the point of interi^bction, G\ on to the 
scale OA. 

9— (5245) 
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The power, supplied to the non-variable branch is represented 
by the vertical distance, DF, between the horizontal axis and the 
diameter, /o/g, of the semicircle loGIg. 

The total power, P, supplied to the circuits is represented by the 
ordinate, GF, drawn from the horizontal axis to the circiynference 
of the semicircle. Since in this cast* the whole of the power 
supplied is expended against losses tht‘ ordinates representing 
power will also represent the losses in the circuits. 

The scAile for the power ordinates is readily obtain(‘d frojii the 
scale of the current vectors. Thus if these vectors are drawn to a 
scale of 1 cm. -^^iamp., the current corresponding to a vector of 
length OG cm. is OG.p amp. Tf E is tlu' line voltage* and cos p 
the pow(*r fa(*tor, the power su])plied is eepial to E.l cos p. Now 
the* ordinate* GF, ee)rres])e>nding to the* ve'eteu’ OG, has a length 
eejual <e) OG.vo^p, e*!n., anei re*pre*se*nt s the* ])e)we*r E.lcoHp. Hence 
the se ale e)f the ])e)wer e)rdinate*s, viz. 1 e*m. q watts, nmsl be such 
that q.GF - E.fvos (p, i.e. (f(()G.voHp) = E{p.OG)i'Oi> w^hcnce 
7 — p.E, e)r 1 cm. — p.E ^atts. 

Series (^ir(’uits 

Load diagram for a series circuit containing both fixed and variable 
impedance. Two cases of series circuits will be considered, viz. 
(1 ) a circuit in which the vwiable impedance consists of a non- 
indue'tive resistance, (2) a circuit in w^hie*h a constant ratio exists 
between the r(*sistanct* and reactance of the variable impedance, 
i.e. the power factor is constant but is less than unity. These cases 
have a practical application, as the conditions are re])r(*s(*ntative 
of a simple transmission lino supplying ]iowcr to a single load of 
variable magnitude but of constant pewter factor, which may be 
either equal to, or less than, unity. 

The circuit ^diagrams are shown in Figs. 6bu and 606. In these 
diagrams the fixed impedance, Z^, re]>rf*s(*nts the imix*(laiv*e of 
the transmission line, and the variable resistance (i? 2 » 
the variable imj)edanc(* (Zg, Fig. 606) rc])rcsents the imp(*danc(* of 
the “ load,” Avhich may consi.st of a bank of lamps in the former 
case, and a motor, or other electromagnetic apx)aratus, in the 
latter case. 

The construction of the no-load and short-circuit d'agrams for 
these cases is fairly simple, as only one inversion is necessary, but 
the deduction of the load diagram differs in a number of respects 
from that for the parallel circuit. 

Case 1. Construction of the diagram tor a load of unity power 
factor. The “ line ” impedance, Fig. 69a, is represented in 
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Fig. 70 by the image vector OA, the co-orclinates of the* point A 
being R^, X^. The “ load impedance is re])rcsented by a straight 
line, ABcc, drawn upwards from A parallel to the vertieal axis. 
If this line is extended below the point A, then the lower portion 
represents thc^load impedance for the ease wh(‘n th(‘ resistance is 
negative, i.e. when the load consists of a generator operating at 
unity^ power factor. The joint impedance of the circuit, corre- 
sponding to a particular value, /^ 2 , of the load, is therefore given 
by a vector drawn from O to the a])propriate ])oint on the line ABoc. 

To obtain the current in the circuit the iiii]M‘dance diagram must 
be invfjrted w^ith respect to the ])ole (). Noav the inverse point 
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corresponding to .1 is at in OA, or OA produced, according to 
the scales adoj)ted for iin|XMlanc(' and admittance. The inversion 
of the line AB with respect to O is a portion of a semicircle which 
j)asses through the origin (0) and has its centre in the horizontal 
axis. The dianlipter of this semicircle (*orresj)onds to the inversion 
of OD, where D is tlu' poijit of int(Tsection of BA i)roduccd, with 
the horizontal axis. Therefore the scale for admittance must be 
selected so as to give a convenient diamet(*r for this sejnicirci<\ 

Th(» inversion of the \in^ DAB is therefore the semicircle OA^H, 
and the inversion of the line DCcc is the semicircle OF II, the 
centre being at Q in both cases. The arc OG^A^ therefore re])resents 
the 18cus of th(* joint admittance vector wdien the resistance R^ 
is varied from zero to oc, and the arc OFHA^ re])resents the locus 
of this vector when the resistance is negative and is varied*betwwn 
zero and oc. By a suitable change of scale these arcs also represent 
the locus of the line current when the resistance is varied, O being 
the no load point (corresponding to R 2 — oc and zero current) 
and A^, the short-circuit point (corresponding to R 2 — = 0). 

The performance of the circuit is obtained from the diagram 
as follows — 

The line current, corresponding to a particular value, R2, of the 
load resistance (which is represented by AG on the resistance 
scale) is given, on the current scale (which is E times the admittance 
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scale, E licing the line voltage), by the length of the chord, 
drawn from 0 through fr, being the inverse point to G. 

The phase difference between line current and impressed E.M.F. 
is given by the inclination of OG^ to the vertical axis (which contains 
^ the vector of the impressed E.M.F. ). The powei' factor may 
therefore be obtained directly by constructing a power-factor scale 
and quadrant, as shown in Fig. 68, and projecting the point of 
intersection of the current vector and the quadrant on tef this 
scale. 
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The. power taken from the sujtj^ly sy.9!e7n is given, on the power 
scale (which is E times the current scale), by the ordinate, G^M of 
the appropriate current vector. 

The power supplied to, and utilized bijy the load is represented by 
Gj^Ny and that expended in losses in the line is represented by NM, 

Proof, t Tho diameter, OII^ of tJie current semicircle corresponds 

to a current — EjX^, whore is the reactance of the “ line.’* Hence, 
if the scale for current is 1 cm. — p amp., tho length of Oil (in cm.) is equal 
to lynlp — EjXip. Similarly the length of any radius-vector, such as OO^y 
drawn from O to the semicircle, which corresponds to a current of /, is 
I Ip cm. 

If X, i/y are the co-ordinates, with respect to rectangular axes passing 
through the origin (9, of any point, 6\, on the semicircle, the equation to 
tho circle is 



since the co-ordinates of the centre of the circle are = EI2X^, = 0. 
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Whence f- 2/* — 

i.e. 

Now if qj is the inclination of OOi to the vertical axis, the ordinate at 
is given by GiM = y = OO^.cof^ q> — U\p) cos </). Mult i])lying each side bv 
the line voltage, Ey we have K.G^M — {El cos q)){p, whence pE.O\M — El 
cos 9 ?. TherefA’e the ordinate represents the ])ower taken from tho^ 

supply system to the scale 1 cm. — pE watts. 

The power, Pg* supplied to tiu' load is equal to the difference between the 
powej taken from the supply system and the power expc‘nded in the l*]i 
losses in the line. Thus 

P. EJ cos p - IHly 

- pE.a^M -{p.0G^)^n^ 

^ pE.G^M ^p^R^ixEIX^p) 

- pE.G^M -xipEHJXi) 

- pE.G^M - x{pE cot p^) 

since 00^ — x^ h x{E jX^p), as j)roved above, and Ri/X^ — cot 9 ?^, 

where Pg is the phase difference between the short-circuit current (/^) and 
the impressed N.M.F. 

Now X cot Wg is equal to the ordinate, NM, of the straight lino OA^ at 
abscissa x. Ilonce • 

P^ -= pE.OiM-pE.MN 

= pE.O^N 

i.e. for any current represen«t'od by the power supplied to the load is 
represented by the intercepted length of the ordinate at this point between 
the semicircle and tho straight lino joining the origin and the short-circuit 
point, the scale being 1 cm. -- pAJ watts. 

Tho lino 0*4 ^ is therefore the datum line from which tho oul])ut power, 
i'* 2 , is measured. Similarly the line 011, i.e. the abscissa axis, is the datum 
line from which tfie input power, P^, and tho losses are measured. 

The losses are also represented, for any particular value (such as OG^) 
of the lino current, by tho peipendicular dislanco of that iioiiit from tho 
vertical axis (i.e. by the abHci.s.sa of the point (/j), but in this case the scale is 
I cm. — (p2i7. cot 97 ^) watts. The vertical axis is therefore the datum line 
from which losses may be mejjiSiu’ed. 

Hence the horizontal axis, the short-circuit line (OA i), and the vertical 
axis are important lines in tho load diagram. 

Tl^ rmiximurn power taken from the supply system is represented 
by the maximum ordinate, QJ, in the semicirele, and the maximum 
power supplied to the load is obtained by drawing a tangent ])araliel 
to tho short-circuit line (OA^) and determining the leiiglh of the 
intercept, between the circumference and the short-circuit line, of 
the ordinate drawn from the point of contact of the tangent. 

The efficiency of the circuit — i.e. the ratio : (power supplied to 
the load /power taken from the supply system) — is given by the 
ratio G^NjO^M, Instead of calculating this ratio for each value 
of the current the efficiency may be obtained direct’y as follows — 

Draw through the point A^, o, perpendicular A^K, to the vertical 
axis and divide this into 100 parts, placing the zero at A^, Then 
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the point/, S, at which the current vector, OG^y intersects this scale 
gives the percentage efficiency directly. 

Proof. FroiTi S, tlie point of intersection of OOi (or OG^ produced) with 
KAi, draw the ordinate SU, and lot T bo tlie point of intorseotion of this 
» ordinate witli the short-circuit lino, OA^. Theii, since jSU KO, we have 
f the following pairs of similar triangles — 

triangle (i\NO is .-similar to triangle STO^ 
triangle is similar to triangle 

triangle is similar to triangle A^KO. 

Hence, 

Power HU])plie(l to load A""/’ ST /I 

Power taken from supply P G^M S(J KO A^K 

i.e. the distance .‘IjN expressed as a fraction of A^K is equal to tlie elliciency 
of the transiiussion. 'riiereforo, if A^K is dividoil into 100 equal parts, with 
zero at A^^ the point of intersection of the lino or OG^ prodjiced, wdth 

this scale gives the efficiency directly as a pcrcentagi*. 

Voltage regulation. The voltage^ drop in the iinpc‘danee of the 
line, and the v'oltage available at the load, may, on tlu^ assumption 
of constant sup])ly voltage, be obtained direct I34 from the diagram 
as follows, the proof beinj given below^ — 

Join the points A^ and Then th(‘ triangle OG^A^ is the 

triangle of voltages for the system ; OA^ representing tlu^ supply 
voltage to a scale times the (*urrent scale (since at short circuit 
— EIZ-^)y OGi repr(*senting the voltage droj) in the '' line ” to 
this scale, and GiA^ nq/resenting the voltage at the load to the 
same scale. Hen(*e, since the ])ercentage voltage iH‘gulation is 
given by : 100 a. (arithmetic difference betwt‘t‘n “ siqiply *’ and 
load ” volt ages /supply voltage), this quantity is rei)resented in 
the diagram by the ratio 100 (0(f^ jOA^), wIutc A^(f\\ along A^O, 
is made equal to AiG^. 

The phase difference betw(*en tlu‘ “ load ” and ‘‘ sn])ply " voltages 
is given by the angle OA^G^. 


Proof. Lot E donoto the supply, or imjirossod, the^ishort- 

circuit current, ^gthe pha.se difference hotween K and /^, and Z, the impetlance 
of the line\ Also let f./, denote the voltage tlrop m the lino and E 2 tho voltage 
at the loivl. respect ivcly, for a line current /, which corros])onds to a load 
resistanco ])ha.sG difference l»etween this current and tho impressed 

E.M.F. being <p. Then, taking the vector of the impressed E.M.P'., OK, 
Fig. 70, as the vector of reference ami employing the exponential form of 
symbolic notation, we have 







I -= Je‘i(p 

It-Mp Z^eifp^ - IZy£3{(pfq>) 


E^ ^ //?2 — IR^e “JT 
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Let the vector of reference bo now rota(e<i tlirough un angle* 9’, in the 
clockwise direction, so that it coincides with the vector representing the 
short-circuit current, and let the scale for the voltage vectors l>e Zj times 
that of the current vectors, i.e. 1 cm. ^ pZ, v^olts. Then this change of 
position and scale is eqiu valent to multiplying the original v^oltage vectors 
by the quantity^l/Zj - ( 1 /Z,)t“i 7 ?^. 

Hence the impressed K.M.F. is now reprosentetl bj the \ector quantity 


K_ 




i c. b\ Ihe vector Od, in Fig. 70 . 

Tlie voltage dro[) in the line impedance m repiv'^entj d In ihe vei lor quanlil> 


■ ‘ z, z^tn, 

j.(*. by the vector 06 \, 

and the vollage across the load is rcjiresented by the (pianhty 




Ey lliyt Jtf 


.(./ . V,) 


i by t he vector O V ilrawn at an angle tp Im'^Iow t) -1 

Since in triangle 0 (\A^ the angh* y, th<‘ sale is jiaiallel to 

()V. Also since is the inverse point to U, arul 1 ^ is tlu‘ inversj* point to ,1. 
we have 0 (i.O(i^ f^A.OA^, so that triangle is similar to triangle OA^d^. 

Therefoi<‘ 

Ij ; Oa^ .: a A : OA 


oa^iaA AO). 

Hence, since OAjAO /i*>/Z,, OyAy^ re])rcs('nts the (pianlitv^ /(//j/Z^) 
Tlierefore the tiiangle OOy.iy is the vmitage tiiangle lor t]u‘ .s\ stein, ()A^ 
r(‘j)resenting th(' supply voltage. 0(i^ the V'oltuge dio]> in ihc' Ina* impi'daiiee, 
and (lyA^ the voltage at the loa<l, the scale ot Ili(*s4‘ qiianlilies bmiig 1 i in 
7 <Z, volts. 


Construction of the diagram for loads having a power factor less 
than unity. Lot the powiT factor of the load be cos 1/.^. Then in 
constructing the no-load and short-circuit diagram we set off OA^ 
Fig. 71 , to re])resent the image v^eetor of the impedance of the “ line, ” 
as before, and from A draw^ the line ABcc. at an angle to the 
vertical axis, to represent the image vector of the, imp(‘dance of 
the l«ad. Observe that if tlit‘ [lower factor is lagging, i/g i^' off 
in the clockwise dirc(*tion, Imt if th(‘ |Jow(U‘ factor is leading, 1/2 
set off in the counter clockwise dir(‘ction. 

We now obtain the inversion of the lines OA and A^icc. with 
respect to the pole O. The inversion of tlu* line ABcc gives a 
portion of a seinieh’cle which passes through the origin. The 
centre of this stunieirele lies in a line, drawn through the origin, 
j)erjK?ndicular to ABoz, and the diameter is obtained in the same 
manner as in the above case. 

The semicircle is shown in Fig. 71 by Otj^A^Hy the centre being 
at Q. The point A^ on the cii’cumference is the inverse point to A, 
and the arc OO^Ai is inverse to the line ABcc. Thus the arc 
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OO^A^ iA the locus of the joint admittance vector when the load is 
varied from zero to short circuit. By a suitable change of scale 
this arc also will represent the locus of the line-current vectors 
when the load is varied, O being the no-load point and A the 
short-circuit point. < ^ 

On comparing Fig. 70 with Fig 71 it will be observed that in 
the former diagram the centre of the semicircle lies in the horizontal 
axis, but that in the latter diagram the line containing the centre is 
displaced from the horizontal axis by the angle dis])lacement 



Fto 71 — Load Diagiam for a Seiics riiriiit fFijjj fit) (/>)| 
having a Vuuablc Load of Constant 1*o\mi Fartoi 


being in the counter-clockwise (or posilive) direction for a leading 
power factor, and in the clockwise direction for a lagging power 
factor. The short-circuit line, OA^, occupies the same position in 
each diagram, if the constants of the “ line ” arc the same for the 
two cases. 

To cdmplete the diagram we must determine the scale for 
efficiency and also the datum lines for the input power, output 
power, and the losses in the line impedance. 

The datum lines for input power and output power are the 
horizontal axis, OX, and the short-circuit line, OA^, respectively. 

The power input corresponding to a current represented by the 
vector OGi is given by the ordinate O^M at this point ; the power 
scale being E times the current scale, as in the case above when the 
power factor of the load was unity. The power input is also given 
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by the distance, QiM\ of the point from the horizontal axis 
measured in a direction perpendicular to the diameter of the 
semicircle, i.e. in a direction parallel to the tangent at O, but the 
scale is now {E cos times the current scale as proved below. 

The phase difference between the current and the supply voltage 
is given by the angle which the current vector, OG^y makes with 
the vertical axis. 

Th&^power output is given b\ the portion, G^N\ of the line G^M* 
which is intercepted between the circumference and the short- 
circuit line OA^ ; and the losses in the “ line ” are given by the 
portion, iV'ilf', intercepted between the short-circuit line and the 
horizontal axis, the scale in both cases being (E cos (p^) times the 
current scale as proved below. 

The dattim line from which the PE losses in the “ line ” impedance 
are measured is obtained by drawing a tangent, OfT, from the origin, 
O, This tangent is inclined at the angle 9^2 vertical axis, 

and the PR loss corresponding to a current OGy is given by the 
j)erpendicular dista/lce of the point G^ frojp the tangent as proved 
below. 

The voltage regulation and the voltage at the load are obtained 
as before from the trianglt^ OG^A^ ; OA^ representing the supply 
voltage, OG^ the voltage drop in the line, and A^G^ the voltage at 
the load, the scale in each case being times the current scale. 


ProOj. Tlio lino ^current is a maximum when the reactance of tho wliole 
circuit has a value represented by ODy Fig. 71 , which is tho peqx'ndicular 
distance of the lino A]i OC, x>i‘<^><leced backwards, from the origin O. This 
value of reactance is only obtained practically by t)x)erating the load as a 
generator, and is equal to 801(97^ — 9?2)» whore Zj is the im|x»dunce of the 
“line.” Whence tho maximum current is -= A’/Zj sin((/7^ - 972), and the 
diameter of tho current circle, ♦ for a scale of 1 cm. - p amj). is fjilp ~ 
El[pZ^ sin(y 7 ^ - ^>2) )• "J^hc co-ordinates of the centre of tho circle are therefore 


‘‘’c cos (p2 -= E cos Pil 2 pZi 801(97^ - (f\i) ; 

2/0 -iUu^p) sin (P2=^- E sin (p.l 2 pZi 8 in(y 7 ^. - 9-2)- 
Henco the equation to the current circle is 


(■ 


E cos 903 y . / , Jg sin 993 y / E 

2 pZi Hin( 9 ?, - ( p ^)/ \ 801(97^ - \ 8111(97^ - 9^2), 

pZ^l 8111(97^-972) 810(97^-972)) 


E 

pZi8in{(pg-q}i) 


y/{x^ -f 2/*) • - 9 ^ 2 ) 


( 46 ) 


where 97 is the inclination to the vortical axis of the line joining the point x, y, 
to the origin. Hence the PR loss in the impedance of the “ line,” due to a 
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current wliich is represented by OGi ( - -f ?/^), where .r, are the 
co-ordinates of the point f/,), is given by 

R,ip.Oa,)^ 

since — cos (p^. 

Now Of?i sin(93 - <^2) perpendicular distance, f/iC, of the |joint 

from the tangent ()\V drawn through the origin, tfonco the J^R loss in the 
“line ’’ is proportional to G^C and the tangent 0^V is the datum lino from 
which the l^It losses in the lino impedance are measured, the scale being 
{E cos (p^lsin{(p^ - q)^) ] times the current scale, or 1 cm. — pE cos gy^/sinip^ -^ 2 ) 
watts. • 

The I^R loss duo to a current represented by OG^ is therefore given by 



cos (ps \ 
sm(9)^ “ 7>2)/ 


G^O watts. 


where G^C is the perpendicular distance, measured in cm., of G^ from the 
tangent 0\V. Now Gy(' fii\n{qi^ — q> 2 ) equal to 0N\ whore N' is the point 
of intersection of the short-circuit lino, 0.4 ^ and a line f/jJ!/', drawn through 
Oi parallel to the tangent 0\V, Also ON' cos (p^ is tko ordinate at the point 
N', Hence the I-R loss is^lso given by 


pE.NM, 


where N is the projection of the point N' on the ordinate, Ojil/, drawni at Oj. 

The power taken from the supply .system is given by El cos p, or by 
pE.OiMt since G^M (p.OOj) cos 77. 

Hence the jiower supplied to the load is given by Oj.V, the difl'uronce 
between 0,iV and NM, the scale being E times tlie current scale. 

Now since the angle 71/OjM' - q).^ • Oj.lf G^M' c*os qu ; G^N ~(\N' cos 7;^; 
NM N'M' cos q^^. Theix»fore, if the ])ower scale is laiangcd to (Ar’.cos q\i) 
times the current scale, the intorce])ts G^AJ', G^N'^ N'Al', on a line drawn 
through Gi parallel to the tangent at the origin (i.e. this line is perjiendicular 
to the diameter of the circle) give the power input, the pow'er output, and 
the line losses ; the .scale being 1 cm. - pE cos q', watts. 

The horizontal axis is therefore the input*datuin line, and the short-circuit 
line is the output datum lino. 

The efiiciency [i.o. the ratio: (power taken from suj)[)ly /power supplied 
to the load)] AS given by A^SjA^K, where S is the point of inter'3<iiction of 
OGi with the horizontal line, drawn through dp Thus if ^”0111 the 

point E a lino <S’f7 bo drawn parallel to the tangent ()\Vy and if T is the point 
of intei’section of this line and the short-circuit line fh4|, then from the 
similar pairs of triangles OG^AJ', OSG ; OG^N', OaST ; AiKO, A^aST wo have 

Power supplied to load f/|N' *S’7’ _ aS'^^ 

Powder taken from siqqily G^Al' aS’(/ KO KA^ 


The proof that triangle Od,ff, is the “ voltage triangle ’’ of the system is 
the same as that given on p. L'lS. 


Construction of the load diagram from test data. Tho load 
diagrams hitherto considered have been deduced from a knowledge 
of the “ constants ” &f the circuit, i.e. the resistance and reactances 
of “ line ” and the “ load.'* But in the case of series circuits of 
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the type shown in Fig. 69 it is apparent tliat the current circle could 
have been drawn if the magnitude and phase of the short-circuit 
current and the power factor of the load had been given. For 
example, the centre of the current circle is obtained quite easily 
by setting off 4he short-circuit line in its correct position with 
reference to the rectangular axes ; bisecting this line, and drawing 
a perpendicular to intersect a line drawn through the origin and 
incline(> at the angle with re.s]>ect to the horizontal axis, where 
cos 9^2 power factor of the load and the angh* 9^2 measured 

in the positive direction when the ])ower factor is leading, and in 
the negative direction when the power factor is lagging The 
diagram 'is completed by drawing a horizontal line through the 
short-circuit point and a tangent from the origin to intersect the 
former. T*lie distance between the short-circuit i)oint and the 
point of intersection of the horizontal line i'lnd tangent is divided 
into 100 parts, with the zero at the short-circuit point, thereby 
giving the scale for effichuicy The scal(‘ for power follows directly 
from the scale for current and a knowh'dge ot th(» line voltage and 
the power factor of the load. 

In the case of the parallel circuit re])resented in Fig. 60, the 
curnmt circle, Fig. 68, can be drawn \vhen the magnitudes and 
phases of the no-load and short-circuit luirrcnts are known. 

Example. 'I’lie following woiked is giv(‘n lo show tin* simplicity 

with wyneh the perfoiiimnee ot a sim])h‘ tiaiismissioii line ean ho obtaineil by 
moans of the load tijia^rram 

A varniblo load of eonstanl ])ower faelor is siip]>hod fiom a ^onoruting 
station 2 miles a>Miy through a traiisiiiissioii line eonsisting of tOf)|K‘r eon- 
duotois 0-372 in. in chaiiiotor .s]iaeeil IS in. apart. The jiressuro at the 
generating station is 2200 Y., and the frequency is 50 cycles pei second; 
and both are constant. 

Two cases will he considered • (1 ) poacr factor of load 0 9 lagging ; (2)]>ower 
factor of load 0 95 leading. 

Firstly, the resistance and reactance of the “line” iniisl be caleiilated. 
Taking the spocitie rosistaneo ot topper as 0 99 lU'^ohin peV m culx», the 
resistanfVd* of tlie line conductors is 

- 2 / 5280 . 12 - 2 099 10 0 189-^) 1 90. 

The reactance of the line conductors is obtained by inultijilynAg tlieir 
inductance by 27r X frequency', the inductance being ealciilated by the 
method given on p. 38. Thus the inductaiico per cm. ot double line is 

[0-92 logio {Dji) + O-l] X 10 » henry. 

In the present case D = 18in , r 0-189 in. ; logjo (18/0- ISO) - I 985. 

Hence, since 1 mile — 1909 metros, the inductance of the traiisinission 
line is 

2 X 1609 X 100 X 10 »(0-92 X 1-985 + 0-l| - 0-0062 H., 

and the reactance of the line is 314 x 0-0062 ] -95 O. 

Whence the impedance of the line is Zj — \/(l-6* + 1-95*) = 2-52 O 
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Jn 8 tc»d of obtainiiig the current circle from the inversion of the joint 
impedance diagram we will determine it directly by calculating the short- 
circuit current. Thus 

= 2200/2-52 = 872 A. 9 ?, = cos-»(l-0/2-52) = 60-6®. 

Selecting a current scale of 1 cm. = 60 A., we draw the line 0.4 ^ (Fig. 72), 
17-44 cm. (-= 872/50) in length and inclined at an an|pe of 50*6° to the 
vertical axis, to represent the short-circuit ciu-rent. 

Draw through the origin lines Off^, OHg, inclined at angles of - 25-8® 
(— cos‘*0-9) and -\- 18-2° (— cos'^0-96), respectively, to the horizc^ntal axis. 
Bisect 0-4 j at F and draw the iierpendicular FQ^Q^ to intersect the lines 
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0 ^ 2 , O^fj, at Q 2 and 0i rosjjectively. Tlten is the centre of the current 
circle when the power factor of the load is 0-9 lagging, and is the centre of 
the current circle when the power factor of the load is 0-95 leading. 

The diameters of the circles are 

41*6 cm. (= 17*44/sin(50-G° - 25-8°) for the load of power factor 0-9 flagging). 
18*7 cm. ( — 17-44/sin(50-r)° - 18-2°) for the load of power factor 0-95 (leading). 

The circle for the load of 0-95 power factor (leading) is shown complete 
in Fig^ 72, but only a portion of the circle for the load of 0-9 power factor 
(lagging) is shown on account of space restrictions. Moreover, only the 
portions of both circles which are above the horizontal axis and between the 
no-load and short-circuit points are required for the present purpose. 

The diagrams are completed by drawing tangents OW^, OW^* origin 

and constructing the efficiency scales. To prevent confusion these scales are 
constructed below the horizontal axis. Thus the short-circuit line and the 
tangents are produced beyond the origin, and a horizontal line of any con- 
venient length is drawn between the short-circuit line, produced, and eewh 
tangent. Each of these lines is divided into ICK) equal parts, as shown in 
Fig. 72. The efficiencjf corresponding to a particular line current is obtained 
by producing the current vector backwards until it intersects the appropriate 



WAD DIAGRAM FOR THE ELECTRIC CIRCUIT 141 


T-he scale for power niay be obtained when the method of meosurfng this 
quantity is decided. Thus, if power is measured vertically, the scale is 
K times the ciurent scale — i.e. 1 cm. 2200 X 60 = 110,000 watts, or 
1 cm. = 110 kW. — for both cases. But if power is measured in a direction 
parallel to the appropriate tangent (i.e. in a direction perpendicular to the 
diameter of the a|^ropriate current circle, the scales for the two cases will 
not be the same, being 1 cm. ^ 2200 X 0-9 X 60 = 99,000 watts, or 
1 cm. — 99 kW., for the 0*9 power-factor load ; and 1 cm. — 2200 X 0*95 
X 50 = 104, 5(K) watts, or 1 cm. — 104*6 kW., for the 0*96 power-factor load. 

The pf^ormance of the transmission line, as deduced from the load diagram 
of Fig. 72, is given in Table VIT, and the results are plotted in Fig. 79. 



Tlio results show that a load of lagging power factor adversely affects the 
efficiency and voltage regulation of the line, and the power factor at which 
the generator operates. , 

The power and los.se.s are obtained by measuring these quantities in direc- 
tions parallel to the appropriate tangents. For example, when the power 
factor is lagging the input, output, and losst's corresponding to the current 
represented by the vector Fig. 72, aro given by 

respecti^ly, the scale Ijcdiig 1 cm. — 99 kW. Similarly, when the power 
factor is loading, the input, output, and losses corresponding to the current 
represented by the vector OG'j, aro given by GMz, respectively, 

the scale being 1 cm. = 104-5 kW. * 


Series-Parallel Circuits 

In deducing the load diagram for series-parallel circuits we shall 
first consider a circuit in which one of the parallel branches contains 
a fixed impedance and the other contains a variable impedance 
which is variable between 0 and oc, the ratio of resistance to 
reactance being constant (i.e. the power factor of this branch is 
constant). The more genera) case, where the second branch 



TABLE VII 

Measured and calculated quantities (from Fig. 72) for performance of transmission 1 
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contains both fixed and variable impedances, an ill be considered 
later, and it will be shown that such a circuit may be reduced to 
an equivalent circuit of the foriiK^r type*. 

Load diagram for a series-parallel circuit with variable impedance, 
of constant powjr factor, in one branch. The construction of the 
no-load and short-circuit diagram for this circuit involves the 
determination of (1) the* diagrams for the joint admittance and 
joint inipedancc of the parallel brinches, (2) the diagram for the 


oc 
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joint impedance ot the comphde (ircuit, (3) the iinersion of this 
diagram and the change of scale so that the Acetors Avill represent 
currents. 

The i»iiriablc imjiedance aviU bt* denott*d by as lK*fore, the 
fix(*d s(*ri(*s impedance liy and the imp(*dancc of tin* non-variabh* 
brancli liy Z^. 

The no-load and short-circuit diagram is cemstrueted as folloANs — 

Select a suitable scale for admittance and draAN^ AB, Fig. 74, to 
represt^nt the admittance, of the branch of fixed impedance. 
Tt is preferable for reasons which Avill be explained later, to draw 
AB with respect to temporary axes, AX', AY', instead of the 
permanent axes of reference. From B draw the line BC oc to 
represent the admittance of the variable br^ch, the line being 
inclined at the angle (p 2 Avith respect to the temporary vertical axis, 
where cos ^2 i® fhe power factor of the variable branch. Vectors 
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drawn from A to the line BCoc therefore represent the joint admit- 
tance of the parallel branches. Hence the line BGcc is the locus of 
the joint admittance vector when the impedance of the variable 
branch is positive and is varied between zero and infinity. 

The joint impedance of the parallel branches I's obtained by 
the inversion of the locus BCcc with respect to the pole A. This 
inversion gives the arc AG^B^^ the centre of which lies at Q in the 
line AH inclined at (p 2 with respect to the temporary hOi.izontal 
axis. Vectors drawn from A to the arc AG^B^ therefore represent 
the joint impedance of the parallel branches when the impedance 
of the variable branch is positive and is varied from zero to infinity. 
Similarly, vectors drawn from A to the lower arc B^HA represent 
the joint iinpedance of the branch circuits when the impcdan(;e of 
the variable branch is negative and is varied from zero ’to infinity 
(i.e. when the circuit is acting as a generator at a constant power 
factor, cos (p^)* 

To obtain the joint impedance of the whole circuit the series 
impedance, must b^ added voctorially to -the joint impedance 
vectors for the branch circuits. If the addition is carried out in 
this manner, another circle, which is shown dotted in Fig. 74, will 
be obtained. The diameter of this new circle is the same as that of 
the original circle, but its centre is at Q' \ the distance QQ' being 
equal, on the impedance scale, to Z^, and the inclination of QQ' 
to the vertical axis being equal to 9^1, where tan q)i — X^jR^, This 
circle is therefore the locus of the joint impedance vectors for the 
complete circuit w'^hen the axes AX', A Y' , are the axes of reference. 

Instead of constructing the second circle to obtain the joint 
impedance of the complete circuit, wc may make the original circle 
represent this quantity by shifting the temporary origin {A ) to 0, 
where the distance OA represents the scries impedance Z^, and the 
inclination of OA to the vertical is equal to Thus the single 
circle AG^B^H may represent either (1) the locus of the vector of 
the joint impedance of the parallel branches of the circuit — in which 
case the origin is at A and the axes of reference are AX', AY' — or 
(2) the locus of the vector of the joint impedance of the complete 
circuit — ^in which case the origin is at 0 and the axes of reference 
are OX, OY, 

The joint admittance of the complete circuit is obtained by the 
inversion of the circle AG^B^H with respect to the polo O. This 
inversion, as explained on p. 115, gives a circle the centre of which 
lies in the line joining O and Q. But by a suitable choice of the 
new admittance scale the original circle may be made to represent 
its inverse circle. For example, if •/, K, are the points of intersection 
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of the line OQy produced, and the circumference of the circle AGyB^H, 
then if this circle is to represent the locus of both impedance and 
admittance vectors, we must have m.OJ = l/nDK, or w,=l/(m 
X OJ.OK)y where w, n, are the scales for impedance and admittance 
respectively. ' 

Now in the original diagram for the admittance of the })arallel 
branch circuits the points B and oc correspond to zero and infinite 
admittance, respectively, of the variable branch. The inversion of 
these points with respect to A gives the points ami A respectively, 
on the impedance circle, and the inversion of points and A with 
respect to O gives the points and on the admittance circle. 
Hence B^ is the “ no-load ’’ point, «and A^ is the “ short-circuit ” 
point in the final admittance diagram. By changing the scale of 
this diagram to E times the admittance seale, where E is the supply 
voltage, we obtain the current diagram for the circuit, B^ being the 
“ no-load ” point and A^ the “ short-circuit ” point. Hence the 
no-load current is given by the vector OB 2 , and the short-circuit 
current is given by the vec tor OA^. , 

The locul diagram is obtained from the current diagram by 
determining the datum lines for (1) the powcT taken from the 
supply system, (2) the power expended in the series impedance, 

(3) the power expended in the branch of fixe‘d impedance, and 

(4) the ])ower sup])lied to the variable branch. These linens arc', 
shown in Fig. 75, in which only the current cirede* of Fig. 74 togethc'r 
with the no-load#and short-circuit points is drawn. The additional 
construction involved after the no-load and short-circuit points 
have been determined and the circle has been drawn, is as follows — 

From the* origin draw a tangent OF to the circle, bisect it at D 
and draw a pc'rpendicular DdJHV to the line OQ joining the origin 
and the centre of the circle. This perjx'ndicular is called the 
“ semi-polar ” of the circle with resj)ect to the origin. 

Froi^i the short-circuit point, A^, draw the tangent A^V. 

Join the no-load and short-circuit points, and produce the line 
(A^B^) to cut the horizontal axis at T, Join T and V (the inter- 
section of the semi-polar and the tangent at the short-circuit point). 

Join the short-circuit point and the point, U, at which the 
semi-polar intersects the horizontal axis. 

The datum line for obtaining the power taken from the supply 
system is the horizontal, or abscissae, axis, and is called the “ input ** 
datum line. The power taken from the supply system, when the 
line current is represented by the vector OG^yJrs proportional to the 
ordinate, G^My dra\vn from the point G^, 

The datum line for chiaining the DR loss in the series impedanccy Z^y 

10— (5245) 
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is tho .s(*nii-]K>Iar ” of the eurroiit circle with respect to the 
origin O, This line', UH F, is called the “ primary loss ” datum line. 
The r^R loss in the series impedance, corresponding to aline current 
represented by the vector is proportional to the perpendicular 
distance, G^H, ot the point G^ from the semi-polar/ 



The loss is also represented by LS, ^\hlch is the interc(‘pt on tht 
line G^S^ drawn through G^ parallel to th(* semi-polar, made by the 
horizontal axis and the line UA^ (which joins the short-circuit point 
and the point at which the semi-polar intersects the horizontal 
axis). 

Proofs are given later. 

The datum live for obtaining the power expended in the branch of 
fixed impedance is the tangent drawn from the short-cir'*uit point. 
The power expended . in this branch, when the line current is 
represented by the vector OG^, is proportional to the perpendicular 
distance, G^K. of the point 6r, from this tangent. 
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This loss is also represented by ob, whieh is the intereept made 
by the lines A^T and A^U, on the lin(‘ G^b, drawn through G^ 
parallel to the tangent A^V. 

The datum line, for obtaining the power ^supplied to the branch of 
variable impedance is th(‘ line joining the no-load and short-eireuit 
points, and is called the “ output " datum line. The ])o^\er suj)plied 
to thi#} branch, wIkmi the line c*iirrent is rejUM'sented by the vector 
OG^, is proportional to G-^N, which is the intercept, made by the 
circumhTcnce of the circle and the “ output ' line, on the line 
drawm from the ])oint G^ ])arallel to the line VT. The int(‘re(»j)t 
NW, mad(' by the horizontal axis and tlu' line, ^4^7^ joining the 
no-load and short-circuit ])oints is ])roportional to the sum of the 
DR loss ^n tlie series impedance and th(‘ j)ower ex])('nd(Ml in the 
])ranch of iix(*(l impedance^. 

The scale for eHirifnrj/ is constructed on a horizontal line drawn 
in any convenient position betw(‘en boundar\ lira's hrmied by the 
“output” datum Jine, A^R^T, <>*’ hs (‘xtt'nsion, and a line, VT, 
passing through the ])oints of intersection of (i) the “ out])ut ” 
datum line and the horizontal axis, (ii) the “ jirimary loss ” datum 
line (i.e. tlu* semi-polar) and the' tangent drawn from the short- 
circuit point. The ratio 

])owvr supplied to the bramdi of \arial)l(‘ impr'dance 
pow(*r taken from the sujijdy s\st(mi 

is given dii’c'ctiy on this scale b\ the' jioint at which a line joining 
the appropriat(‘ point on the current circh* and tlu' ])oint, 1\ of 
intersection of th(' “ out])iit ” datum line and th(* horizontal axis 
intersects the scab'. 

The triangle OG^^Aj^ is the voltage triangh' for tlu* circuit ; the 
side OA^ representing the supply voltage, 0(f\ the voltage* drop in 
the* se'ries inpiedance, and GiAi the voltage at the* terminals eif the* 
parallel branedi circuits. 

The sides G^A^, GiB.^, of the triangle* rejiresent, to dissimilar 

se*ales, the magnitudes eif the currents in the fixed anel •variable 
branches re*s]x*ct iv^ly . 

Proofs. Lot denoto tlic iinpodaiioo of tlio soi los portion of <ho ciroiiil, 
^2, ^3, tho impeKlanoo'. of tlio two hmiiolit's of tlie> ]nirullt>l ijortions of tlin 
nrcuil, tho former Ixmii^ variable and tho latter boin;^ fixed m value. Also 
let E denote tho supjily voltage, the voltage drop in the seri(*s irnpedaiieo, 
and E2 the voltage at tho terminals of tho parallel ]>ortions of tho circuit. 

Then, taking the supply voltage as the vector of roferonco, the no-load 
current, which corresponds to intiiiito imyxitlani^ m the variable branch, 
is given by = EI{Z, -f Z3), or = Ely/[{P, /?,)*» + (X, + The 

short-circuit curreAt, which corresponds to zero impedance in the variable 
branch, is given by ^3 = EJ!^^, or — Ely/{R^^ -f 
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The line'curroiit correHIJoncling to any particular value, Z3, of the variable 
impedance is given by 

/ - ^ 

•" '■?!+ ri/(r, 4 r»)j 

where is the value of admittance corresponding to thc% impedance Zg, 
• and Tj is the admittance of the non variable branch. 

The corresponding currents in the branch circuits are : /a = in 

the variable branch, and /g — E^Y^i io the non- variable branch, where K 2 
is the voltage at the terminals of these branches and is given by = E r 

Since the lino current /j is equal to the vector sum of the currents in the 
]3ara11el branches of Die circuit, we have, when the current in the variable 
branch is /o, 

/. -h \-h T,+ 

and when the current in this (variable) branch is zero, the lino current is 
equal to the no-load current and is given by 

/„ v,<K-r,x,). 

WluMice, by subtruclion, 

h-lo -* I' 

- J2 - YaX.ir, - T,) 
or /, - (/iWo) (' 

Thus the current in the variable brancjh is equal to the vectorial difference 
of the line and no-load currents multiplied by the complex number (1 +^1/^3), 
which is a constant quantity for a given circuit. The magnitude of this 
current is therefore proportional to the vector ilifferenco of the lino and 
no-load currents. Now Fig. 75, is the difference of the line current 

and no-load emront vectors. Hence, represents the magnitude of the 

current in the variable branch to a scale (I b ^1/^3) times the scale of the 
line current. For exarnjjlc, if the scale for the line current is 1 cm. — p amp., 
the scale for the current in the variable branch is 1 cm. — />(1 + amp. 

It is necessiiry to observe, however, that the vector (loos not give the 

phase of the current /j.* 

The current I 3 in the branch of fixed iinpodanco is proportional to the 
voltage, E^t at the terminals of the parallel branches. Now the triangle 
OOjAx is the voltage triangle for the circuit (see p. 135), and the voltage at 
the tcnninals of the parallel branches is represented by the scale being 

Zi times the scale for the line cmTent. Hence the magnitude of the current 
in the brancli of fixetl impedance is given by I 3 -- Eo/Z^ ={pZilZ 2 ) 0 xAx : 
i.o. the magnitude of this current is represented by the scale., being 

1 cm. = (pZxlZ^) amp. Hut the vector O^Ai only gives the phase of this 
current in the special case when the reactance of this branch is zero. 

Since at no load the current in the branch of fixed impedance has a value 
equal to and the voltage across this portion of the circuit is represented by 
B^A,, we have /g = I^iOxAJB^Ax) =- p{OBJB 2 A^)axAx. 

Thus the scale for the current J 3 may be obtained from the scale for line 
current either by calculation or by measurement. 

Power taken from the supply system. At no load tlie power taken from 
the supply system is given by : ~ where is the phase 

difference between the no-load current and the supply voltage. The power 
taken from the supply system at short circuit is given by Pg = EJg cos 

Now if the diagram of Fig. 76 is drawn to a scale of 1 cm. == p amp., the 
power taken at no load ief represented by E.p. 0 B 2 -co^ (p^, or by pEy^, where 

* The current 1 2 lias a constant phase difference, (p 2 * respect to the voltage, across 

the parallel branches of the circuit. 
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is the ordinate at Similarly the power taken at short circuit is 

represented by cos 9 ^^, or by pEy^^ whore is the ordinate at and 

generally, if any particular line current, /, is represented by the vector Of/j, 
the power taken from the supply systoni is represonl-ofl by pKy^ where y is 
the ordinate at Therefore the power taken from the Mij^ply system is 
represented by^ho ordinate of the ext remit 3 *^ of the current vector, the scale 
being 1 cm. — pR watts. 1 

Power expended in series impedance. The equation rejiresenting the I^lt 
loss in the senes impedance, is deducotl as follows- - 

Lot, the line current 7 Ix' i-oiiresented by the vector Of/|. the co-ordinates 
of the point being a;, y. 

Then, {p.O(,\)^ h 

If r is the radius of the current circle and j\, y^y are the co.oidinates of ils 
centre, the equation to the circle is 

(^- J-,)2 + (v-y^)S ,2, 

from which wo obtain 

.r2 -I 2/2, 2xx^ i 2yy^-{x^r -V Vc*-"*-) • • (47) 

Hence the 1‘^R loss in tlio scries im- 
pedance is represented by the equation 
727 ;^ ^ 2(^2 -|- 2/2)7^^ 

pm^[2xx^ + 2 //y*-. P -,2 2 /, 2 .-, 2 )] 

= 2p^R^[xx^. + 2/.V, -f 7,^-7 2)1 

=- [2p27?iV(V-l 2 /r")l 

+ .VVc - 4- Vc‘ - 

V(V-I He") 

= [2p27;iV(V + ?/r^)l-^^/^ 

since the expression \xx^ -j* //y<. ~ 

■f~ 2 /c* Vc^) represents the 

perpendicular d i stance 0^11 of the point ^ 

Xy y (i.e. the point 7/i), from the straight ^ ^ 

line W’hich is rcjirescnted by the Fin. Th.- Pt rtHiuing to Pohir and 
equation Si-miqjolur 

xx^ + yy, - + 2/,^ - r-), = 0, 

this line being the “ semi -polar ”* of the origin with rcsjiect to the circle. 
Thus the semi-polar of the origin with respect to the current circle is the 
datum lino from wliich the IHi lo.ss in Ihe series portion of the circuit is 
measured, the loss being given by the perpendicular distance, from the 
semi-polar of tho appropriate point on the current circle, and the scale being 
I cm. = 2p^R^ \^{x^^ -}- 2 /p 2 ) 

Construction for the polar and semi-polar of a given point with respect to 
a circle. Let Q be the centre of tho circle, C. Fig. 7(5, and P the 
point from which tho polar with respect to tho circle is required. From J* 
draw tangents to the circle, and join tho points of contact by tho line ADR. 
This line is tho polar of tho point P with rosix*ct to tho circle, and is |)or- 
pondicular to the lino PQ^ joining the point P and the centre Q of the 
circle. 

To obtain tho semi-polar, bisect DP at E and draw through K a line 
FRO, parallel to the polar. Then the lino PEG is called tho acini -polar 
of the point P with respect to the circle. 

* The seml-polar is the line which is parallel to the ])olar and is mid-way between the polar 
and the origin. Botlvthe semi-polar and polar, in tlie present case, are perpendicular to tlie 
line Joining the origin and the centre of the circle, the equation to this line -yx^ 0. 




150 


ALTERNATING CURRENTS 


In casro.s where the determination of the points of contact of the tangents 
is difficult, or may leatl to an inaccurate construction for the polar, and 
semi-polar, the following construction maj' bo adopted : Divide the line 
/''Q), joining the centre of the circle and the point at D and E such that 
PQ.QD - or PD PQ[i - {rlPQ)'^] ; and PE \PQ\\ - {rlPQ)‘^ |. 

Draw through the jioints D, A’, lines perpendicular to the line PQ. 'I’hen 
the lino through 1) is the polar, and that through E is thft serni-po^ar. 



The proof for this ronslruction is as follows : Lot the equation of the circle 
bo {x-x^)^ + {y - y(,Y ~ .r', y\ bo the co-ordinates of the point, 

P, for 'which the ]>olar is required. Then the equation of the jiolar is 
{x - x^) {x' - x^) I {y - yc) {y' ~ yc) ~ or 

x(x'- x^) -h y(y' - % ) - .rc(r' - x^) - y^{y' - y^.) - -- 0, 

wliich is tho equation to a straight line. Moreover, since the equation to the 
line joining the point P and tlio centre, (?, of rhe circle is 

_ y ~ y' _ 0 

yc - y' 

or y') - y{x^, - x') - x'y^ d- x^y^ --- 0. 

this line is perpendicular to the polar. 
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Hence tlio distance between the centre, Q, of the circle anc^ the point 
of intersection, i>, of the lino PQ and the polar (i.e. the perpendicular 
distance of the centre of the circle from tho polar) is 

DO ~ VtCi/ r -- y') - ^') ~ yAif c u') ' 

1- (.'/f - 

~ .»’')•' 'T ('/c-.vT-l 

/jlso the distance biitween the juunts P anti Q 

PQ A r(-r,- PV 1 (//, - //TI 

Tlici'<‘fore PQ.DQ - 

Tht proof Joi tJu alteruati rt nictltod of ohiainttxf iht l-U loss in (hr srriiR 
iinpiddficr (i.c. from the intercept, made by the hm* A and tlie horizontal 
axis, on a lino drawn from ]>arallcl to tlie seini j>oIar) is as follows - 
If from^tho points (\ and d, the lines d,(', and (IJI, d,//,. Ki^. 77, 
are drawn parallel to, and fieiiiendicnlar to. rcs])(‘cti vel\ , the seini-]>olar 
then from the similar triangles I'S/j, / ’(M,, we have 

7T' a \ h \ 

hs 

fT,7/ ■ 

Now' f/j//, as alri'ady sliown, rer])es<‘nt.s the I-H loss in th<‘ siM’ies im])edancr 
w’hen the current is repn^si'n^^sl by the scale/ bein^ I cm. 2p‘^Jti\/{Xf} -t- y'^) 
watts. Also Aj//, and AjC both repro.sent the I'^R loss at short circuit, the 
scale for the form(*r Ix-iiifr I cm. - 2p-/i, and that for the latter 

being 1 cm. — pEfcoi^it w'atts, where a is the angle which tlu' semi-polar 
makes with the vertical axis. 

\Xolr. u IS alyi the inclination of OQ with n‘s]ject to tln‘ hori/ontal axis.J 
llenco, 

4 /^{pP,c(>H u) \'K” ' //,-)] 

.lif/i pEjeosd 

Substituting this \'aluo for AiC/AiHi in tin* above e(|uation, w'e have 
(r^II pEjvVS (I 

Whence, LS{pE Ivos ft) (f\H \2p~Jl ^ {r^,- } 

I'herehire, ro])reseiits the J“/i loss in the series im^iedaius*, to the scalo 
1 cm. - pE 'cos a W'atts, when the current is rejn’esented by 

Power expended in the branch circuit of constant impedance. The jiower 

expended in this portion of tho circuit is given by P^ 

Now tho triangle Fig. In, is the voltage triangle for the .system, 

the side 0.4, representing tho supply voltage, OO, the voltage drop in the 
.series impedance, and the voltage at tlio teiminals of the parallel 

branches. 

Since tho vector OA, repro.sents tho short-eireuit curriiiit to a scale of 
1 cm. = jy amp., and this current is given by tho .same vector, Od,. 

will also ropre.sent the. siip]ily voltage to a scale Z, times tho current scale, 
i.e. tlio scale for voltage is 1 cm. — pZ^ volts. '’Ilierofore 
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siiicn ^ wlioiv .r^, arc Hu* OD-ordiuntos of tlie 

Bhoi*t-rirfMiit jioiiit /I,. 

iOxpHridiiig tJiiH t‘\f)ros.sion and .snhstifiitiiig for .r- | //’ from ofjuation (47), 

w« III we 

Po -- {p’‘y^iVn,) !»•('•.-'»•,) + -/(-/„-%)- 1 (V-n“) I (.'//- v,*)-r*j}. 

WhoTins 

'/(Vc-?/a)- r(V-V) I 
VLK.-.'-J^ ^ (.'/c-.v.)M 

== V Hr, - -I (y„ - .f/.A', 

sinre the expression 

y(.Te - r,) I- niHc - ?/») - f (-^c* - ^«'‘) + - ?//) - 1 

V I K - -''J” + (!/f 

represents the jierjiendieuliir tlistanee, of the point x. // (i.('. the jioint f7j) 
from the tangent at ^Ij. Therefore the tangent at tli(‘ short-eirenit ]>omt is 
the datum lino from wliieli the power expended in tlio branch of constant 
iinpedanco is measured, the scale being I cm. -- ( r^. - 

watt H. • 

The proof for the aJternait^r mtthod of obtaining this ])ower is as follows : 
Tf from the no-load point, /? 2 , and the ])oint f/j. Fig. 77, iierixMidieulars, 
(^iKf and jiarallels, drawn to the tang(*nl, - I, F, then from 

the similar quadrilatt'rals Ajl)a/\ 2 f 

B^e B^K^ B^K^ 
ah aKz i\K 

Also, if from the ])oint.s B^ and a parallels an* drawn to the semi polar Wj 
we liave, from the similar tnangl(‘s (uh^ VIK\^, 



1S.P 

ab 


HJ- 

ac 

or 



lUi ~ 

ac 

Whence, 

M- 

Ji,K, 


ar 

(f^K. 



ac 


Ji,K, - 



Now J5o/ and both rejiresoiil tho same quantity, viz. the fiower 

cxpende^^^ in the fixed branch at no load, the scale for tho former being 
1 cm. pBffOfi a watts, and that for the latti'r being 

1 cm. ---- + {y,-y,n watt.s. 

Therefore 

B,f(pE!oo^a) - 1 ('/,-%)*]} 

_ {y^WIP^WHrc - rX + (V,-?/.)*] 

B^K^ p/?/eos a 

ac 

^ (T^ 

i.e. acipKIcoa a) = aiK{{p*Z,<‘ll{,W f (r^ - aij* + {y, - yXI } 
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Therefore ac r«'])resonts tlio ]3ow’or ox]'K*nc]etl in the brancli of fixed irftpe<lance 
when tho current is roprest'nU'd by OOi, the scale Ix*inj4 1 cm. --- pK Icon ti watts. 

Power expended in the branch circuit of variable impedance. The powt>r 

expended in this jiorlion of tlio circuit is pjiven by 95^. Since 

is constant, and and 1 2 are represented by pZ^Jr^A^ and 6\/i2[p(l +Z1/Z3) ] 

respectively, the power P2 projxirtional to tho scalar product of OiA^^ 
and 6 \J 3 g, which is proportional to the length of tho perpendicular drawn 
from Gi to the lino, A^Bz* joining the no-load and short-circuit points. 

This power, however, may bo represented more conveniently by the 
intorcoj^, made by tho circumference and tho lino line, 

G^Wy drawn from G^ jiarallel to the lino, FT, which joins tho point V (at 
whicli tho tangent, ^iF, intersects tho semi-polar, VU) and the point T (at 
which the lino, A^B2Ty joining tho no-load and short-circuit points intersects 
tho horizontal axis), as the scale is then 1 cm. pEjcoA b, where b is tho 
inclination of tho lino VT with respect to the vertical axis. The proof is 
as follows — 

If from a a parallel to A^V is drawn to intersect G-^S at r/, and from d a 
horizontal line, dZV, is drawn to intersect the line (\S (which is ilrawm parallel 
to FT), tho •point of intersection, iS 7 , is coincident with that of the linos A^B^T 
and 6'iN, as is apparent from tho geometry of Fig. 77, the triangle aNd Ixung 
similar to tho triangle A^TIJ. 

[Notp:. The line joining tlu* points a mid d is not shown in Fig. 77.] 

Now tho portion dSy of OyS, is made up of two parts, dL and LS ; tho 
former roprosonting tl.*i power expended in tho Jiranch of fixed impedance, 
and the latter representing the Pll loss in tho series impedance, the scale in 
each case being 1 cm. — pB/cos a watts. U'heroforo the ordinate at d, or, 
alternatively, tho ordinate at N, represonts tho power oxjiondod in tho fixed 
portion of tho circuit, the, scale being I cm. --pB watts. Hence, NW 
represents this jiowcr to tho scale 1cm. -= pB /cos watts, w'here 6 is the 
inclination of F 7 ’ to tho vertical axis.* 

Tho remaining portion, G^N, of G^W must therefore represent the power 
Bupjilied to tho variable branch to the scale 1 cm. — pB/cos 6 watts. Since 
d is usually a very .small angle, tho power scale w'hon measuring parallel to 
FT is practically » equal to the power scale when measuring along tho 
ordinate. 

Therefore in the loatl diagram the power expended in, or supplied to, all 
yjarts of tho circuit is obtained by drawing from Oi (i) the ordinate O^My 
(ii) a parallel, 6\lf, to VT. (iii) a parallel, 0\*V, to tho semi-polar VU. 'J'he 
power taken from the supply system is then given by tho ordinate, G^My 
the scale being 1 cm. =- pE watts. Tho power exyiended in the series 
impedance is given by the intercept LSy or, alternatively, by the ordinate 
at ]jy the scales being I cm. == pB/cos a watts in tho former case, and 
1 cm. — pE watts in tho latter case. Tho pow(*r exyiendod in tho fixed 
portiorA of the circuit (i.o. tho series impedance and tho fixed branch of the 
jiarallel portion of the circuit) is given by A’ IF, or, alternalivoly, by the 
ordinate at A, the scales being 1 cm. — pEJeos d watts in tho former ca.se, 
.and 1 cm. = pE watts in the latter case. Tho power sujipliod to the* variable 
branch of the circuit is given by GiN, or, alternatively, by the difference in 
the ordinates at 0 i and N, tho scales being 1 cm. pEjeoad watts in the 
former case, and 1 cm. — pE watts in the latter case. 

Tho efficiency, i.e. the ratio (power supplied to branch of variable impe- 
dance /power taken from supply system) is given by GiNJOiW. 

Now, if tho lines A^B/T and V'T are produced beyond T, and any horizontal 
line be drawn to intersect their extensions at I and h, respectively ; and if Gi 
be joined to T and produced so as to cut this horizontal line at k, the efficiency 
is given by Ikllh. Thus, if from k a lino, km, is drawn parallel to FT to 

* The line VT may be called the total loss ** datum line, since the length of the per- 

pendicular, O^J, drawn from lu proportional to the Intercept l^W. 
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intcrsoc^ 77 anti tho lionzontal axis at n anti ?n respectively, v\o have, from 
the similar trianf^les 7Vt/, nkl 



}ih 

IL 



Th 

Ui 


Hut 

11 h 

ilk 

(!,S 


nik 

Th 

(1,\\ 

Tlitiiofd 

Ih 

(,\X 



Ih 

O'. 11 



IltMift* it III ht' (iividetl into lt)() tMpial paits, witli tho zoio point at / and the 
loo ]>oint at A, th<‘ ])oi ooiit a^o olTit iono> is oivon tliiotll\ by tlio soalt* loading 
at 4 (i o tho |)om1 at winch tho lino |onniig .ind intc'isotts the* scale) 



Fic; 7.S ('oust I nc I ion ol Xo-load and Shoi t cm nit Diagi.nii tioni 
Data ot iVo lo.id and iShoi t one int '^Pc^sls 


Construction of the load diagram from test data. For tho case, 
discussed above, avIutc tlie po\^er factor of the variable branch 
circuit is constant and the iinpt'dance of this portion is variable 
between zero and intinity, the following construction for* the no- 
load and short-circuit diagram may be adopted when the magnitude 
and leases of the no-load and short-circuit currents arc known. 

Draw ri'ctangular axes OX, O V, and from the origin O draw the 
vectors OB 2 , OA^, Fig. 78, to represent the no-load and short-eireuit 
currents, resp(*etively, to a convenient scale, the inclination of 
these vectors t(^ the vertical axis being (ff^ and 99 , respectively. 
Join the points and A^ ; bisect this line at F, and draw the 
perpendicular at FQ. From B^ draw the lino B^Q to intersect this 
perpendicular at Q, ’which is the centre of tho current circle. The 
angle which B^Q makes with the horizontal axis, B^X'^ at B^ is 
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equal to + 2y),*whero cos is the power factor of the variable 
branch (cp^ being positive for a leading power factor and negative 
for a lagging power factor), and is the angle OA^B^. H(‘nce when 
the power factor, cos variable branch is kKjging, B^X^Q 

is drawn below horizontal axis, B^X'', the angle X'^B^Q bcdng 
equal, numerically, to {(p 2 - 2y))* ; but if the ])()wer factor is leading. 
B^Q is drawn above the horizontal axis, B^X". and the angle X^B^Q 
is equaf, numerically, to I 2y»).* 

Ptoof. A rofoieiu'o to F\^. 74. wliifli lefeis to llio riiso wlioii tlio powor 
factor of tlio variable branch is ami tht‘ no-load pcunt lu's below the 

short-circuit line, will show that the line eontaiiuu^ tin* cenlro of tlio 
current circle is inclined at the anjile q'^ Mith res])eet to tlie horizontal axis 
AX\ this anajle beinj' below the liorizontal axis liecuust* tho ])ower factor is 
laerj^in*'. Now sinco tho anglo-, AQB^. XA^liy. Iioth subtend the same arc, 
of the*circlo but tlie foniicr ati^lo is at tlie centre, and the 

latter is at the circumference, of tlie circle, the angle AQP, is double tho 
angle AA^P^. Hence the angle which the line BJ.} makes with ;i horizontal 
axis drawn through B^ eipial, numerically, to 7 ^ - 2y>. Therelore the lint* 
B^Q, Fig. 78(«), which is im lined at an angle eipi.tl to - 7 , 1 Sy* - -{T 2 ~ -V')* 
with respect to the hori/eiital axis B,X\ passc's thiough the centre of the 
circle. * , 

111 a similar iiianner it may bo shown that when tho jiower tactor of the 
variable branch is leading, the line B/^. Kig. 7 S(^), winch is inclined at an 
angle ecpial to -|- rp^ {- 2ip wnth res])oct to the ht'rizontal axis B^X". passi's 
through tho centre of tho (vn*lo. 

The diagram is coiiqiletcd l)y constructing the efficiency scale 
and drawing the datum lines for m])ul, ()ul])ut, etc., in the manner 
already dese ribed . 

Application of !he load diagram to practical circuits. Wt' liave 
shown how the no-load and short-eirenit diagram may be eon- 
stnieted for sitnph* eireuits consisting of impedances arranged in 
series or series-parallel, and how the pi*rformanee of th(\s(' eireuits 
may bo obtained from the extended form of this diagram. We shall 
now show how the diagram may be apjtlied to the more gt‘neral 
case of the series-xtarallel circuit in which one branch contains both 
fixed ^nd variable impedances. This type of c*iri*uit is shown in 
Fig. 79, and is representative of the (‘(jui valent circuit of a com- 
mercial transmission line, as well as the (‘qui valent circuits of a 
static transformer, a x)olyphase induction motor, etc. It is 
apparent, therefore, that the load diagram of Fig. 75 has an 
extensive application in practice. 

Although the no-load and short-circuit diagram for a series- 
parallel circuit of the type shown in Fig. 79 may be constructed 
without difficulty, the iierformanee of the circuit cannot fu' 

♦ If tho no-load point lies above tlio sliort-cirouit line, i.e. if "'W,* 
in Fig. 78 (r), the negative sign must b<* given to 2q. 
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deterrftincd completely from the diagram without a knowledge of 
constants of the variable branch. Such a circuit, however, may be 
replaced by an equivalent circuit of the simple series-parallel type, 
and the performance of the former may be deduced from that of 
the latter in the manner shown later. 

Equivalent series-parallel circuit which replaces a general circuit. 

The general series-])arallel circuit shown in Fig. 79 is the equivalent 

of a large numbe? of prac- 
tical electric circuits, and 
the performance of the 
latter may be deduced 
from that of the former, 
provided that the induct- 
ance and c&pacity are 
constant with varying 
currents, and that the 
supply voltage and fre- 
quAcy are constant. 

In the general circuit one of the parallel branches consists of a 
fixed impedance, connected in series with a variable impe- 

dance, Z 2 l(p 2 (called the “ load ; the other branch consists of a 
fixed impedance, Z^jq^s- A fixed impedance, (called the 

“ line ” impedance), is connected between the parallel branehes 
and the supply system. 

Consider now the voltages and currents at tlic supply and load 
ends of the circuit when (a) the load is open circuited, (b) the load 
is short circuited. In the former case let the line current bo denoted 
by /q, and the voltages at the supply and load by respec- 

tively. In the latter case let E^g denote the value of the supply 
E.M.F. necessary to obtain a current I 23 in the short-circuited load, 
and let lu denote the corresponding value of the supply current. 
Circuit and vector diagrams representing these eonditibns are 
given in Fig. 80. 

Then, 

Io=-EJ(Z, + Z,)=E,,Y, .... (48) 

where = l/(-?i -?^ 3 ) is the “no-load admittance” for the 
circuit. 

Also, 



Fio. 79.- -Ccneral SoricH-parallcl Circuit 


¥2 = ¥to - foZ, = E,, - E^oZrTo = - Z^Yo) • (49) 

Hence, 

EioIE 2 = II(\-Z^Y,)==\^ZJZ^=C^ . . (50) 

where C\ denotes the complex number 1/(1 - ZiY^) = 1 + ZJZ^. 
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If is the phase difference between E^^^ and thenri=Cic^i 

[Note. — y}^ is positive or negative according to whether E2 is 
leading or lagging with respect to E^^^. ] 

Agam, when the load is short-circuited, 

/is /2s “f* /js* 



Kif, 80 Ciicuit and Vt f tor ams lopK'spiitiiijz 

No load and Short cuciiil C<»iiditions foi a (Jt noral 
Soiios pai allot Ciicui^ 


where is the current in the parallel branch of fixed impedance 
Z3 But I^s -= /2s (^4/^3)- Hence, 

•Iis=^hsO 

i.e. /i,/./2s = l t- ^4/^3 -('2 (* 51 ) 

where ('2 denotes the complex number (I + If ^>2 

phase difference between 7^^, and 72,, then (^2 -- ^^2^^^** 

[Note. — ytg positive or negative according to whether 1 2 s is 

leading or lagging with respect to /j,. ] 

Also, 

Eu = IisUEi + EsEJiZs 4 z,)] = luZ, . . ( 52 ) 

where Z^ [= + Z^ZJiZ^ + Z^)] is called" the “short-circuit 

impedance “ of the feircuit. 
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\\\\vnvv, 

VoZs (•'^3) 

Jx*t lilt' load inipc‘(Iaiic*o now havr a valu(‘ Zg, and lot the sujiply 
voltage bo adjusted so as to give a voltage* of E^ at*thc tofininals of 
the load. Moreover, let the load current under these* conditions be 
/o, the suj^ply voltage and the* line current Th(*n the line 
current may be* considered to be* maele* up of two coinponetits, one 
being the* no-load current e*orresj)e)neling te) the supply voltage E^, 
and the othe*r being the line she)rt-circuit current corresponding to 
the le)ad short-circuit e‘urrent I Similarly the supply voltage may 
be* eonsieleTcel te) be made* up e)f two comi)e)ne*nts, one being the; 
supply ve)llage‘ neee*ssary te) e)btain a ve)ltage* E^ at the te*rnunals 
e)f the* load at ne)-load, anel the* e)the'r })e'ing the* supply voltage 
ne*e'essary to eibtain a load current e*(pial le) vhe*n the load is 
short -e*ire*uiteel. 

H(*ne*e*, 

! \ .^1 s I h} 

— ( 2.^2 I ) n 

(.\h+(,\E^Yo .... (54) 

- ^^ 2 ((' 2/^2 1 {\Yo) .... (54r/) 

sinee* 

Also, 

1 1 (V2^s . . . (r>r>) 


* oxproshioii IS obtHiDcd by snt>stit utiii’Z tor n'diiciiig, and tht*ii 

siibstilutinp in tornis of C iC Tims 

G, 1 

{Z^ I Z^) {Zj 1 Z,) 

Now^.iiuor^ 1 I ('j 1 ' Me have 

I I; 


y..z 








= 1 - 




Jlence. 
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If equation (54) be nuiltiplied tliroughout by and is then 
subtraeted from equation (55), \\(‘ obtain 

- V1E2 I CJiE - (('«/.,-?, {\ea\;a^) 

- - Yo'As) 

-■ FUCi- 

since ( 1 *- Y„ZJ - I 
Whence. 

E, - CAEi-IiEA :•■><>) 



Fit,, hi Sim[)lr StM'ios pntalit'l Circuit t (jui\ .ilt iit 
to llu' (i(Mi(‘rul (’in ml ol 7*J 


Substituting tliis \alu(‘ in (‘([nation (o4u), \\r olitain 

^ I ('iTJ 

- (/il-AZ.) ((V/^2 I 

1.(‘. in tlu' g(‘iu‘ral c in nit the lim* eiirn iit, ( on esjioiuhng to a 
given su])|)ly voltage, and a ^larticular ^alu(*, the load 

impedance, is given hy the ])roduel of tvo (juantities ; otvliicdi 
om*— (( './/Zo -1 o)" jf^bit admittance ot the 

two jiarallel brandies of a simiile series-] larallel circuit, and the 
other — (J^i - /i^s) n‘pn‘sents tlu* voltage across 1hes(‘ liranches 
when tfle sujiply voltage is the liiu* eurn‘nt is and th(‘ series 
imiiedance is Z^. 

Hierefore the gen(*ral series-parallel circuit of Fig 79 njay lx* 
rejjlaeed by the e(juivalent simjile s(*ries-parall(*l circuit shown in 
Fig. 81 , in whidi the series impedance has a \ahj(‘ equal to the 
short-circuit impedance of the g(*neral circuit, i.e. Z, E,-iE 4 /(' 2 ; 
the fixed branch of the parallel portion of this circuit, Fig. SI, has 
an admittance equal to (\(^2 thnes the “no-load admittance” 
of the general circuit, i.e. — {\V 2 Y 0 ~ 

— ^1^2 ^ ^ i A'ariable branch has an admittance 

equal to times ;the admittance of the “ load ” in the general 
circuit, i.e. Fj, = 6’a^/^2 = 
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In cbmparing the general circuit of Fig. 79 with its equivalent 
circuit, Fig. 81 , it is found that, for any particular value of the load 
impedance in the general circuit, the same value is obtained for 
the joint impedance* of both circuits, and therefore if the same 
voltage is impressed on both circuits the line ftirrentw and the 
power taken from the supply system will be the same for each 
circuit. 

The voltage at the terminals of the parallel branches of the 
equivalent circuit is given by (E^-I^Z^), which, as is shown by 
equation ( 56 ), is equal to E^l(\, where E^ is the voltage at the 
terminals of the load in the general circuit. 

The current, 7 ^, in the variable branch of the equivalent circuit 
is given by 

h n^2/r2 

Hence the power, supplied to the variable branch of the 
equivalent circuit is given by 

E 

Pb Ci /a'cos (q?2 + 2^2) 

^'2 

= EJiCO&{(p 2 + 2 ^ 2 ) 


cos (y»a -[■ 2^2) 
' cos (P2 


• ( 58 ) 


where power supplied to the load in th(‘ general circuit. 

Thus, according to the signs «and magnitudes tf 992 V^2 


* The joint impodiiiuT of tlio gonomi firciiil of Kig. 70 is given by 
y ^ 1 \ 7 4 ^ i i) 

• ■ •* ( 1 /^,) [ii{z, I x,)\ • ‘ i X, h 

and t}iat of the equivalent eireuit is given liy 

Substituting for Z^, C C\(J 2 .T 0 valiie.s , 

. ^ \ ^ JY. , W 


we have 




ri v _ ' o y • I 

c.Os Yo - (l-Y^ZJ •» z,-i z. 


r.(' ' »’ 




•?3 I -^3^ -^3 

z. + z, (Z^ + Z^Y i- Z,{Z^ t- / ,) 

_ {Z 1 , 


^7 ■ ■g .^4 , 

Z, + Z, ' {Z^ \r ZY)(Zi-Y?'zVZ^ 

_ 7 ■ + -g 4 ) 

• ‘ 2, + z, \ z^ 
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power supplied to the variable branch of the equivalent circuit may 
be equal to, greatt'r than, or less than the power supplied to the 
load in the general cireuit, but the ratio of the quantities is constant 
for a given circuit. 

The power, •P,, expended n the series impedance, Zj,, of the 
equivalent circuit is given by P, = I^^Rs, where P, is the “ short- 
circuit resistance ” of the general circuit, and includes the resistance 
of the® line impedance, Z^, as w(‘ll as the joint resistance of the 
branch impedances Zj, Z 4 , but not the resistance ot the load. 
Hence the power ex])ended in the senies impedance of the* equivalent 
circuit for a givcm value of the linc^ curnmt represents the UR, or 
copper, losses in all ])arts, exce})t the load, of the general circuit 
for th" same value of the line current. 

The power, P^, suj)plied to the fix(‘d branch of the* parallel 
X)ortion of the c'(puvalent circuit is best expressed in symbolic 
notation and is givcni by 

Va - -E.rYo(\lV2 • • • (^ 9 ) 

If the power supplied to the* gcmeral circfiit at no-load is denoted 
by Po, then wh(‘nce - Pojl^. Therefore 

Fa - 

or raiF2lCi) -= FoiF2lFir (59a) 

Now the power siipplii'd to the gi'iieral circuit at no-load is 
expended in ( 1 ) the magnetic (hysteresis and eddy-current) losses 
in the iron portions of the c-ireuit, ( 2 ) the losses in the dielectrics 
surrounding the conductors, and in the dielectrics of any condtmsers 
included in the circuit, (3) the UR losses due to the no-load current. 
Hence if the no-load I^R losses are ignored, or P^ is corrected to 
allow for these losses, then the quantity Pa(^ 2 l^i) represents the 
magnetic and dielectric losses in the gcuieral circuit, since the 
dielectric losses vary as the* square of the* E.M.F. impressed when the 
frciquency is constant, and the magnc*tic iron losses vary approxi- 
mately as the square of the induced E.M.F. 

[Note. — Magnetic losses are considered in detail in Chap^ier XI.] 

Thus the performance of any circuit which can be reduced to a 
general series-parallel c'ircuit may be obtained from the performance 
of the equivalent seric's-parallel circuit ; the constants of which 
may be determined, as already shown, either directly from those 
of the general circuit, or indirectly from no-load and short-circuit 
tests as described later. 

Deduction of performance of general circuit from the load diagram 
for the equivalent circuit. The no-load and short-circuit diagram 

11— (6246) 
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for the Equivalent circuit is constructed in the same manner as 
that for the simple series-parallel circuit, but care must be exercised 
in obtaining the correct phase angles for the equivalent admittances 
and impedances. For example, the admittance vector, AB, Fig. 82, 
for the branch, of constant admittance is set bff at ^n angle 
equal to =b Vh ± ^^ 2 ) with respect to the vertical axis, 

being the phase angle for the no-load admittance (i.e. cos (p^ is the 
no-load power factor of the general circuit), and ar^ deter- 

mined as shown later (p. 167). The hmgth of this vector on the 



admittance scale is equal to The admittance vector, 

ABoz, Fig. 82, for the variable branch is then set off at an angle 
equa’ to (± 992 -b 2 ^ 2 ) with re.sp(‘ct to the vertical axis, cos (p^ being 
the power factor of the load in the general circuit. The inversion 
of this line with respect to A gives, therefore, the locus of the joint 
impedance vector for the parallel branches of the equivalent circuit. 
Observe that the line AQ, Fig. 82, is now nclined at an angle equal 
to (i 9^2 i 2^2) with respect to the horizontal axis. 

The Vector representing the series, or line, impedance in the 
equ valent circuit is then drawn in position, its inclination to the 
vertic 1 axis being equal to ± (p^, where cos tp^ is the power factor 
for the general circuit when the load is short circuited. Finally, 
the inversion of the impedance circle with respect to the origin, 0, 
is obtained, and the scale is changed so as to obtain the no-load and 
short-circuit points, B^, A^y respectively. 

The load dia^am,' Fig. 83, is obtained by drawing the semi- 
polar, VU ; the tangent, A^V, at the short-circuit point ; joining 
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the no-load and short-circuit points and producing this line so as 
to cut the horizontal axis at T ; and drawing a line through the 
short-circuit point, A^, and the point of intersection, U, of the 
semi-polar and the horizontal axis, (\\aetly as in the ease for the 
simple series- j)arallel circuit. 



Th§ performance of the general circuit^ when the line current is 
represented by the vector OG^, is deduced from the load diagram 
as follows — ^ 

The power input from the supply system is given by the 
ordinate G^M. 

The power supplied to the load is given by G^N^ [cos 
where G^N^ is the difference of the ordinates at G^ and N ; N being 
the point of intersection of the lines G^W and A-JI^y former 
being drawn from G^ parallel to VT and the latter being drawn 
through the no-load and short-circuit points.. 

The PR, or copper losses, in the circuit are given by L^M, which 
is the ordinate at L ; L being the point of intersection of the lines 
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G^S and A^U, the former being drawn from G^ parallel to the semi- 
polar, and the latter being drawn through the short-circuit point 
and the point at which the semi-polar intersects the horizontal 
^ axis. This loss may be expressed as a percentage of the power 
^ input by constructing a “ percentage PR loss ” sejtle as follows : 
Draw any c*onvenient line, paralhil to the horizontal axis, to intersect 
the semi-polar, VU, and the line A^U ] divide the intercepted 
portion into 100 equal parts, the zi^ro being at the point of 'inter- 
section with the semi-polar. The percentage PR loss is then given 
by the scale reading at the point where the line joining the points 
Gi and U intersects the scale. 

The 7 mgnetiCy dielectric y and losses other than PR losses are most 
conveniently obtained by calculating the difference of the power 
input and the power sup])lied to the load together with tlu* P^R 
lo.sses. If th(‘ losses are to be obtaiiual from tlu' diagram, it is 
necessary to subtract from N^Lj^ (which is th(' difference of the 
ordinaU's at N and L) the quantity 

i T2 

’VcOS(952 I 2v»2) ^ 

The scale for the above quantities is the “ ordinate power scale ” 
which is E tim(*s th(' cairnmt scale of the diagram. 

'Jlie efficiency scale is obtained by drawing any convenient line, 
parallel to the horizontal axis, to int(‘rsect th(‘ lines A^Ty VTy or 
their (‘xtensions. Tlie portion thus iiiterce])ted "is th(‘ri dividt‘d 
into 100 [cos 992 (9^2 + 2^92)] f'^iual parts. The efficu‘n(‘y of the 
general circuit, i.e. the ratio 

power suppli(*d to load 
power taken from supply system 

is them given directly by the seak‘ reading at tlie ]:)oint where the 
line joining tlu' points (x^ and T, ])rodue('d if necessary, intersects 
the scale. 

The Current in the load is given by G1B2IG2, where the 

absolute value of the* complex number (\ The* scale is the same 
as that for the line current. 

The voltage at the loael is given by G^A^ X G^- 
Determination of the no-load and short-circuit constants of a 
general circuit. The construction of the no-load and short-circuit 
diagram for an equivalent circuit involves a knowledge of the four 
quantities C^y Y^, These quantities are called the “ no-load ” 
and “ short-circuit ” constants of the general circuit. As already 
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shown, they are not inde| 3 endent of one another, biit*are con- 
nected by equation ( 53 ), p. 158 , which may be* ex})rt*ssed in the form 

, r 1 1/Z, 

If numerator and (h'nominator aie mulliplh'd In we obtain 



• > • “ (A’, - K, Y„ 

= !J{!s-i„) .... (('.0) 

wIktc' f^{—-E^lZ^) is tlie short -cireiiit current, and /,,( K^Yn) 
the no-load current, taken by the gcua^ral circuit wIk'ii tlu* supjily 
voltage i. A\. Thus the jmxluct (^('2 e(|ual to the quotkait of the 
short-circuit curnuit at normal supply voltage^ and th(‘ \ector differ- 
ence of the short-circuit ciirnuit and the no-load curnait : it is 
therefon* rt'adily obtainc'd from no-load and sliort -circuit tests. 
For (‘xample, in tl¥^ no-load and short -(‘ircuit diagram. Fig. 82 . the 
absolute' value* of the prexlue‘t (^('2 given by (\(\ — 
anel the* argument, y\ |- y’o^ givem by the* angle* OA 1^2^ value 
of which d(*])('nds upe)q the relative* phase* diffe‘rene*es of the no-load 
and sheu't-circuit e'urrcnts, e.g. 

tan(^i -1- y)2) -= |/„sin((7?^ -q\) \l[h- - T^)] • (^ 1 ) 

Tn cases where* the* i^hase differences of the* no-le)ad and short- 
cire*uit curie*nts* with res2)ect te) the* su]iply voltage, are approxi- 
mately equal, the angle OA^B2 will be small, and the v^alue of the 
product C-^C2 luay be obtaine*el by a simj)le eale'ulation instead of 
by geometrical eonstruetie)n or com])lex algebra. For example, 
when cpf, is approximate*ly eejual to the produet C^C2 is given 
with sufficient accuracy for ])ractical ]nirposes by 

^ C\C2 -= .... (02) 

Me^reover, with symme'trical e*ire*uits, i.e. those for which 
Zj — Z4, ('j —('2 — (’)* Vh ~ V’2 “ V’ ■ wlience, from eepiations 


( 53 ), ( 60 ), wo have 

^ VIV(1- (53a) 

- VlIs-JoU ( 50 a) 

C = v/[/,/{/,-/„co.s(y>„-7>,)}J . . . ( 62 a) 

tan2v^ = r^s''i(y’o -?’•<) J/IA-^‘' o«(7’o-9"s)J • • (^l®) 


• Tliis follows from oquation (.Tl) by substiliitinp Z, — Z,, thus 

(?, = 1 -f {ZilZ,) =6’, 
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With unsy 111 metrical circuits, i.c. those in which Zi and Z4 are 
unequal, the angles under suitable eonditions, be 

determined by measuring directly the phase difference between 
the E.M.Fs. at the supply and load terminals at no-load, and the 
phase difference between the currents in the line and load at short 
' circuit.* But if and are small it will be difficult to obtain 
these angles accurately by measurement. Hence in this case, and 
in other cases where it is impossible to jueasure these phase differ- 
ences directly, the anglers xp^, must be obtained indirectly by 
carrying out either a no-load or a short-circuit test from the load 
end ol the circuit in addition to the ordinary no-load and short- 
circuit tests from the supply end. 

For example, if in the circuit of Fig. 79 the supply and load arc 
interchanged, i.e. the impedance is ])laced in the su])]>ly circuit 
and the imj^c'dance Z^ is placed in the load cin iiit, and it the no-load 
admittance' and the short-circuit impe'dance under thi'si' conditions 
are denoted by Z\y n'spc'ctively, \v(' have 

Y'o = I liz, +,z,), z\ - z, -I z,zj{z, -I- z,). 

Now for the original circuit the no-load admit tance and the short- 
circuit impedance arc given by =■ ll{Zi I Z^). Z^ — Zi-\-Z^Znl 
(Z3 + Z4), respectively. 

Whence 

Y'„ Z, \-Z 3 _l I ZJZ3_(^ 

Y„ Zs + Zi ^+ZJZ3 (', 

and '■ 

z, z, -t [Z^ZJiZ^ I Z,)\_ \z, (Z, I Z,) + Z^Z,] {Z, ] Z3) 
Z's Z^ + IZ, ZJ{Z, ( Zj) J [Z, (Z, > Z3) + Z, Z3] (Z3+Z,) 

_ 

+ •^4 (2 

Therefore, 

Cl 

, (’2 Vo z,' 

V2 ^ o 

Whence 

= Y,'IY„^ZJZ,' (63) 

and 

Vi-y>2 = <Po 


* Methods of determining these quantities are described in Chapter XV. 
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or, since 

2(v>i - ipi) = To -To + T-- Ts', 

Vi-fi = Wo -To 'rTo-Ts') ■ ■ • • (fi-ta) 

These equations and those (60), (61), given on page 16o enable 
the four quantities C^, C.^, i/q, to be readily calculated. Thus 

Cl •= \/[7oT.' (1 - ro^^s)! = Vlfolsllo if. - /<,)! ■ • (65) 

(^’2 = VlYo'/YoC - Yo - VUo' !sli„(i,-i,.)] . . (66) 

where is the no-load currcMit, at normal voltage, when the supply 
and load are in erehanged.* 


Wi = U(V’i + V' 2 ) I- (V’l- y’ 2 ) I 

C()S(f/J„ -<f\) 


\(T>.-9s i To' -To) I ■ 


T2 


2 [(Vi I- V’a)- (V'l- V’ 2 ) 

,r, , Io^in{<I„-T-) 

l[tan-i - , 

I, - /„ cos((7;„ - <i\) 



•lo-To'\] • 


(67) 

(68) 


The phas(; difforonct's (p,„ 99^, aj’^‘ calculatcHl from the 

power and ^olt-am^KM’(* iii])iits at no-load and short-circuit respec- 
tively ; the ])ower input b(‘ing measured by a wattmetiT and the 
volt-ampere input being measured by a voltmetiT and ammeter. 
Thus — • 

cos cp^ — where is the power input, the supply 

voltage, and the line cm rent a‘ no-load 
Similarly, 

cos 973 = where P, is the pow(*r input, thesupjdy 

voltage, and 7^,, the line current at short-circuit. 

Construction o£ the load diagram for a general circuit from 
test data. If the impedances of the s(»veral branches of a general 
circuit are unknown the no-load and short-circuit diagram must be 
constructed from data obtained from no-load and short-eirewit tests. 
The data required are : (1 ) the no-load and short-circuit currents 
at normal supply voltage, (2) the phase differences of these currents 


* Alternatively, if Iho voltaROS at the supply and load terminals can be 
measured accurately at no-load, and these voltages are denoted by 
respectively, then Ci = EiqIE^q. 

Again, if the currents in the line and load ])ortions of the circuit can be 
measured imder short-circuit conditions, and those currents arc denoted by 
/,,, respectively, then 
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with respect to the supply voltage, either the phase ditference, 
between the no-load current and the su])ply voltage when the 
supply and load terminals are interehang(‘d, or the phase difTerenee, 
(p\, between the short-circuit current and the supply voltage' when 
the supply and load terminals are interchanged. 

The vectors 0/1 OB^s Fig. 84 (u), re'presenting the normal, no- 
load, and short-circuit currents are drawn in th(*ir correct positions 
with respect to the' axis of reference, and the' ce'ntre e:)f the c^lrremt 
circle is determine'el as fe)llems : Join the no-load anel shea t -circuit 

i 




(<0 [ v ) 

Fio. St. — Construction tor IX ti'i inininj^ OmiIh* of Ciiiicnt 
Cue 1(‘ 

points, bisect this line at O, and draw the' ])e'r])e‘ndit'ular DQ. Freim 
draw the line B.^Q ine*lined at the angle (iL 9^2 ^ '''ith the 

horizontal axis B^N' . Then the point, wht're this line iiite'rsects 
the peri)enelicular DQ is the centre eif the circle'. Olise'rve' that the 
angle Fig. 84 (a), may be exprt'sseel as 

VPi - (?i + V’ 2 ) - (Vi - V’i)] =Vi - - ip^), 

and if (xp^ - xp^) neglected the' angle X'B^Q bece)mt's e'epial to 
(e ^2 “ ^OA^B^) \ the sign e)f the angle' OA^B^ being dt'teripined 
with refere*nce to the short-circuit line OA^, i.e*. the angle 0/4ji?2 is 
positive when the* no-load ])oint lie's above the' sheiri-circuit line, 
and xnce versa. Moreover, if (p 2 — 0, and xp^ ~ angle 

X'B^Q is equal to the angle OA^B.^, and the const rue-tkm shown in 
Fig. 84 (6) may be adopte'd for obtaining the centre of the cire-le. 
In this case a ve'rtical, B^F, is ereete'd from the no-load i)oint 
to intersect the short-circuit line at F. The portiem is bisected 
at Ky and a joerpendie ular KQ is drawn te) inte'rsect the line DQ 
at Q, which is the centre of the circle. 




See remarks on p. 156 for moaning of signs. 
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Proof. In Fig. 82 tho line which contains tho f’ontro of t\>e circle, 

is inclined at the anglo - + 2^1,) with respect to the horizontal axis AX'. 

Now tho angle AQB^ is equal to t^dce tho anglo AB^B 2 ' since tho latter 
is equal to -f- V’ 2 )’ anglo AQB^ equal to 2{^\ -| y»o). Hence, since 
the angle X"B 2 Q, Fip:. 82, is equal to the difTorence of tlio angles X'AQ and 
AQBo. i.o. Z.X"B 2 Q — {ffi -{- -- 2(i/i, + yi^) - 2y\, a line drawn from 

B 2 at this anglo ^'illi res]>eot to the horizontal axis eonlains tho centre of 
the circle. 

With the construction shown in Fig. 84(fi), wliich may ho adopted when 
9^2 — and yii — i/»o, we liave 

* L^i.QK /LKQP }./,B/^F 2 v'. 



Fjo. 85.- J^oad Diagram for >Serii‘s-paTall('l Heneral Circuit 
(Data in Fxainjile and I’able N'lII) 


Example. To illustrate tho ajqilicatioii of the above priucijiles we will 
now calculate the pi*rformance of a syminotrical senes-] laralh'l general circuit 
for a v^iablo load of 0*95 power factor (lagging), tho no-load and short-test 
readings for tho circuit being as follows - 

No-load Vtilts 500. Amperes 8*25. Watts 420. 

Short-circuit Volts 500. AmjK'res 145. W'atts 24,800. 

The perfonnanco will bo calculated for a constant sujqily pressure of 500 volts. 

From tho no-load and short-circuit readings we obtain 


cos (p^ = 


420 

500 A 8-25 


01044 


<Po - 

;t48()(t 

^ 50 0 — Ufi 


0-485 


• <P, = 61» 
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SelocthiR a ciirront soalc of 1 cm. = 5 ampoms, we commence theconstruc- 
fion of tlio no-load nnd shoi*t- circuit diagram by drawing 07?2» OAy, Fig. 86 , 
to reprefiont the no-load and short-circuit currents respectively ; the length 
of OB^ being l-fio (= 8-2.')/.')) cm. and its inclination to the vortical being 
84°, the length of OA^ being 29 (— 145/5) cm. and its inclination to the 
vortical being 61°. 

Next join IS^A-^^ bisect at Z). and draw the perpendicular* DQ. 

Since the power factor of the load is 0*95, lagging, q?^ -- cos* ^0-1^5 ^ 18-2°, 
an<l is negative. Also since the circuit is symmetrical and (p^ > 97 ^, the 
angle OA^B^ is equal to 2i/i and is positive. Hence from B^ a line B^Q is 
drawn inclined at th^' angle - ( 7 ?^ - 29 ») - -(lS- 2 - l_OA^B,)° ^vitlf respect 




Line Amperes. 

Fio. 86 . -P(‘rfonnance (Jurves of Htmcral Circuit (Detm'inincd from Ihe 
Load Diagram of Fig 85) 


to the horizontal axis.* The point of intcrs<‘ction this line with the 
perpendicular drawn from D is the centre of the current circle. 

1 'he diagram is completed by drawing the semi polar, Vl\ the tangent, 
diF, at the short-circuit point, dotc'rmining their i)oint of intersection, F, 
and joining this ]joint to the jioint, T, wdiore the line joining the no-load and 
short-circuit points intersects the horizontal avis. 9’ho short-circuit point 
is also joined to the point, f/, at which the seini-polar intersects the horizontal 
axis. 

The power scales may Ijo determined when the angles of inclination of 
VT and VU with resjwct to the vertical are knovii. By mcasuromonts on 
the diagram, Fig. 85, these angles are found to Ije 15-5° and 14-9° respe dively. 
Henco the po\r(‘r scales are 

1 cm. -- 5 X 500 - 2500 w'atts, for measurements along the ordinate; 

1 cifi. == 2500 X cos 15-5° — 2408 watts, for measurements parallel to the 
“ total loss lino,*’ VT ; 


1cm. = 2500 X cos 14-9° =- 2415 watts, for measurements parallel to the 
semi -polar, F/^ 

The value of 2»/i, obtained from equation (61a), is 

T„ siii(y„ - ,p,) 8-25Kin(S4°-fll'>) _ 0.02345 


tan 2w — _ _ ; 

whence 2 yi = 1-36. 


14.5 - 8-25 cos(84°-. 61°) 


• This construction is best effected by drawing a line, If-C, at uu angle of 18-2“ below the 
horizontal axis and then constructing the angle CB^Q equal to the an^e OAiJi^. 
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Tlio corroetion fad or Ifcs olliririicy scale and 

lor obtaining the power hiipjiluHl to 1 ho load from the intercept, O'lN, Fig. 85, 
is equal to 

cos 18-:3/cos(lK-2 + i:i(i) — 0 1)o/0-l)lL»2 lOOS, 

-and is so close to unily that it may Ix' neglected for ])racticjd purposes. 

Finally, the val^a* of f' i^' calculated from ctpiatioii (t)2u), thus 

~ r,) 8-25 cods r- liT) I 

The pi^rformaiu-c of the circiiil as dedii<-cd fi-om iiu'nsun'ini'nts on the load 
diagram, Fig. 8.5, is given m Tabl«‘ and in the curvi's of Fig. 80. 

TABLF VII 1 

Mc'cisurcd and t'alciiloled (Quantities from Fig. S.5 for Pertorinance 


of Scl'ii's 

1 )a ra 

Ih'l (h 

ncral (’irciiit 




]jine current (amp.) , 


20 

40 

00 

SO 

100 

120 

L/cngth Of/j (em.) 


1 

8 

12 

li) 

20 

24 

( Lcngili (», II * (<‘m.) 
' ^ I’ower (k\\ . ) 


.-{ 

7-24 

tMU 

i()'0:i 

!)-7:i 

2:1-5 

12-28 

29 -(>.5 

14-07 

44-97 

1.5 

40-22 

(JjCiigth (t\N (cm ) 
Output *’ ,, .V > 

^ ^ l*o\\cr (kW .) 


2() 

t)*2H 

5 42 

l.htM) 

>712 

17-2 

7-70 

18-7.4 

7-05 

17-02 

.5 

12-07 

Total ( r.teiigth AdF (cm ) 


0-4 

1 *22 

2()l 

4-.52 

7-02 

10 

lossi's / Power (kW.) 


0!)(** 

2-94 

()••! 

10-91> 

10-9.5 

24-15 

h'”"'**'' (k\V.) 


0-2 

0- 48 

2-49 

2-44 

5-89 

4-48 

10 -.57 

0-91 

10-08 

9-01 

24 

Efliciency (per centj 


8()-8 

81-7 

7;h2 

Of)- 4 

.50- 1 

44-4 

Power factor (per cent) 


72- 1 

80 

78- 1 

74-J 

08 

00-4 


* Parallel to F//. 

t is point of intersection (not marked in Fig. 85) of (/ IT and djf'. 
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POLYPHASE CURRENTS AND SYSTEMS 

The simplest form of polyphase alternator. In Chapter I, when 
considering the simple alternator, it was shown that if the conductors 
forming the coil-sides of the rotating coil were distributed over the 
surface of the supporting cylinder, the E.M.Fs. generated in the 
several turns were not of the same phase (see Figs. 6, 7). Hence, 
if instead of a single coil, a number of coils, displaced from one 
another, an' arranged on the cylinder and each coil is provided 
with slip rings and brush gear, as shown in Figs. 87 (u) and 88 (a), 
— which show the arrangement for two and three coils respectively — 
the E.M.Fs. between the several pairs of slip rings will differ in 
phase. We have then the simplest type of polyphase alternator. 

The mutual phase* diiferences between the .several E.M.Fs. are 
equal to the mutual singular displacements, in electrical degrees, 
between the respective coils. For example, with two coils fixed 
90 electrical degrees apart [Fig. 87 (a)] the phase differences 
between the E.M.Fs. will be 90 degrees, and with three coils fixed 
120 electrical degrees apart [Fig. 88 (a)] the phase differences will 
be 120 degrees. 

Assuming the coils to be rotating uith constant angular velocity 
in a magnetic field of uniform density, the E.M.t's. will vary as a 
sine function of the time, and may be represented by the equations 

= ^Im sin cot, 62 = E 2 m sin(cy< - Jtt), 
in the former case [Fig. 87 (a)] ; and 

= ^Im sin cot, 62 = E2m sin(cot - §77-), eg = E^m sin(cu« - Stt) 
in the latter case. 

In each case the E.M.Fs, have the same frt'qucncy because*all the 
coils rotate with the same angular velocity. 

Graphical representations of the E.M.F. equations arc given, in 
rectangular co-ordinates, in Figs. 87 (6), 88 (b) ; and vector diagrams 
showing the R.M.S. values of the several E.M.Fs. arc given in 
Figs. 87 (c), 88 (c). 

Conventional methods of representing the alternators in circuit 
diagrams are shown in Figs. 87 (d), 88 (d). 

Polyphase systems. If each coil of the alternators of Figs. 87, 
88, is connected to d separate circuit as represented by the con- 
ventional diagrams in Figs. 89, 90, the currents, assuming these 
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circuits to be similar, Avill have phase differences of 90 degrees in 
the former case and 120 degrees in the Iatt(T case. Each of these 



Fra. S7. Siinjrlost Farm of Two pluisi^ Allfiimlor 



FifJ. 88.--Sinipl(*s( Form of Tliroe-])}iasp Alt(*rnal«jr 


I\ 


H 



combinations constitutes a polyphase system, the former, Fig. 89, 
being called a iwo-'phase system, and the latter, Fig. 90, a three- 
phase system. 

[Observe that the term “ phase ” is here employed in a different 
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sense %o that used in Chapter I. In the present case the term 
“ phase '' refers to two or more circuits — ^forming part of, or being 
supplied by, a single alternator (or other source of electric power) — 
in which a phase difference exists between the generated, or 
impressed E.M.Fs. associated with the respective? circuits. Thus 
the circuits of a polyphase system are called the “ phases ” of 
the system.] 

In addition to the classification according to the number of 
phases or circuits, polyphase systems may be classified according 
to (1) the symmetry and balance of the currents and E.M.Fs., and 
(2) the manner in which the phases are interconnected. 

Symmetrical systems. A polyphase system is symmetrical when 
the several E.M.Fs., of the same frequency, have equal maximum 
values and arc displaced from one another by equal time angles. 
Thus in a symmetrical w-phase system the n E.M.Fs. are disjilaced 
from one another by 1/nth of a period. The E.M.Fs., if sinusoidal, 
are represented by the equations 

Cl == E^ sin cot, Cg = E,n sin ^cot ^3 = - 2 

• • • sin 

The E.M.F. vectors, therefore, form a regular (‘losed polygon, and 
their vector sum is zero. Moreover, the algej)raic sum of the 
instantaneous E.M.Fs. is zero at every instant. For example, 
with a three-phase systcmi (n = 3) we have 

Cl = E^ sin (ot, Cg = E^ sin(m^ - §7r), = E^^ sin(fo^ - ;{7r) ; 

whence 

+ ^2 + ^3 = ^mL^in 0 }t + sin(a>/ - §7r) + sin(co^ - »] 

== JS7,„[sin cot + 2 sin(a>^ - tt) . cos Jtt] • 

= 0. 

Similarly, with a four-phase system (n = 4) we have 
Cl = E^n sin cot, Cg = E^ sm{cot -In), 

C3 = E^ sin {cot - 77), C4 = E^ sin(w^ - fn), 
whence 

+ ^2 + ^3 + = ^’^[sinm^ + sin(co<- \n)+ sin(cu/-7r) 

-f sin {cot - In)] 





= 0 . 
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The two-phase system, in which there are two E.M.Fs.* having 
a phase difference of 90 degrees and which are represented by the 
equations = E^ sin coty eg = Pm sin(fo^ - Jtt), is accordingly iinsym- 
mctrical, but, as will be shown lat(T, this system is a special casi^ of 
the four-phase •system. 

The principal symmetrical systems in practical use are the 
three-phase and six-phase systems, of which the latter is used 
almost^entirely in connection with converting machinery (rotary 
converters) and is obtained from a three-phase system. Other 
symmetrical sysUuns in use are the four-phasi*, nine-ijhase, and 
twelve-phase systems. Thes(' syst(‘ms arc us(hI in connection with 
converting machinery ; the four-phase systtun being used with 
rotary converters supplied from a two-phase system, and the nine 
and twelve -phase systems b(‘ing used with rotary and motor 
converters supplied from three-phase systems. The six-phase and 
twelve-phase systtuns are also used in connection with mercury-arc 
power rectifiers. 

Balanced system^. A polyphase system ^is balaneed when the 
loads on the several circuits, or phases, arc equal and have the 
same power factor. Under these condilions the instantaneous 
power in the system as a whole is constant, notwithstanding that 
the power in each phase is pulsating. This feature gives polyphase 
systems a great advantage over a single-phase system for the 
supply of power to motors and converting machinery. 

Power in a polwhase balanced system. The power in a balanced 
polypha.se system is, at any instant, equal to the sum of the instan- 
taneous power ill the separate phases. Thus if in an n-])has(» 
system the several E.M.Fs. are given by the equations 

Cl = Eyy^ sin (x)ty Cg = Pm sin(ca^ - 2TTln)y Cg = P^ sin (01/ -2(27Tln))y 
. . . = E,^sm((A)t-27T(n-l)ln)y 

and tl^ currents are given by the equations 
h = sin(m/ - (p)y Yg = ain(ft>^ - 99 - 277 jn ), 

1*3 = /^sin(co^- 9 ?- 2 ( 27 r //0 ), . . . 
the instantaneous i)ower is given by 
V = + ^2*2 + ^3*3 + • • • + 

= ^^/^[sin cot . sin(co^ -99) -j- sin(m^ - 27 r/ 7 i) . sin (m/ -99 - 277 /n) 
-j- sin (co^ - 477/71) . sin(cu^ -99 - 477//7) + . . .] 

= PffJm Kcos99-eos(2a><-99) + cos 99 -^os(2co^- 99 -477/71) 

+ cos cp - co&(2(ot -cp- Sirin) -j- . . . ] 
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p — • E^I^ I \n cos (p - cos(2a>^ “ 9^) “ { “ 9^) • ^tt/w 
+ sin(2a>i - (p) . sin ^jn | | c*os(2co^ - p) . cos 877/71 

+ siii(2a>^ -■ q)) . sin 8 ttIh | - . . . J 

= lE„J,n T ~ “ 9^0 P t“ cos 4:7Tln V cos8sr ln-\--\ 

- sin(2a)^ - (p) | sin 47r//i + sin 877/7# + . . • | ] 

= im COS (p 

— n E I cos 99 . . . . . . . . (69) 

[Note. — 1 + cos ^jn + cos 877/71 + cos 1277 /?# 1- . . . — 0, 

sin 477/71 + sin 877/71 + sin I277/77 + . . . =0, 

n being an integer.] 

Hence the instantaneous ]iower is expressed in terms of the 
constant quantiti(‘S E, /, 77, cos 99. Therefore th(‘ total power in 
any polyphast* system with balanced loads is entirely free from 
pulsation. ^ • 

Production of rotating magnetic fields by polyphase currents. 
In addition to the above advantage a symmetrical polyphase 
system possesses the further advantage that a uniformly rotating 
magnetic field, of constant magnitude, may be produced by means 
of stationary coils. 

The general conditions to bo satisfied for the production of a 
bi-polar magnetic field from an 77-phase system aye (1) the number 
of magnetizing coils must equal the number of phases, (2) th(\se 
coils must be similar and must be arranged symmetrically with 
respect to a central axis, and (3) the angle between their magnetic 
axes, taken in order, must equal the mutual phase difference between 
the currents supplied to the coils (i.e. 360/77 degrees). 

The speed of rotation of the magnetic field is equal to the angular 
velocity of the supply currents, i.e. the speed in revolutiqjis per 
second is equal to the frequency of the supply currents. 

When a multipolar magnetic field is required there must be n 
similar* coils per pair of poles, and the angle, measured in degrees, 
between the magnetic axes of the successive coils must equal 
(360/^77^), where p is the number of poles. In this case the speed 
of the field, in revolutions per second, is equal to flip, where / 
is the frequency of the supply currents. 

In all cases the magnitude of the rotating field is given by 

where is the maximum magneto -motive -force due to one coil. 
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Analytical proof. Consider tlirtw coils urran^od, as in Fig. 91, \«th tlieir 
magnetic axes 120° aj>art. Lot these coils supplieil from a symmetrical 
tliroo -phase systinn, and lot tlie iiislantaneoiis values of their M.M.Fs. be 
represented by the equations 

h H^mi\ iotf Ajj //^ sin(e)/ - i|7r), H -- ^tz). 

These M.M.Fs. iftivo tlirecd-ions in s]iaco along tho magnetic axes of the 
respective coils and they aro eacdi alternating at the frequency of the supply 
currents. 

Tho value of tho msultant M.M.F.. in space, duo to the joint action of tho 
coils at anjr ]iarticular instant, he ohtaine<l from a knowledge of their 

conqionents, at this instant, aU,.ig two arhitrar\' avos pi*rpondicular to 
each other. 





(a . ) ^ 

Fro. 91. —Space an<l Vector Diagrams for Analytical Proof of Tlieorern 
of Rotating Mairia tic Fi'*ld 


Tims, taking one axis [ )") along the magnidic axis of coil .-1, and miMisuring 
space angles in tlu* coiint<*r-clockwise dir<‘ction from tlie positive or laght-hand 
horizontal avis, wo have for the sum of the componiaits of M.M.Fs. along tho 
vertical axis at the instant t 

Ay “ A^ sin 90° ^ Aj, sin 210° + A^ sin .*l.‘10° 

-- //„j[sm e>/ - ^(sinfifg ^tt) - .1 sin(c>t *7 t)J 
— y/^^^[sm e)/ l(sin (a/.cos jTT — cos <a/.sm 'jTr) 

— ](sin ci/.iM),s i^7z - c<).s (ot.sm tTt) J 


=- II l^siiiog ^ sm ojl ^ cos ott^ 


, sm lot 1 




- i//„^sinfa/. 

Siniifrirly, tlie sum of the components of IVI.M.Fs. along the ])»*rpendicular 
axis {X) at the instant t al-i* 

A^ A A I’os 90° 1 Ajj cos 210° -| Iiq cos .‘1;10° ^ 

-= ^ //,„ r - ^sin (r)i . cos ^tt — cos cot . sin ^ f- ^sin lot . cos ^7T 


— cos cot . sin 


4 



)] 


~ ^ i sin cot i ~ cos cot - ^ sin cot | vnscot^ 

12— (8246) 



178 


ALTERNATING CURRENTS 


Therefore the magnitude of the roHultant M.M.F. at the instant t is given by 

h - V(l>x + ^' y “) - V !(^ «»<)'* + (j COS «>«)*} 

_ s // 

i.e. the resultant M.M.F. is eonstant in magnitude and is equal to 3/2 
X ma.ximum M.M.F. of one coil. 

Let 6 represcMit the sjiace angle which the resultant M.M.F. tfiakes with 
the X axis at the time t. 

(a) 



Fi(i. 92. 1’inic and Sj^acc Diagrams for CliMphical Proof of Theorem 
of Rotating Magnetic Kield 


Then 


tun 0 - ^ - 

I'x 


J U sin (f)t 
j cos V)l 


0 — U)t. 


tan (oty 


Therefore the magnetic field rotates in the counter-clockwise direction 
with an angular velocity of re, and the number of revolutions per second is 
equal to the frequency of the supply currents. 

Oraphiral proof. The construction for the graphical proof of the theorem 
is extremely simple for the case of two coils sui^jilied witli ciu’ront from a 
two-phase system, the coils being arranged about a common centre with 
their magnetic axes ])erpendicular to each other. We shall, however, give 
the construction for the three-phase case. 

First, a time diagram is required showing the instantaneous values of the 
M.M.Fs. of the coils at Successive instants of iho period. This diagram may 
be drawn either in rectangular co-ordinates, as shown in Fig. 92(a), or in 
polar co-ordinates, as shown in Fig. 92(6). 
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Seeond, a space vector diagiam is loqiuied showing the directions of these 
M.M.Fs , as well as their magnitudes, iii space. 

The space vector diagram for the three phase case under consideration is 
shown in Fig. 92(c), and contains thiee axes of leteicnce, OX^ OY^ OZ, having 
a mutual displacement of 120°. 

To obtain the Riiection and magnitude of the resultant M.M F. at successive 
instants, the instantaneous values of the M M Fs of the loils aie obtained 
fiom the time diagiain and aie tiansferred to the space vector diagram 
from which the lesultant is obtained by t onstructing the voctoi paiallologram. 

P’oi (tsainjile, let the })oiiod divided into twelve equal parts and the time 
mtoivals be numbeied 0 to 12, as in Fig 92(a) At zoio time lot the M M F. 
of coil A Ixi zero and the M M Fs of coils B and C bo lepiesonted by the 
ordinates 6^, c^, in Fig 92(a) Setting these quantities oft as 06^, Oc^, in 
the space voctoi diagiam ot Fig 92((), we obtain, by constiucting the vector 
paiallologiam, the diiection and magnitude of the lesnltant Ot ^ Since 
6^ — - 0 80b 7/,^, and 0 800 the lesultant Ot is equal to 

2 0 80G//^,,tos30° ‘ 

When onetwoltlh of a poiiod has elapsed the M M Fs of the coils are 
repiesented in th<‘ time diagiam bj the oidinates c/j, tj, , ond when these 
quanlitics ai<‘ set oil in thtsi coiicct ])osi<ions in the space vcctoi diagiam 
we obtain the icsuH mt Oty Since c/j m'> ^i ^ nc ^i “ 

lesultant Ot ^ is cqu^l to 77, | 2 ^77,„iosO()° ‘7/„, Moicovci, the 

angle Ix'tween Ot ^ and Ot ^ is 30°, which is ec^^al to the time angle (i e. 

300°) botwc'cn the points 0 and 1 in the time diagiam Siinilai lesnlts 
will l>e obtained foi othei points of the pciiod 

Hence- the magnitude of the lesultant M JVl F is constant and is equal 

9'he locus of the lesultant M M F vc( toi is a ciicle, and the ladius \ector 
makes one levolution duiing each pc'iiod ot the siqijil^ cuiient 

Interconnection of the phases of a polyphase system. If the 

phases of a ])oly|)hahe hyslem supjily separate eireuits, as in Figs. 
89, 90, iht'ii a pair of line wires is required tor each circuit. But 
by suitably intei connecting the pliases the nniuber of lim* wires 
ean be redueed without affecting the operation of the system. 
Thus the threeqihase, six-wire system ot Fig. 90 ean be reduced 
to one having only three line wires. Similaily, four and six-jihase 
systems ean be operated with four and six line wu*es respectively, 
and, ip general, any symmetrical w-phase system can be operated 
with n lino wires. • 

The interconnection must be earned out in such a manlier that 
if closed circuits are formed the sum of the instantaneous E M.Fs. 
in them must be zero in order that there shall be no circulating 
currents in these circuits. 

The principal methods of interconnection are (1) the star con- 
nection, (2) the mesh, or ring, connection. These are shown 
diagrammatically in Figs. 93, 94. 

Star connection of polyphase systems. The star connection. 
Fig. 93, is formed by joining one end of each phase to a common 
point — which is called the neutral point ” — and connecting the 
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other ends to the line wires. In making this connection for a 
generator, transformer, motor or apparatus in which the electric 
circuits are interlinked with magnetic circuits, the line wires must 
be connected to the terminals, or the ends of the phases, which have 



Fm. 93 " Fic,. 94 

Star- and M sli coiinool ions ot rol^])lmse S^stoni 


like 'polarity at successive instants, as if this (‘ondition is not fulfilled 
the interconnected system will be unsymmetrieal. [Examples of 
dissymmetry due to incorrect connections are, for the three-phase 
system, given on p. 195. J 



Fin. 95 Fio. 90 

Methods of Intereonnec'tiiif? tlie Three [ihnse Alternator of Fi^s. 88, 90, 
to obtain Throe Lira* Wires 


Hence in these cases .similar ends (i.e. cither “ starting ” or 
“ finishing ” ends) of the jthases -assuming the coils to be wound 
in the same direction and conneetr‘d in the same manner — must 
be connected together to form the ntnitral point. For example, 
with the sim])le three-phase alternator, shown in Fig. 88, the neutral 
point may be formed either, as shown in Fig. 95, by connecting 
together the coil-ei}ds which were originally connected to slip 
rings 2, 4, 6, in which case the line wires are connected to slip 
rings 1, 3, 5 ; or, as shown in the alternative method of Fig. 96, 
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by connecting together the eoil-ends which were originally con- 
nected to slip rings 1 , 3, 5, in which case the lim* wires are connected 
to slip rings 2, 4, 6. 

In the case of load circuits containing resistance or n‘actance, 
th(‘ particular ?nds of the circuits which must be connected together 
to form the neutral point an* immaterial, pnnided that, with 
inductively-reactive circuits the several magnetic circuits are not 
interlinked magnetically, ff the magnetic circuits are interlinked, 
however, as in the case of the threc-])hasc reactance, or choking 
coil, shown in Fig. 97, thc'ii only similar ends of the* coils may be 
•i* connected teigethe*r. 

Line E.M.F. and current relations for star connection. The 

magnitude of the E.M h\ betwc'cn any pair e^f line wires, or terminals, 
of a star-conne'e*teel 2 ^<>ly]>hase alte*rnate)r 
is given sim])ly by the vector difference* 
between tho E.IM.Fs. of the* ])hases te) 
which the*se lines are connecte‘el, sine*c in 
malving the star ce*)nnce*tioii of the winel- 
ings the ends of like instantane*ous ])olarity 
were* connectcel te)gethcr. In the case* e)f 
an unloaded ?? -phase symmetrical syste‘m 
with sinusoidal lO.M.Fs. e'ach of the Une* 
voltages is e'qual to 

2sin(7r/n) X ])hase veiltage, 
and le*ads the coiTesj-onding phase voltage by 1 \(7r - 'Itt/'h)] raelians, 
or (90 - 180/^i) ele*grees, i e*. the* voltage i)e‘twe*e'n the* lines connected 
to, say, phase's ] and 2 is (90- 1<S0//#) de*grees in advanc'c of the 
voltage of 2 )hase 1. 

Proof. tilt* positive (lii(*ctn)n ot tho iO.M K ^(‘tioiaU'cl in oarh 

])hasn to l)o out wards, or a\\aj from Iho neiifr.il ])oint, *is nuheatod in Fig. 9.3, 
the R.M.S. values of the K M Fs. in adjaeeiit phases aie n»])resented 

in the ^eetor diagram of Fig. 9S, liy (ho xeetors OAy OJi. The F..M.F. hc'twooii 
tlio terminals ot these jih^ses is given by tin* diilerence of tlie V' etors OAy OBy 
1 . 0 . by the vi'ctor 0(J. 

Now in a symmetrical system ^ - E, say. Hence, in Fig. 98, 

OA - OB, and OC = A B. ‘ ’ 

If AB IS bisected at F and this iioint is joined to Oy the lino OF is per- 
pendicular to AB and bisects tlie angle between OA and OB. Therefore, 
AB -= 2AF = 20A sin ^{2nln). Whoiiee OP E^ -E^ — 2E hm{Tz/n) — 2 
sin (tt/ii) X phase E.M.F. 3’he angle between tho vectors OC and OA is 
[^TT - J(2Tr/n) J radians, or (90 - ]80//j)°* 

The current in any line is equal to th(* current in the i)hase to 
which the line is connected. , 

Mesh, or ring, connected polyphase system. The mesh, or ring, 
connection (Fig. 94) is formed by joining the several phases in 
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series to form a closed circuit and connecting the lino wires to the 
junctions of the phast^s. In making this connection for a generator, 
transformer, motor, or apparatus in which the electric circuits are 
interlinked with magnetic circuits dissimilar ends of adjacent 
phases must be connected together. Hence the resultant E.M.F. 
acting in the closed circuit is equal to the vector sum of the several 


1 _ _ T71 "EJT "TTI Til 


E.M.Fs., the resultant E.M.F. 

A F 



Fkj. 98 

Vector Diagrams lor Star - and 





Fj(i. !>0 

L'sh connect Oil Polyphase Systems 


currents will flow in the closed circuit. With non -sinusoidal 
E.M.Fs. the resultant E M F. may not be zero, and in this case 
circulating currents will flow in the closed circuit. 

Line E.M.F. and current relations for mesh connection. The 
E.M.F. between two adjacent line wires is (*qual to the E.M.F. in 
the phase to which these line wires are connected. 

The current in any line wire is equal to the vector difference of 
the currents in the phases connected to that line wire. In thi case 
of a balanced w-phasc* system in which the currents are sinusoidal 
the line /3urrent is equal to 

2 sin(7r/n) x phase current, 

and leads the currents in the phases connected to that line wire 
by angles of (Jtt n/n) and (^Tr-Tr/n) radians, as shown below. 

Proof. Let the positive ilireetion of tlie oiinonts in the phases and lino 
wires be that marked in the circuit diagram of Pig. 94. Then, absummg 
balanced loads, the phafe currents are represented, in the vector diagram 
of Fig. 99, by the vectors OA, OBt for the two phases under consideration. 
The current in the line vdre connected to these phases is equal to /j - /j. 
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and IS represented by the difference of the vectors OA and OB, i.e. by the 
vector OC. * 

Now for a symmetrical and balanced system /j /, say. Hence, in 

Fig. 99, OA OB, and OC — 7^.1 - 2 OA sin \{ 2 tc / h ). Whence the line 
current OC) — fi — J2 2/sin(7r///) 2sin(7T/i#) ])hase current. 

Tlie angle between OG ami 0^1 -i.e. the pliasc ditleicnce between the 
current in line \tire A, Fig. 99, and the current m jihase f- is equal to 
l(7r - 2Tu/n) — (^TT — tt/?!,) radians, or (90 - 180/)>i°. Similaily, the angle 
between OC and OB is equal to J(7r Tzjti) radinns. 

Wei^t of line conductors for single-phase and inter-connected 
polyphase systems. In comparin^^ th(' weight of oo])p(‘r required 
for the lino conductors of singli^-phasc and jiolypliasc systems it is 
essential to bast' th(‘ comparison upon similar conditions in ea(‘h 
case. Thus the total power, the power factor, and the distance 
over which the power is transmitted must obviously be the same 
for the several eases under consideration. Other conditions which 
must be co-relatcd arc : the efficiency of the transmission, the 
percentage drop in voltage, the current density in the lino wires, 
the voltage between the line wires, and thi' voltage between each 
lino wire and earth? Some of these conditions are independent of 
one another, while' others are inter-dejiendent. For example, in 
systems in which the neutral point is eartlied the voltage between 
line wires depends upon the number of phases and the phase 
voltage. Hence, if the voltage between any line wire and earth 
(i.e. the phase voltage of the system) is fixed, the \oltage between 
the line wires of a given system will depend u])on the number of 
phases in that s^s^^U'in. 

Again, if the reactance of the line is neglected the percentage 
drop in voltage in tlie transmission system is equal to the PR loss 
in the line wires expressed as a percentage of the total j^ower 
transmitted,* and since the efficiency of transmission is given by 


* Thus consider for simplicity ti single jibasc s^stc'm at unity power factor. 
Let V - suyiply voltage, r voltage drop in Imo wires, and / line current, 
t’hen voltage at the load, or receiver end ot the system, is given by {V — v), 


and the yiower utilized w given by ( V - v)L 
the generator is given by VT. Henee tlie 
given by 

I{V - v) 

V “ 


'^l''he yDowor, P, suyiphed from 
efficiency of transmission is 


IV 


‘-T- 


Also, if B IS the total resistance of the line wires the vintage drop (r) in 
the lines is given by IB, and the power ex))eii<led m the lino wires is given 
by vl = I^B. Wh nee 
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[1 - (power expended in line wires/total power transmitted)], the 
percentage drop in voltage and the efficiency of transmission are 
inter-dependent. 

Case I . Star-connected syste'tns with earth ed ne iitral point (Fig . 100). 
With symmetrical and balanced star-connected sysl^tms, in which 
the neutral point is earthed and the phase voltage is the same in 
each case, the cross section of the line wires of the different systems, 
for the transmission of a given amount of power over a * given 
distance at a given power factor and efficiency, is determined in 
the following manner. 



■Ill- 

0 t 

1 f ' 

'll 

^ T 1 

i ^ 

£ ^ 




Fto. 100. — Circuit Din^raiiis of Pol v phase* anel Siti^l»'-phas'^ Traiismmsion 
S\ stoma with Karflu'd Nc'Utral Point 


Let n = number of phases, P = total power supplied to the 
transmission lines, E = phase voltage, (*os p = power factor. Then, 
assuming sinusoidal E.M.Fs., the voltage between adjacent line 
wires, taken in order, is equal to 215; sin7 r/w. Also with balanced 
loads the power transmitted by t'ach ])base is eqlial to P/n, and 
the current in each wire is equal to P/(??Z!7 cos 99). Hence the PR 
loss in each line is given by Rp{PjnK where R^^ is the resis- 

tance of each line. If the efficiency is to be the same for each case 
the loss in the line ^\ires must bear a fixed ratio to the power 
transmitted, and therefore 


Rj^(F I nE cos 99)2 

P/^i 


= I - »7 = C. 


a constant, 


where r] is the efficiency of transmission. 

Now Rj, — plja, where p is the specific resistance of the material 
of the conductors and /, a, arc the length and cross section, 
respectively, of each. Hence 


. _ ppi j_ 

^ E^ cos2 9? ’ na 

i.e. the product na is a constant. But na is proportional to the 
total weight of the line conductors. 




POLYPHASE CURRENTS AND SYSTEMS 


185 


Thus tho amount of copper required for the line wires -for the 
transmission of a given power under similar conditions is the same 
for all star-connected polyphase systems with earthed neutral 
point. 

Comparison ^oith single-phase system. To obtain a comparison 
with the single-phase system under similar conditions we shall 
consider the cases in which (a) one terjtunal of the generator is 
earthecf, Fig. 100 (fc), (p) the mid-point of the generator Avinding 
is earthed, Fig. 100 (c). In the first case* th(‘ voltage between line 
wires is equal to the phase voltage, E, of the polypliase systems, 
but in the second case the voltage between lin(‘ wires is equal to 
twice the phase voltage of the polyphase systems. 

For case (a) we have 

line current = PjE cos rp 

loss in line wires — (PjE cos 9 ^)“, wJhtc /?, is the resistance 
of each line. Hence for the same etficieney of transmission as in 
the polyphase systems wc must have ^ 

2R,(PIE cos (py RpiPInE cos (pY 
~ P “ Pin 
Whence 2Rg = Bpjn. 

or, since resistance is inversely j)roportional to the cross si‘ction 
when the length is constant, 

a, =. 2mip, 

where are the cross sections of the Iuk* conductors for the 

single and pol^ phase systems respectively. 

But the total weight of line conductors for th(‘ single-phase 
system und('r consideration is proportional to 2ag, and that for the 
polyphase systems is pro])ortional to na^. 

Heiice 

Weight of line conductors for single-phase system 
Weight of lino conductors for j)olyphase system * 

_2ag 2 X 27iap _ ^ 

nap nap 

i.e. the weight of the line conductors for a single-phase system with 
one terminal earthed is four times that for a star-connected poly- 
phase system wdth earthed neutral point, the amount of power 
transmitted, the efficiency, the voltage between line wires and 
earth, etc., being the same in each case. 
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For case (^9), in which the mid-point of the generator winding is 
earthed, we have 

Voltage between line wires ==2E. 

9 Line current — P 12 E cos cp, ^ 

' I^R loss in line conductors = 2R\{P {2 E cos (p)^ ' 

where R'^ is the resistance of each line in the present case. 


T 

V 

i 

(CL) ( 6 ) 

FKt 1 01 — CiK'uil. Diaj^ianis of Polypluiso 
and Sini^lo plinso Ti ansmishion Systems 
with Iii‘‘iilatod Neutral Point . 

4 * 

Hence for the same efficiency of transmission as in the polyphase 
systems we must have 

2R\{PI2E cos q)Y Rj,{PjnE cos 9 ?)^ 

P "" ~Pfii 

Whence R\ = ^ 

and a\ = \ na^. 

i.e. 2a\ = 

But 2a' g is proportional to the total weight of the line conductors 
for the single-phase system under consideration, and nap is pro- 
portional to the total weight of the line conductors for the polyphase 
systems. Hence in this case, which is a special one, the weight of 
the line conductors is the same as that for the polyphase systetns. 

It is of interest to note that the current density in the line 
conductors for this case is the same as that in the polyphase cases, 
but in the previous single-phase case the current density is one-half 
of that for the polyphase cases. 

Case II. N on-earthed systems (Fig. 101 ). In this case the 
polyphase system may be either star or mesh connected, but with 
the star connection the neutral point is insulated. The comparison 
will be based upon equal line voltages in all cases, the other 
governing conditions Tbeing the same as in the cases considered 
above. 





POLYPHASE CURRENTS AND SYSTEMS 


187 


Considering star-connectcd systems for convenience, let Ti = line 
voltage. Then the phase voltage, E^ of an w-phasc system is equal 
to F/2 sinTr/n, and the line current is equal to 

PjnE cos q? = (2P sin 7 r/n)/{nV cos (p). 

If Rp is the resistance of one line, the PR loss in (‘aeli line is given 
by Rp' [(P mn 7T/n)/(nV cos 95)]^. Hence for the same oiiiciency of 
transmission as before we must have 


Rp' [ (2P sin 7r/n ) / (n T cos (p)Y 


— a constant, 


i.e. 

n V ^ COS'* (p 

lip is the sjiecific resistance of the material of the lint* eonductors, 
and It ap\ are the length and t*ross scelion, respeetively, wc have 
4sin2 tt 1 71 I^pl 

7mJ~ 

whence 7iap ==4sin-7r//i X a constant. • 


Now na'p is jiroportional tt) the total wt‘ight of the lino conductors. 
Hence in this case the weight of the line condut‘tors varies with the 
number of phases, beeoining smaller as the number of phases 
is increased. For examplt*, for tht^ three, four, anti six-phase 
systems the rtdativt* weights t)f the lint* eoriduetors are in the ratio 
sin^ 77/3 : sin^ 77/4 : sin-* 7r/(), or in the ratio f (\/3/2)‘‘* = ]0*75 : 
[(l/v/2)2 =.J0-5:’L{1/2)-^ ]0-25. 

The decrease in weight of the line conductors due to the incrt‘ase 
in the number of j)hases results in an incroaso in tlie current density 
and heating, the current densities for the above cases being in the 
ratio cosec 77/3 : coscc 77/4 : eosee 77/6 or 2/\/3 : \/2 : 2, or 1-15 : 
1*414:2. 

Com/parison with smgle- phase system, Tn the single-phase system 
the liAe current is given by Pj V cos and if the resistance of each 
line is R/' the total *li no PR loss is given by 272/ (P/F cos 97)2. 
Hence for the same efficiency of transmission as in the polyphase 
systems we must have 

2R%(PIV cos (^)2 sin2 Trjn P 

P "■ 71 ' y“eos2(^ 

Whence R/ = (2P/ sin- 77/7#)/?^ 
and 2as" = iiUp lain^ rrln 

where a,'', a^', are the cross sections of the lAie eonductors for the 
single-phase and polyphase systems now under consideration. 
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But thi» weight of the line eonduetors for the single-phase system 
is proportional to 2ag\ and that for the polyphase system is 
proportional to Therefore 

2 «,"_ 1 

sin-Tr/M 

Weight of liiK* eonduetors for single-phase^ system 
Weight of line eonduetors for polyphase system 


1 

sin- TTjii 

The values of the quantity [4/(w sin*^ 7r/a) J for the three, four, 
and six-phase systems are 


1 


1-33 for the three-2)hase system ; 


I 

(l/V2)^ 


2^ for the four-phase system ; 



(1/2 


for the six-phas(‘ s}'steni. 


Therefore for non-earthed systems and e([ual voltages of trans- 
mission the weight of the line conductors for the single-phase 
system is * 

1-33 times that of the line conductors for the three-phase system, 
twice that of the line conductors for the four-phase system, and 
4 times that of the line eonduetors for the six-phase system. 

It will be of interest to determine th(» relative current densities 
for these eases. Thus if are the current densities in the 

single-phase and polyphase systems now under consideration we 
have 

a/ = {PIV iioH <p)la,\ 

a„' = [2(/' sin 7r/»)/«F cos 9)) ]/'/„' 


Whence 


or 


cts . 'n- 
— ; = sin-, 



Therefore for the three-phase system and the specified conditions 
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the current density is 1*155 times that for the corresponding single- 
phase system, i.e. 

For the four-phase system the current density is 1*414 times 
that for the corresponding single-])hase system, i.e. 

-^l-414n, , 

and for the six-phasi‘ systcmi the current di'iisity is tw ice that for the 
corresponding single-})has(‘ system, i.e. 



Thus both earthed and non-earthed polyphase transmission sysbuns 
recpiire less weiglit of copf)er in (h(‘ liiK* conductors than singl(‘-phase 
transmission. • ^ 

Summary of advantages of polsrphase systems. The principal 
advantages of po'yphase* systems com|>ar('d with single-phase 
systems are — 

(1) A polyphase alternator is smaller and less costly than a 
single-])hase alt(‘rnator of the sam(‘ output, voltage, and frecpiency, 
because in th(‘ form(‘r cas(‘ the armature peri])h(*ry may be utilized 
more clfectivcly^than is possible in the latter case. Moreover, in 
the polyphase alternator the armature n'action, with balanced 
loads, is constant, whereas in the single-phase alttu-nator the 
armature reaction is i)ulsating, and this feature n‘([uires a more 
costly construction in the singl(‘-phase alt(*rnator than in the 
polyidiase machine. 

(2) Polyphase transmission requires less wt'ight of copper in the 
lino conductors than single-phas(‘ transmission. 

(3^ With polypha^' currents rotating magiudic tields may be 
produced by means of stationary coils. 

(4) The power in a ])olyphasc balancc'd system is constant and 
non-pulsating. 

(5) Polyphase motors and converting machinery have a higher 
efficiency and better performance than single-phase machines, 
these features being due to items (3) and (4). 

Application of polyphase systems. Of the various polyphase 
systems availabV the three-phase system is the one most extensively 
employed at the present day, firstly, because this system requires 
the minimum number (three) of line conductors of any polyphase 
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systemt and, secondJy, because it is possible, by means of stationary 
transformers, to obtain other polyphase systems — such as the 
twt), six, nine, and twelve-phase systems — ^from a three-phase 
system. ^ 

COMMERCIAL POLYPHASE SYSTEMS ' 

We will now' consider the three-j)hase, six-])hase, four-phase, and 
two-phase systems more in detail. • 

THREE-PHASE SYSTEM 

In a symmetrbial system the i)hase E.M.Es. are represented by 
the equations 

Cj — sin (oty e„ ~ sin(m^ -377-), — E^ sin(co^ - z.tt) 

Star-connected system. Tlie circuit diagram for a star- connected 
system is given in Eig. 102, in whi(‘h llie assumed positive directions 

for E.M.Es. and eiirrc'iits are indit ' * ' 

values of the terminal, or line, 1 
equations * 

. 2 - Cl - c„ 

= Ejn fsin (ot - sin ((ot -In)] —E,n [sin (e)f-57r)-sin {cot- { tt) ] 

-= 2E ^ sin Jtt . cos(e>/ - Jtt) -- 2E ^^^ sin Jtt . cos((o/ - tt) 
cos(e)/ - Jtt) — \/3 . E„j cos(ft>/ - tt) 

~ . E„^ sin(<'u^ I Jtt) -- ^73 . /i/„, t?in(e)^ - Jtt) 

7^3 - 1 — ^in ■ 

A\,j[sin(e)t -fjTr) - sin fo<l 
— 2E^^ sin Jtt eos(e>/ -fin) 

~ \/3 . E„j con (cot - '{n) 
r- sin(ce< - ^tt) • 

Thus the line E.M.Es. are e(|ual to one anotfier and have a mutual 
phase difference of 120 degrees, or 577 radians Also, the line E.M.Es. 
have a phase difference (leading) of 30 degrees, or Jtt radians, with 
respect to the phase E.M.Es. Eor example, the E.M.E. between 
lines 1 and 2 is 30 degrees in advance of the E.M.E. of phase I ; 
that between lines 2 and 3 is 30 degrees in advance of the E.M.E. 
of phase II ; and that between lines 3 and 1 is 30 degrees in advance 
of the E.M.E. of phase III. 

The R.M.S, values df the line E.M.Es. are 

V^.^ = V3,E; V,., = V^.E; F 3 . ^ = a/3 . 
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The vector diagram for a Htar-connectod symmetrical* system 
with balanced loads is shown in Fig. 103, in which the vectors 
OE^, OEi^, OEj^j, represent the phase E.M.Fs., and the vectors 
0V2-3- OV 2 -li represent the line E.M.Fs. ; _ g being 

the difference* betwe'en the vectors OE^ and \ ^^2-3* ^he 
difference between the vectors OE^^ and _ 1, the differ- 

ence between the vectors OE^^^ and OE^. These vector differences 





Krfj. 102 Fi(. lo;j 

(^ifoml and V(*ctoi Dintjuuns nt Tl pli.iM . Sfai coniu^rted 
(ThuM‘ \\ 10*) Sv'^tt'iu 


may also be rej^resented by the sid(\s of Iho triangle formed by 
joining the extremities of the vectors n^presenting lh(‘ phase E.M.Fs. 
For example, the sid(' E^^Ey, tak(*n in the direction Eyy-Ey, is 
equal and parallel to OFi _ 2- Similarly, the sid(‘s Eyyy and Ey E^ 
are equal and parallel to thi' vectors O Fo- i^and OF^ _ j res])ectively. 
Hence in a star-connected system the line I^].M.Fs. may be repre- 
sented by the triangle (or polygon, wlieii the number of phases 
exceeds three) formed by joining the extremities of the vectors 
representing the phase E.M.Fs. 

The line and phase currents are shown, in Fig. 103, by the vectors 
Oil, OI 2 , OP, each of which has a phase difTerence of (p with respect 
to the phase E.M.Fs., cp being the power factor of each of the 
balanced loads. Hence the phase difference between the current in 
any line and the voltage across adjacent pairs of line wires may be 
(30 + (^)°, (150 + 9?)°, (90-9?)°, at*cording to the particular 

phase and line wires considered. For example, the phase difference 
between the current in line 1 and tin' voltage across lines 1 and 2 is 
(30 + 9?)° lagging ; that betwetm the cunent in line 1 and the 
voltage across lines 3 and 1 is (150 + 9?)° lagging ; but that between 
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the current in line 1 and the voltage across lines 2 and 3 is (90 -(pY 
leading, the appropriate line E.M.F. vector being considered as the 
vector of reference in each case. These phase differences are shown 
clearly in the vector diagram, which has been drawn for (p lagging. 
If 9 ? is leading the phase differences become (30 99 )°, ^50 - 99 ), 

(90+ q>Y. 

Star-connected system with neutral wire. This system, which 
is shoAvn diagrammatically in Fig. 104 and is called the tlirte-phase 
four-wire system, is used in cases where unbalanced loads have to be 
supplied from a three-phase system. The ] 3 rincipal application of 
the system in practice is for supplying single-phase lighting net- 
works from a three-phase system which also supplies a power load ; 
r — and its advantage over the ordinary 

a three-phase star-connected system 

without neutral wire (which is usually 
^ called the three-phase three-wire system) 

I is that the power load may be supplied 

Fto. 104 .— Circ-uit Diagr^ftTof a higher voltaic than the lighting 
Tlireo-pliast', Four-wire System load, since the latter is Supplied at 

the “ phase ” voltage, while the former 
may be supplied at the “ line ’’ voltage of the system. For 
example, if the lighting load is supplied at a ju’cssure of 230 volts, 
the power load may be supplied at a pressure of 230 X = 
400 volts. 

The current in the neutral wire is equal to the v^^^tor sum of the 
currents in the line wires, or “ outers.” Thus when the single- 
phase loads are balanced there is no current in the neutral wire, 
since the vector sum of three equal quantities having a mutual 
phase difference 120° is zero. When, howev(ir, the single-phase 
loads are unbalanced the magnitude of the current in the ni'utral 
wire and its phase relations with respect to the line currents depend 
upon the manner in which the unbalanced loads are distrj|L)uted 
on the system. Vector diagrams for a number of cases are shown 
in Fig. 105, and a worked exanqde is given in Chapter IX. This 
example shows also tlie manner in which the voltage drop in the 
neutral wire affects the symmetry and balance of the voltages 
across the loads. 

Mesh-connected system. The circuit diagram for a mesh- 
connected* three-phase system is shown in Fig. 106 (a), in which 
the phases are drawn in the same relative positions as in the 


may be supplied at the 


* The mesh connection of three-phaso circuits is frequently called the 
‘ delta ” connection, and is represented by the symbol A. 
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diagram, Fig. 102, for the star-connected system. A cortfparison 
of the diagrams will show what changes in connections are necessary 
to convert one system to the other. 



Fin. lO.!. AVrtor J)iap'raias showing Mt'tliod of Dolt‘rniiTUii {4 Cunvnt (7^) 
in Noiiii^l Wii't' of Tlirco-pliasc* Foiir-wiro Sy'^tom 


Th(‘ convent ia I circuit diagram for the inesh-connected system 
is shown in Fig. 10()(/;), this form of the circuit diagram being used 
in practice in pref(‘rence to that of Fig. lOG(flf). Tn both diagrams 
the assumed positive directions tor F.IM.Fs. and currents are 
indicated by arrovs. 




Fin. Toa Fin. 107 

(’ircuit and Voclor Dincinms of Thrco-plmso IXdta-connocte^ 
System 


In the mesh-connected three-phase system the line E.M.Fs. are 
equal to the phase E.M.l^^s., and their instantaneous values are 
therefore represented by the equations 

. 2 — ^ 

*'*-3 ^ <'n A’„, sin(co< - §7r), * 

fa - 1 =-• e,„ = F'm sin(ft>< - ». 

13— <r>i45) 
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Hence* the U.M.S. values of the line E.M.Fs. ai*e 

V,.,-E. 

If the system is balanced the instantaneous valu(‘s of the phase 
currents may be represented by the equations ^ 

/^sin {cot -cp), i,i = /„,sin(ft>/ - §77 - y;), -q ) 

and the instantaneous values of the lino currents will then be 
represented by the equations 

H = ii - iiu ~ J m -q)) - 1 ^fm\{cot - . 1 77 - 9^) 

= sin(<w< -\tt~(p) 

H = *11 - -iTr-<r)- hill (mt - q ) 

— sin(a>^ - (V - 9?) 

*3 = *111 - *11 = hi hiiiM - h-q’) - sin((o/ - 577 - 9 ^ 1 ) 

— sin(m^ — ,|77 — 9?) 

Thus the line currents are equal to one axxother and have a 
mutual phase dilI(U'cnce of 120", 01 577 radians. Also the current 
in any line has a phase ditfercnce, laggijig, of 30", or ^77 radians, 
with respect to the current in the lagging phase connected to that 
line. For example, the current in line 1 (which is connected to 
the junction of phases I and III) has a phase difference of 30", 
lagging, with resiject to tlui current in jdiase 1. Similarly, the 
current in line 2 has a phase difTerenee of 30", lag^ng, with respect 
to the current in phase IJ, and the cuiTt‘nt in line 3 has a phase 
difference of 30", lagging, with respect to the current in phase 111. 

The R.M.S. values of the line currents are 

/, ^/V3; /3=/V3- 

The vector diaqrarn for a mesh -connected system with balaiued 
loads is shown in I^ig. 107, in which th(' vectors OT/j, OE^^^ 

represent the phase E.M.Fs — and also the,, E.M.Fs. between the 
line wires — 01^, represent the phase currents, each 

lagging cp with respect to the appropriate phase E.M.F., and 
01^, OI 2 , 01^ represent the line currents. Observe that the phase 
difference betwetm the current in any line wire, e.g. 1, and the 
voltage across the adjacent line wires, e.g. 1 and 2, is (30 + 9?)°, 
and is lagging with respect to the line voltage. 

Therefore^ the phase relations between line currents and line voltages 
are the same for star and mesh-connected systems ; and in every 
symmetrical and balanced system the line-voltage vectors are displaced 
from the line-current vectors by an angle of (30 d: T 
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phuse difference between the E.M .F. and cnnenl in each phm\th( phis 
sign to be employed when cp is lagging and the minus sign when ipis 
leading. 

Effect of incorrect connections. Two casts of incorrect star 
connections arfj shown in Fig. 108, and the vector diagrams are 
shown in Fig. 101) In one ease, Fig. 108(a), one i)liase has been 
incoiTectly connected, and in the other cast', Fig. 108(^>), two 



('ircint find Vocloi Diaixiams ot Jacoin^cf Star (yOTincctions 

phases have beem incorrectly connected In both eases the vector 
diagrams show that tli(‘ lim^ voltages aie imbalanced and are not 
120 ° a])art. 

The line voltag(‘s for th<i case of Fig. 108 (a) aje given by the 
equations 

Vi_ 2 = Cj h ^ir ~ + 8in(o)f - §77 )] 

• - 2E^, cos Itt . sin(e;/ - ^ 77 ) - sm(c>/ - J 77 ), 

^2 - 3 - ^^11 - ^ni - /^^^L^in(cuf - In) \ sin(ca/ - [ 77 ) | 

= 2 E^^ cos J77 . 8 in(aj/ - 77) = E^^ sin o/, 

^’3-1 ^ /i;,„lsin(m^- J^)-sino>M 

— 2 E^^ sin J77 . cos(f/>/ — \rr) \/.‘l . Ej,^ sin(a>/ - ; 77) 

For the case ot Fig. 108 ( 6 ) the lint* voltages are given by the 
equations 

Vi ; e, \- e„ — A'„[siii ((>< -| sin((»< - 577)] 

- 2/]7,„ cos Jtt . sill (c-i/- ^ tt) -- E^Hm{o)t -I tt), 

- ) = -'’ii f «iii “ -^m[sui((w/ - 577) - - » ] 

— - 2 E„ sin J77 . cos((o/ - 77) = y/S . sin {col 

- 1 = -c,„ - e, - -E,„[Hm{a)t - I77) + sin (ot\ 

= -2En co3(- §77) . sin(to< - ^77) = E„ sin(a>< - §77). 

Thus, with a symmetrical system the equality of the line voltages 
is an absolute check on the correctness of the connections. 
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Tlui tcwo cases of incorrect mesh, or delta, connections are shown 
in Fig. 1 10 and tlie V('etor diagrams are shown in Fig. 111. In both 
cas(‘s the resultant F.M.P\ acting in the closed circuit is equal to 
twice the phase E.M.P\ For example, if one phase, III, is connected 
incorrectly, i.e. rev(Tsed, the resultant of the phase E.JVr.Fs. is 
given by 

^ '’i I ^ I- sin(r.j<- 57 t) - sin(f 0 / - ;',7r) I 

/!;„Jsi!i(f.)^ - Jtt) - Hiii(a)i - »] 

- - ^t) H- - \ir + tt) J 

^ 2/^,„sin(«i- J tt). 



Kiu. 110 I’Vi 111 

(yirouit and V«*cl or Diagrams of lii(‘oi*iv<'f Drlta Connoctioiis 


If two phases, II and 111, are reversed the resultant of thc‘ phases 
P].M.Fs. is given by 

= Cj - (ot - sin((o/ - 577) - i«iin(e)/ - Itt) ' 

= 2E^ sin o)t. 

Tlujs the eorrectiK'ss of tlu^. connections may be cheeked by 
leaving one of the junctions of the ])hases open and connecting a 
voltmeter between these ])hase imds. If the reading on th(' volt- 
meter is zero the phas(* ends to which tlu^ instrunnuit is (‘onnected 
may be permanently eonm'ctt'd togethtu’, but if the reading is equal 
to twice the phase E.M.P\ then the conqections are incorrect. 
With non-sinusoidal wave-forms, however, a reading will be obtained 
on the •voltmeter, even if the connections are correct, but this 
reading will usually be kjss than twieci the phase lil.M.F'. In such 
cases the non-sinusoidal Pi.M.F. results in circulating currents in 
the closed circuit, and the value of this current will depend upon 
the magnitudes and frequencies of the haj*monic components of the 
E.M.F. wave, as well as the impedances of tin* clos(‘d circuit at these 
frequencies. A worked example is given on page 316. On account 
of this feature the A-connection is iiot usually employed in 
connection with alternators. 
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Conversion of a balanced star-connected load into an equivalent 
mesh-connected load and vice versa. In consequence of the above 
re'lationship (p. 194) bctwcu^n the line and phase currents and 
voltages, any^ syininetrieal and balanced star-connected system 
may be replaced by an equivalent mesli-conncctcd system, and 
rica versa. For example, a lhree-])hase star-connected system in 
which the line voltage is V and the line curnuit is / may be replaced 
by a delta-connected systcun in which th(‘ pliasi^ voltage is T and 
the phase curnmt is 1 1 \/S. 

Similarly a balancijd star-coiiiu'ctc^d load for A\hich the inqiedance 
of each branch is (‘qual to may be rc])lac(*d b}" an eipiivalent 



delta-conne(;ted load for which the impedance per ])haso is equal 
to 3Zl(p'\ Th(‘sc equivalent conditions are shown in the circuit 
diagrams of ¥ig. 112. 

P)0()f. J^ct V J JiiM' cuiKMit. Mild Zy iin])M(lanc(‘ ])0i’ 

for |]i<i star coiiiiectcd sytetcio. 'I’Iumi the iib.isc* \olt«uo is to 

and tho phase I'lirront is to /. \\ luMieo Zy ry(\/.‘J.y). 

Now in the ocpiividi'iit dolta-eonnis (od system tlu' line' \()lt.iL'e and current 
mnst have 1 lie same' valiu's as in tlu* slnr-ronneeted sAv^tim, .iiid tlK'ndon* \v(' 
imist hav(* 

ptiasci v'olta;i(‘ — T, pha.st' enrrenf //\ .‘h 

jinpedaneo p<T pliasc^ Z^ i f itZy. 

since VIT 

Mori'ovor, as Iho phase thfl’erenec' betweiai tlie line voltage and line eiirriait 
must no th(' sanii' in botl^ systems, wo must have', tlu'rcdoris the ramo pliaso 
differeneo between the plia^e voltages and eiirn'iits. Hi'nee Z^/ r/ ° 3Zy / 9 ?". 

Tho eases of unbalanced loads are eoiisid<*red m C’liajiter IX. • 

Zigzag star and open-delta connections of three-phase systems. 1 ’hese 

eomieetions aro modi heat ions of tlie star and didta connect ions and arc 
occasionally omplo^'cil in connection with generators and transforiiK'rs.* 

The zigzaff-star (omirction (called also the “ ml»‘r eonneeti‘tl-star ” eon- 
neotion) is shown diagrarnmat leally in Pig. 113, and re(|uires I'aeli phase of 
tho gonorator, or transformer, to bo AA'oiiiid in two oipial sections, which aro 
eoniiectod in the manner shown in Fig. 11.3. 

The vwior diagram for tliis eonnt'erioti is shown m Fig. 114, from which 
it follows that if tho F.M.F. of each half-section of ])hasc-wimling is e^ual 
to the jiliaso voltage of tho system is oipial to - 0-80()A’, and the 

• For other counoebions whlcli arc siiitahle for instrument triinsfonners, see the Author’s 
Power Wiring Diagrams (Pitman), p. 110. 
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lino voltage is equal to v/3) = l oE. Therefore, with this connection, 

flic lino E.M.K. is only 86‘(> per cent of that which would bo obtained from 
the same machine with tho normal star connection. 

'J’he vector diagram also shows that tho vectors representing tho iihaf-f' 
voltages of the system have a ])hase differerieo of 3t)°, lagging, with respect 
to tho vectors representing tho induced E.lM.Fs. ; and tliat th^ vector^ 
rojiresenting tho line voltages are in ]ihase with tho latter. Kenco if (p is 
the phase difference between the phase Jil.M.Fs. and I’lirrtmts, tho phase 
difference ))etw(M'n the line K.lNF.Fs. and currents wWi b(^ (30 \- as in an 

ordinary threeqiliase svNtc'iu. 




(’ircuit and Vector-Diagrams of Zig/jxg Connection of Thre(‘-phaso 

»Sy.s< (‘in 


The zigzag star connection tlier(‘fnr(‘ r(‘snl(s in a lu'dnction of the output of 
tho alternator, or transformer, m which it is enqiloyod, and its use is restrict(‘d 
to cast's wlit‘re tht' ordinary star connection is matlmissiblc. For (‘\arnple, if 
the F.M.F. wav<*-form of an altt'inator l'^ known to contain a component of 
triple frequency, this conqionont may bt* elimmatt'd froi<>i tht' ])has(' F.M.F. 
by em])loying tlu^ zigzag-star connt'ction, as t Ik' triplt'-frtapK'ucv component s 
of tlie F.M.Fs. in tlie sections of th(‘ jihast's vhich an' connt'cliul in senes 
neutralize eacli otht'r, duo to th(*se st'clions b(*ing 120° a])arl anti reverst'd 
relatively to each other. 

The open-delta rnnnrrfio)} (calk'd also the “ V ’’-coniaH’t ion ) is occasionally 
employed in coniu'ction witli tr.msformt'rs, but it is never em]>loyod with 
alternators. Tt is obtained from th<' d(‘lta connt'ction by n*moving one 
])hase, as shown in the (arcuit diagram of Fig. 11.5. W'Ik'ii (‘qual F.lM.Fs., 
having a jihasti dilference of 120°, are induct'd m the remaining two ])hascs, 
tho F.M.Fs. b^twe/^'u tlit' lino wires are equal a’ld have a pliant' diiferf.nco of 
120°, as in a symiiuancnl tlir('e-])hase system. ' 

Tho vector diagram for this connection is shown in Fig. 1 10. Tht' F.M.Fs. 
induct'd "ill ])hases I and 11 er»' reyirostnited by the vectors DF, 2 , and OV.^ 
fFig. ll()(r/)], whicli also represent the lO.M.Fs. Iv'twetm lines I and 2, and 
2 and 3, ros]jectiV('ly. 3^ho IC.M.F'. between lint's 3 and 1 is t'tpial to tho 
reversed vt'ctor sum of the F.M Fs. induced in pha-tes T and IT, and is repre- 
sented by tlie v'oetor DFg.j. Thus, the line l‘].M.Fs. iu‘o equal and have a 
mutual phasti differont-e of 120°. 

If a balanced load is connt'ctod to tho line wires the line currents will bt' 
equal to one another and will havt^ a mutual jihase difference of 120°, as in a 
svnimetrical thrt'e-])hase system. Tht' currents in the jihast* windings will 
be equal to tho currt'iits' in the liia* wire.s Thus if 7^, /g, /q, are tho load 
currents [soe Fig. I16fk)j. the current, in line 1 is given by 7 , -= 7^-/^, 
that, 7^, in line 2 is given by 7^ -• 7g — 7^ ; and that, in line 3 is given 
h Jq - 7j,. Tliest' currents art' reprt»scnted, in tho vector diagram of 
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116 (/>), by tho vectors 0/j, O/o, OT^; anrl tlio currents in oaelj }jhaso of 
the load art* represented by tho vectors O/^, O/p, Ol^. 

The current in pliase I of llio transformer is equal to I hat in line 1 , and is 
rojirosoiited by the vector O/j ; biit the current in ])biise IF is equal to the 
vector sum of the currents in ])hase 1 and line II, i.t*. /„ — H U 

Hence tho cui^ents in the phases of the transformer liave a phase difference 
of 60 °, instt'ad of 120° as in thti normal delta connection. Moreovt'r, the 
current in jdiase 1 has a phase differenett of (80 h 7))°. ^vdli respect 

to tho voltaic bt‘tw('en lines 1 and 2 : but the current in ]>hasc 1 f has a pliaso 
differenco of (80 — 7))°, leading]:, with n'sjx'et to the voltage Ix'tween lines 
2 and •{. 

n^ho total power su])])li(‘d b* the two ])has<'s is, therefore, equal to 



(ou) ^ (i) 


F[<J. 1 IT) Fkj. lit) 

(lireuit and Vector i)iat>raTns of Op(*n delta or connection of 
Three-phase System 

FV co.s (80 I 7)° h r/" cos(8() - 7 )° - v^8. r/cos7. 'J'luis t lu jiower siqi 

jilu'd by (‘aeh phase is ecpial to ^(^8. I'/ cos ; whereas, with the normal 
delta conir ction (i.e. with three phases) and the same phase currents, tlu* 
power sujiplu'd by iMich phaso is ('qual to I /cos7\ Hence the output ]ier 
phase with tho 0]x^i-d(*lta connection is onl;v i \''8 -= O-SOO of that obtainable 
with tlio d(’lta connection and same ]ihas(‘ curn'iit. In consequence of this 
reduced output tho o])(*n-d<'11 a connection is em])]oy(*d onl,\' m casf*s Avliere 
the saving of tho cost of the ttiird tr.iTisformer is imjiortant, as 111 transformer- 
starting apparatus for polyqihase motors. (See Poirf r ]Vinng Diagrani.s^ 
pp. 77 , 78 , 1 ) 2 .) This eonn(*i*t ion, however, is useful in ])raclicf’ for obtaining 
a temporary (three-jihaso) sujiply from a group of three <l('lta-connt'ctcd 
iransformi'i's in tho cvi'iit (if one tr;uisform(*r becoming di'feclive. 

Power ill three-phase circuits. Tht? ])owcr in a btilanced poly- 
j)ha £’3 system has already (p. 175) shown to be equal to 

nEI cos 9 : 7 , where E, 7, are the phase ItJ.M.Fs. and (‘urrents, and t/ 
is the phase difierence between them. Htdiee in a balanct'd three- 
phase system the jiower is given by P — SEI cos cp. 

In the case of a star-connected system the line v'oltage, V, is 

equal to and the ])ower is given by P — 7 cos 9 ?. 

Similarly, with a delta-connected system tlie line current (/') is 

equal to ^3 . and the power is given by P = 99 . 

Therefore, in general, the power in a balanced three-phase system 
is given by 

\/3 X lihe voltage X line current X cos 99. 
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In the case of an unbalanced system the total power must be 
obtained by taking the sum of the powers in the separate phases. 
Thus if the instantaneous values of the phase E.M.Fs. are given 
by the equations 

ei = sin co<, e„ = ain{(o< - 577), e,„ sin(fc><- ,» ; 

and the instantaneous values of the jjhase currents are given by 
*1 =AmSin(co<-95i), i„=/„„bia(w<-57i-9’z), *111 -"/n.mSinCw^-'.V-i^a) ; 

the instantaneous power will be given by 



Fro. 117. — MclhocK of iiil; Pouor iii S^ar-rojiiu etc d 

»Syst(*m and Halaiiccd ]..oad^ 

p = Cj?! -|- 1 ^111^11 

•= sin (at . siu(co< -^i) | 

sin(fo/ - l-n) . sinM - jtt - (p„) \- 
sin((/;^ - \ 7 t ) . sin(fo/ - V - 9 ^.,) 

= h EjJi„\co(i(pi-(.-o%(2a)l-(p^)] I « 

[cos (^2 ~ cos (2c0t — 77 — 2 llKii 
[cos 903 - cos(2<:o^ - - r/)^) ] 

= [cos cp^ - cos(2a;^ - 9^i) ] -f- 

[cos \ - cos(2ft>/ - ';7r) I [- sin if, . sin (2ro/ - ‘tt) ] 

+ [cos 9 ? 3 1 1 - eos(2fuf - tt) | + bin p . . sin(2a;i - tt)] 

Hence the mean power is givrm by the mean value of the f^bove 
expression taken over a period. Thus • 

P =5f ^i/i COS 99^ + cos 992 h cos 9^.^ . . ( 70 ) 

since all terms of double frequency become zero when averaged 
over a period. 

Therefore the mean power in an unbalane(‘d three-phase, or any 
polyphase, system is equal to the sum of the mean power in eacli 
phase. 

[Note. — The case for which the E.M.F. and current are non- 
sinusoidal is discussed in Chapter X.] 

Measurement of power in three-phase circuits. With balanced 
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circuits the total power may be measured by a single wattmeter in 
a number of ways.* For example, if the neutral point of the 
system is available the wattmeter may lx* connected as showTi in 
Fig. 117, in wj^ieh the current coil of the wattmeter is inserted in 
one of the line wires and the potential coil is eonnectc'd between 
that line wire and the neutral point. The total power is t'qual to 
three times the powder indicated by the wattmeter. When, however, 
this method is employed in practice it is custoinaiy to mark the 
scale of the instrument in terms of tlK‘ total ])ow'er instead of the 
actual ])ower indicated by the instrument. 

If the neutral point of the system is not available, the total power 
may still bo measured by means 
of a single wattmeter, but in this 
case it is necessary to impress on 
th(' potential coil of the wattmeter 
a voltage which is equivalent to 
the phase voltage of the system. 

With low-voltage circuits and the 
dynamomet(‘r type of wattiiuder 
this equivalent phase voltage may 
be obtained by the iis(‘ of a 
Mtar-connect('d potential circuit, 
as shown in Fig. 118, in which 
one branch consists of the potential coil of the w^attmetcT and the 
other branches consist of resistances equal in value to that of the 
Ijotential coil. For (‘xtreme accuracy the inductance of each of 
these branches must equal that of the potential coil. Thus the 
wattmeter indicates the true power in onc' phase of the system, as 
in the previous case. 

With imbalanced cii-cuits the total ])ower may be determined by 
measuring the power in each phase, by separate wattmeters, and 
addii^ the results. Such a method requires three wattmeters and 
is not used in [)ractic(* because the same result may be obtained by 
mt^ans of tAvo wattmeters, or a single wattmeter of the polyphase 
(P- 4()()), connected in the manner shown in Fig. 119. The 
total power is then given by the algebraic sum of the readings of 
the wattmeters, when two instruments are eraj)loyed. When a 
polyphase wattmeter is employed, the total power is given by a 
single reading of the instrument, and this feature renders this type 
of instrument very serviceable for commercial circuits. It should 
be noted that in each case the results are true, whether the system 
is balanced or unbalanced. 

* See Votvfii Wiring Diagrams, p, 112. 



Ficj. 118.— MttJiocl of Measurinj' 
Powor 111 B»vlanr(Hl Threc-phaso 
System willi Tsolalod Nc'utral 
Point . 
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The .theory of the two-uxitf meter method of power measurement 
is best developed by considering the case when two separate watt- 
mt'ters are employed, as we arc then able to show how the power 
factor of a balanced system may be obtained from the readings of 
the instruments. Moreover, since a polyphase wattmeter* consists 
essentially of two single-phase instruments with a common moving 

system, the proof devel- 
oped for the case •of two 
separate wattmeters may 
readily be interpreted for 
the case of the polyphase 
wattmeter. 

Theory of the two-wattmeter 
method of measuring power in 
three-phase circuits. Let tho 
]H)Mtivo diri'olion of E.AI.Fp. 
>incl rnrrents in tho circuit bo 
that marked by tlie arrows in 
Fig. llj). 'rhon if tho instan- 
lanooiis values of tho currents 
Fici. II 9 .- -Circuit Uiui'rum for Two-wiitt- 1 '‘id 2 (in which tho 

motor Method of Moasurinc; fowor in onrrent coils of tho wnttinotors 
Throe-phase System 'J'li msortod) aro 

donoted hy i^, ri.\s])pct- 
ivoly, tho instantanoouH jiower 
moasurod by waltmolcr ll\ is ociiial to I’l 3, and that moasnrod by 
wattrnotor \V 2 is ccinal to /2^’2-3- Obsorv'<‘ that tho ]>ositivo dirootions for 
tho F.M.Fs. improssod on tho ])otontial coils of tho wattmeters aro : ?’j_3 for 
wattmeter and Cj-n for wattin(‘tt*r ITo. 

The sum of thes*^ (plant it ic's is 

'^ 2 '^' 2-3 + 

But if tho pliase E.M.Fs. of the system are r,, rjj, Cjjp we have 3 rjjj 

ri_3 -- ('i - Jiud therefore 

^2^*2 3 "b 3 ” ^uil i ^1(^1 ~ '"ml f ~ ^ ^2) 

Now in any throe-iihase thr<'o-wire system, whether tlio loads are balaneeii 
or unbalanced, tlie instantaneous sum of the curn'nis must bo zi^ro, i.o. 
?i h ?2 1“ ^3 “ b, or 1 ^ t ^2 “ '3- 

Therefore the sum of the instant aiK'ous rpiantities moasurod 
wattmeters is given hy 

-f- 

and is oifual to tho total power m the s\stem. 

With a lull finer d system 

H ^ - r)* ’2 Ln ^^uiM ' r - J 

?’i_3 sill v)t sin(e>t - ‘ tt) 

- yt;^[ 2 oo.s }.{2(ol - .iTr).sm(i X i7r)] 

- in) 

’’2-3 - ’in) - sin(aif - :’^7 t) 

cos li 2 o)t - ,';7r).sin ( J X ?7r) ) 
sin(n>/ - .Jtt) 
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Hence the instantaneous power measured by vvattmoti'r is givfin by 
V\ ~ «d’i -3 = \ ^3 sin(e;/ - Jtt). sin (ret - 71 ) 

i v'-3 v) cos(2e;<- Jtt-t’)], 

mid the readinfj ; ^>11 tins instininonl is given h\ 

V) 

V.-i K1 eos(3() ijY 

T’/ c <)s(30 7 )°, vlu'K' T'^ IS the liiK' voltage of tlie systi in. 

Sunil. Ills the instantaneous ]io\\ u inensnied bs wattnatei IT, is given by 

Pi - '2'’j 1 \/3 sin(e)/ Itt) sm(eif - 5 |t: 71) 

\s/3 f(<»s(»7r , 7)-eos(2ejf- "r r )\ 

and tlie K.iding on tins instinnunt is gi\ en b\ 
iv/3^;„/,„cos(/-r I 7 ) 

- \/^ P'A eos(30 1 7 )'' 
i/y eos(:m 7 ) 

I II 7 is leading instea<l of higging. /\ VI cos (.30 1 71)'^, and 

/b l/(ns(.30 7 ;°)j 

Non the i.itio ot the le.idiiig^ of the vv.ittnie un s uives 

/' r/ eos(,30 I 7 )" cos .30° ( os 7 ; - sin .30° sin fp 

y'j 1 f ( osf.tO 7 )° < »s .Jt) co> 7 1 sin 30° sin 7 > 

I \/3 cos (f * sm <t 
\ \ .1 < os 7 ) ( sin fp 

C3oss nnilt i|)ls ing, wo h.ise 


/b( v /3 cos 7 ^ sm 7 ) /*i( \ 3 cos <p sm 7 ' 

\\3ieneo • 

{f\ I /*,)^\\\q \ - P,) (OS fp 

TliMice 


V’. ^ IW ' \I I c.'/'J 


I I + 

x/(i I 2v (I I (i'zii\y) 


33ierefore the ])Ower factor of a bal.vnced systian ina> be obtained from 
the readings of the vvattinetcis without a knovvledgi' of the vnilt-amjiores. 

A curve, enleulati'd tiwm <’(piation (71), connecting power factor and the 
ratio of the wattmeter readings is giv'en in Fig 120 

Variation of readings of wattmeters with variation of power factor.* Another 
interesting feature 01 tlio two -watt meter method of ]iovver measurement, 
when applied to balaiu ed systems and when two vsattmeteis are employed, 
IS the manner in which the readings vary when the ]>o^^e^ factor of the system 
IS varied, the volt -amjieres being eonsta,nt. 'rhus, since one w'.attmeter, If j, 
measures the product VI cos(30 77 )°, and the other wattmeter, measures 
the proihict VI cos(30 f- 7 '')°’ oqual readings will only be obtainert oji the 
instruments, with balanced loads, when cos(30 7 )° cos(30 + 7 ?)°, i.o. 
when fp 0 • 

• If 77 is leading Instead of Liggliig, wattmeter IVj measurel tlie product VI cos (30 I 7?)®, 
and wattmeter IFg measures the ]iroduct VI cos (30 - 77)®. In this case, assuniliig balanced 
loads, wattmeter Tto, Fig 119, will show the larger reiding (excejit In the special case wdien 
7? 0). 
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Undo! those conditions, 

i*i - VI cos 30° — 0-80617 ; VI cos 30° -- 0-80017 ; 

P = f 1-732 T7. 

l^or all other valinis of oKO(‘pt (p 0()°, m roafliii"s nf t^ c instruments 
will bo unequal. * 



Variation of Wattmeter Readings (in Two-wattmeter Method) with 
Power Factor (Balanced Loads and Sinusoidal Current and Pressure^) 


For oxain])lo, 

when fp — 30°, i.e. the j>owor factor i-os 30° -- O-SOO, 


1\ - 17 eos(30° ~ 30°) - VI ) 
l\ ^ VI cos(30° + 30°) - 0-5 T7J ^ 


l-5F/( 0 800 


When (p -- 00°, i.e. the ])ow<*r f.ietor 
I\ __ F/eo.s(,30° - 00°) 0-800 ,, ,, 

I\ - T7eos(30° + 00°) - 0 ( 

When (p — 00°, i.e. the power faet<»r 


cos 00° 0-5, 

i 0-8(}017( 

cos 00° - 0, 


0-5 > 


1-73217 ) 


1*723 17) 


P, -- VI cos(30° - 00°) - 0 5 VI } 

* ' ' \ P 1* \ P Vi 

P. - 17eos(30° } 0O°) - -0-5 17) M I '2 ^ 

• 

A curve showing the manner in which the* readings of the wattmeters \ ar\' 
as the pc^ver factor is varied is shown in Fig. 121. 

Hence at unity ]iower factor e((ual readings, both ])ositive, are ohtain(*d 
on the wattuK'ters ; at a power factor of 80-0 per cent thi* reading on one 
instrument is double that on the other ; at a power factor of 50 |•(*r cent one 
instrument reads zero ; and at zero power factor eijual readings are obtained, 
but one is now positiv’^e and the other is negative. JNIoreovi'r, at power 
factors abf)ve 50 per cent both wattmeters are reading j>osi( ively, and the 
total power is then'fore obtained by adding Ihe reailings. But at power 
factors below 50 pere(»nt one wattmeter is reading in the negative direction, 
and the connections of it# pressure coil, or, alternatively, the connections of 
its current coil, must be reversed in order to obtain the reading. Hence, 
under these conditions, the total power is obtained by subtracting the 
readings. 
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Tlioreforo, wlien iiMiig sojjHrtilo uattnielors for jiiciisnriiig jhjwct by iho 
two-wfttlmolor Tuothod it is very important to know wliollu'r both wcfttmoters 
are reading positively, or whether one instrument is reading positively and 
the other is reading negatively, as otherwise the total power eannot be 
eomputed. In cases where the polarity of the current and potential ter- 
minals is marko(^ on the instruments, or where the manufacturer's diagram 
showing tlie correct connections of the instrument is available, or where the 
power factor of tlie load is known to be above, or below, 50 per cent, there 
will be no difhculty in iiiIim pri‘f imj the readings of the wattmet(*rs. But in 
other cases a test will have to b<‘ made to ascertain the connections which 
give a positive rending on each waf lmet(‘r.* 

Measurement of power in a three-phase four-wire system. The 

tvvo-wattinett‘r inetliod may also bo adapted to measure the power 
in a three-phase four-wire system, but in this case it is necessary 
to supply the current coils of the wattmeters from current trans- 
formersf inserted in the principal line wires in ordiu* to obtain the 
correct magnitudes and phase differences of the currents in the 
current coils of the wattmeters, since in the three-phase four-wire 
system the instantaneous sum of the currents in the principal line 
wires, or “ outers,”^ is not necessarily equal to zero, as is the case 
for a three-wire system. In general, iu th6 four-wire system, the 
sum of tlie instantaneous currents in the “ outers ” is equal to the 
instantaneous current in the iK'utral wire, and the vector sum of 
the R.M.S. currents in tlie “ outers ” is equal to the R.M.S. current 
i!i tlie neutral wire. 

The con T lections of the wattmeters and current transformers for 
measuring the power in a four-wire system by the two-wattmeter 
method is shown^In T'ig. 122. 

Assuming, for simplicity, the current transformers to have a ratio 
of transformation of unity, and neglecting the small phase dis- 
placement between the curnuits in primary and secondary windings, 
the currents in the secondary windings, uliich supply the current 
coils of the wattmeters, will be equal in magnitude to the currents 
in the line wires to which the primary windings aie connected, and 

* t‘\aiiii)lo, each Jnstruinent is connected to a single phase eireiiit. 

AHeniiilively. if it is pi'rinissible to opeii-eireuit the line wires (I and 2, Fig. 
119) in which the current coils of the wattmeters are eonnecteil, single-phase 
jiower may bo sujiplied to each instrument without diseonnectin/^ it from 
the circuit ; e.g. single-phase power may l)o supjilied to wattmeter by 
oi:)f*n -circuiting lino wire 2, and single-phase jiowtT may bo supplied to 
wattmeter by open-circuiting lino 1. 

t A current transformer is a s])Ocial tyiie of traiisfurmor designed to give 
a constant ratio between the currents in the primary and secondary windings 
when operated with a closed secondary circuit. The primary winding is 
connected in series with the main circuit, and the secondary winding is 
connected to the current coil of a wattmeter, ammeter, or other curreiit- 
moasuring instriunent, which is therefore sup]ilied ^ith curn'nt jiro]ioriional 
to that in the yirimary circuit. Instrument (current and potential) trans- 
formers are considered in detail in Chapter XIV. 
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tho mutual ])liase difference betAveen tlie secondary curre*nis will 
be equal to the mutual phase difference between the primary 
currents. It is necessary to observe, however, that the secondary 
currents are reversed in direction relatively to the primary currents. 

If the instantaneous values of the currents in the secondary 
windings of the current transformers are denoted by ?3, the 

current in the current coil of wattmeter is equal to and 

that in the eurrent coil of wattmeter is equal to ?3 - * Hence 

if the phase voltages of the system are dcnot(‘d by e,j, and 


Supply 

0 3 2 i 



the assumed positive directions are those shown by the arrows 
ill Fig. J22, the instantaneous power measured by wait meter ir, 
is given by ~ ^2)^ that measim'd by wattmeter 

is given by P2 = (^3 ~ ^2)- The sum of thes(' qnanliti(‘s is 

therefore given by 

P = Pi + Pz = ^1(^1 - H) + CinOa - H) 

— Cjl’i CjjjIq — ?2(^1 “f" ^lll) 

= " 1 “ ^111^3 » 

since, in a symmetrical system, e, + Cu, — 

But the expression (eji'i + e^^i 2 + ^mh) rcqiresents the instan- 
taneous power in the system. Therefore tAvo wattmeters, or a 
polyphase wattmeter, connected as shown in Fig. 122, will measure 
the total power in a three-phase four-wire system whether the 
loads are balanced or unbalanced. 

An extreme case of unbalanced loading occurs Avhen a single-phase 
loEul is connected across two of the line wires. Thus, assume the 
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load to be connected across liiu's I and 2, as in Fig. I2.‘{(if), and 
let i denote the instantane^ous value of the line current. Then the 
current in the current coil of wattmeter Ifi is equal to 2/, and that 
in the current^coil of wattnu^ter is equal to ?. Hence the 
instantaneous power measured by wattmel(‘r IF^ is given by 
Pi = 2iej, and that measured by wattinetej’ IV 2 is giv‘*n bypg — ifii,. 
Whence the sum of these quantities gives 

P I Vi - 2/ei ' i(2(\ -+ e,„) 

= -I K -I f’ui) ) 

^ ivi.2, 

where %2 is the voltage betwetm the line wires, ] and 2, across 
which the load is connected. 


0 


•fo4 


• (a) 


K> 


(bj 


Fio. 12.'].- Circuit l)iiigrarns showing (’uirt'uls m VVaftnH‘l(‘r (’oil.s 
wilIi Single-]iliafc><‘ Loatls 



But the expression 2 represents the instantaneous power 
supplied to the load. Therefore the sum of the readings of the 
wattmeters, or the reading on the polyphase wattmeter, when such 
an instrument is used, gives the power supplied to the single-phase* 
load. 

Similarly, if a single-phase load is connected across lines ^ and 3. 
as in Fig. 123(6), and i denot('S the instantaneous value of the 
line current, the current in the current coil of wattmeter IF^ is 
equal to i, and that in the current coil of wattmeter 1 F 2 is equal 
to - i. Hence the instantaneous power measured by wattmeter 
is given by Pi = iCp and that measured by wattmeter IF 2 is given 
by p 2 = Kn. Wlience the sum of these quantities gives 

P = Pi -I- Pi = ■ ’’ein = *(Ci - em) 


= ivi-a, 
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where ^^.5 is tlie voltage between the linos, 1 and across which 
the load is connect('d. Therefore, in this case also, the sum of 
the readings of the wattmett^rs gives the power supplied to the 
single-phase load. 

Again, if the load is connected between one of tHe ]3rincipal line 
wires and the nc‘utral wire (c.g. between lines 1 and 0), the current 
i circulates only in the current coil of wattmeter W^. The power 
measur(‘d by this wattmetxT is, tlierefore, given by p — and 
that measured by the other wattmeter (W^) is zero. 

When the load is connected between lines 2 and 0 the current i 

circulates (in the negative 
dir(‘ction) in the coils of 
both wattmeters, and 
accordingly 2^2 

-- - iCi ; Pi +P2 = -i + ^ 3 ) 

Hence* in general two 
wattmeters, or a poly- 
phase wattmeter connected 
according to Fig. 122, may 
be employed for measuring 
the power in any three- 
phase system, whether 
three- wire or four- wire, 
under apy condition of 
Wattmeter with Instriiiucnl Transformers loading. In till* case of 

the three-phase three-wire 
system, however, the connections, when current transformers arc 
necessary,* may be simplified to those shown in Fig. 124, for 
which only two current tr«ansformers an* required. 

Reactive power in three-phase circuits. In Chapter V, p. 70, 
the reactive power in a single-phase circuit was defined as : the 
product of the impressed E.M.F. and the coijiponent of the efirrent 
which is i)erpendicular to it, i.c. the product El sin p. This 
definitidn may be extended to include polyphase circuits under 
conditions of balanced loads. Thus the reactive power in a poly- 
phase circuit of 71 phases is given by the product nEI sin q?, where 

* Current Irnnsformors aro nece.s.sary ■w’itli all liigli-voltago systoms in 
order to avoid the direct connection of the instrument to the high-voltage 
circuit. In such cases the potential coils of the instruments are supplied 
from potential transformers. Current transformers aro also necessary in 
cases where the lino currents are larger than those for which the current 
coils of instruments can be conveniently wound. Further details of the uses 
of current transfonuers are given in Chapter XIV. 


1 3 2 



Fra. 124-. — Circuit Diagi'am of Polj' phase 
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Ey /, denote the E.M.Fs. and currents of each phase. Hence .for 
a balanced three-phase system the reactiv^c power is given by 
Px — ^EI sin (f — ^^3. VI sin (p. 


As in the ej«e of single-phase circuits, the reactive power in a 
polyphase circuit represents the rate at wliieli energy must be 
supplied to tlie eireiiit to maintain the magnetic and electrostatic 
fields, ^e. the rate' at wliicli energy is stored in the circuit ; but in 
the j)oly phase* circuit witli balane(*d loads the stored (aiergy is 
constant and do(*s not surge* betwe(*n the gc*nej*ator and the 


circuit. 

Measurement o£ reactive power. 

circuit the reactive* power may be 
wattmetfT by so connecting tlie 
current and potential coils that at 
unity pow(*r factor thci currents in 
them have a phase difference of 
00°. For (‘xam])let it the currenl 
coil of the wattm(*t(*r is (onnc'cted 
in OIK* line wire, No 1, and the 
potential coil is connected a(*ross 
the other line* wir(*s. Nos. 2 and 
3, as shown in Kig. 125, the reading < 
the ))roduc 1 


In a l)alanc(*d tliree- phase 
measured directly on a single 



Kir.. 12.‘>. Conuoflioiis ot a Watt- 
lut 0 1 to Ml asLini tlio Roactivo 
T'o\v(*r in a Thit-o phase System 

n the wattmeter will r(*present 


rZ^‘os (90 -f/)) -- VI sin 99 , 


and therefore tin* reactive jiovver in the syst(*m will be given by 
times the n'ading on the w^attnieter. 

When, however, the t wo-w«ittraetcr int'tliod of ])ower measure- 
ment is employed, and sejiarate wattmeters ari* used, the reactive 
power may be obtained fiom the readings on tlie wattmeters. 
Thus, if P^y readings on the wattmeters, then 

" /\ -- F/co^(30-(^)°, F3 -TTcos(30 (p^. 

Whence, • 

P, - P, -- 17[cos(30 -( 7 *)° - cos(.3() + (fY 


— K7[cos 30°. cos (p + sin 30°. sin (p - cos 30°. cos tp 


- 1 - sin 30° sin 99 ] 

= VI sin 99 

Therefore the reactive power in the system is given by times 
the difference of the readings on the wattmeters. 

14— (5246) 
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• SlX-PHASK SySTKM 

In a symmetrical system the ])h«ase Ji.M.Rs. are represented by 
the equations 

€1 — sin (ot, Cji — sin(m^ - Jtt), Cm — sin(mi - §77), 
Cjv sin((:o/ -tt), c^ sin(co/ - V)» sin (ce^ - 7 ; 

Star-connected system. With a star-connected system the line 

E. M.Ks. are equal to the phase E.M.lTs. (since the E.M.F. between 
any two adjacent line wires is equal to tht‘ vector difference of the 

F. M.Ps. in the phases to wliich these lines are c’oniiected), and the 

line vectors are displaced 00° (leading) with respect to the 



(Circuit dut jmtu) (I tent) ntcK/iatH) 

Fifj. 120.- Circuit and Vector Diagrams tor Siv-ptiasc Star- 
couuecti'd System 

[Note, The vi'ctoi'^ OJJi, OEn, . . repiosoiit the ]»li.ise V] M Ks , jiiid llio vectors Ol\-^ 

OFg-i. . . . ('v Inch arc coiiK idciit with 0/i\j, O/i'i, . . .) icprcsciit the line E M.tV Ob'>ervc 
that tiic line K M Fs may he drawn in the foiin of a regular hexagon 1 

r 

phase E.M.F. vectors, as shown by the vector diagram of Fig. 120, 
and also by the equations 

2 = - (’u — ■ Eyn sin cot - E,yy sin((ot - Jtt) 

- 2 Ejyy[coH((ot - Jtt) . sin JttJ — E^ sin(m^+^77') 
^'2 3 - ^in «in(w^ - irr) - E,,, sin (o)t - ^tt) 

- 2 E „Jcofi{ojt - l77-).sin JttJ — E^ sin 
^'3 4 ^ - ^IV " M Ey„ sin (coI-tt) 

= 2 E^[cofi{(of - Itt). sin ^]=E„, sin (cot - Jtt), 


etc., etc. 
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The R M.S. valu(\s of tlu* lin(' Ks. are (‘qual (o those of the 
phase R.M.Fs. Thus 


Fi.o - E, K,., 


B, r,, 


where E is Ihell.M.S. value' of eaeh of tlie phase JO.M.Fs. 

Th(' line eiirreMils aie ('(jiial to tlu* phase' eiirrents, and the* j)liase 
(lifT('rene(' between th(‘ lira'-F.M.F. veetors arid the line-current 
v('etors# is (‘(jual to ((U) [- 9*)°, la^^ing. whi‘i*i' (j> is the' ])hase 

elitfc're'uee' l)(‘tw(*(‘iT ])liase‘ F.M Fs. anel e-urre'nts. 



Cirrmt (hn iKtni Vertoi iltin/iuin 

1:^7 (’n‘cuit luul \ I )iaLri'cU)is for Si\-|»1ims(‘ 

comi M'tod S\'sl(>rn 


Mesh, or ring-coimected, system. With balanee'd loads tJie line 
currents aie' eapial to the' phase* eurre'iits, anel tlie* line‘-e‘urrent 
V'ectors are dis[)la(‘ed tiO eh'^re'es, la^f^in^, ^^illl re'spe» t te) the phase- 
eiirre'iit vectors, situ'c the curre'iit in any line is e'ejual te) the vector 
difTe‘re'5ie*e of the' e-urie'iits in the* phase's e‘e)nne*e te'el te) tliat line, as 
shown in the* vee*tor eliaSrain e)f Fi^j;. 127. Thus tlie* phase eliffe'reiKN* 
betwe'e'ii the line F.lM.Fs. anel the line e*urje*nts is e'ejual to (QO <p) 
dygre'C's, lagging, wlu're' (p is the* |)hase eliffere'iice' be‘tv\e*e'n the' ])hase 
K.M.Fs. and curreTits. 

The six-phase system is not, at ])re'sent,* use'd for ])e)vver distribu- 
tion as this system pe)sse.sses no advantage's e)ver the three-})hase 
system fe)r powe'r su])j)ly to ine)tors, and has the* gre'at disadvantage' 

* A proposal li s tjpea irmtte tc) use a si x -pi uise •system for extra liigh- 
voltAgo transmi.ssioii by means of tri])l('-eoiicentrie iindorgrourui eables. 
{Joiirn, I.K.E., til, 22l).* Ffi,por b>' Major A. M. Taylor on “ Tlio ])Oj-sibili1ies 
of transmission by underground cables at 100,000/150,01)0 volts.”) 
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ol requiring cloul)Ie th(‘ luunlKT of line irt's as a three-phase system. 
-For suppl}dng i*otary converters, however, the inerc'asccl numbt'r of 
phases of the six-phase system is an advantage, as a larger output 
can be obtained from a giv('n size of armature than yhen tlie supply 
is three-phase, due to the lower resultant UR losses in the former 
case, other conditions being equal. 

In the majority of Ceases where tlie six-phase systcun is used in 
practice the six-phase curnmt is obtained from a three-phase 
system by means of static transformers as shown below. But in 
special cases (e.g. when a large amount of power in the direct - 



Fig. 128. — Circiuit and V'oclor Diagrams for the Star Motljod of 
Supplying a Six-phabo Load from a Tl>rre-[)}iasoiTra)mformer 

{a) Tran8form<'r Connections, (6) Circuit Diagram showing Directions of 
Currents in Secondary Windings and Loa<I, (c) Vector Diagram of F.M.Fh., 
{d) Vector Diagram of CVnrrenls 

current form is to be gcneratial, u.siiig steam turbiiu's as prime 
movers) the generators are wound to sup})ly six-phase current 
directly to the rotary converters, which art‘ located close to the 
generators, thus minimizing the disadvantages of a six-wire 
distribution. * 

Methods of obtaining a symmetrical six-phase system from a 
three-phase system. A symmetrical six-jjhase system may be 
obtained from a symmetrical threc-phas(‘ system by means of a 
three-phase 'transformer, or, alternatively, three single-phase 
transformers, provided with double secondary windings. Both the 
star and mesh methods of interconnecting the secondary windings 
may be employed, the interconnections for the star connection 
being shown in Fig. *128, and those for the mesh connection being 
shown in Fig. 129. With both methods the line voltage is equal 
to the phase voltage (i.c. the voltage at the terminals of each of 
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the half -sections of the secondary windings), and the line*current 
is equal to the phase current. Moreover, with balanced loads, the 
line-current vectors are displaced (60 + 99)°, lagging, with respect 
to the linc-voUage vectors. 

With the star connection the E.M.F. between any pair of lino 
wires is equal to the vector sum of the E.M.Fs., or the reversed 
E.M.F^., as the case may be, in the two half -sect ions of the secondary 
windings to which these lines are connected. For example, if the 
E.M.Fs. in the double secondary windings are represented by 
the equations 

Cj — E„, sin o)f, - E^ sin (oyt - Itt), -- iiu\{(of - \ 7 t) 

the line E.M.Fs. are given by the equations 

^’1-2 ^^1 I I- ^’23 

'3 4 ~ ^1 ^ m )} 

^ sin(e>/ - 'irr), - y^^^sin(m^ -tt). 

' G i ^ shl(r/>^ - >). 

The vector diagram is shown in Fig. 128 (c), in which the vectors 
OEy OE^^, r<^‘p^c‘s«.nt the E.M.Fs. in the half-sections of th(‘ 

secondary winclings, and the vectors OT\ 2» ^^^ 2 3> • • • repre- 
sent the E.M.Fs. between the line wires. 

[f the sjx-phase load is balanced, the cunx'uts in Iho secondaiy 
windings will bcibalanced, and may be represented by the vectors 
0/j, ^28 (r/)] and the ecpuitions 

/, — /,,,sin(ro/- 9d ; 

hi /;„ain((y/ - l^r - 7?) ; -- J ^ tt - (p) 

The currents in the line wires 1 , 2, 3 . . are eqmd to - ?j,,, 

hp ” ^p hip ""hp shown in the circuit diagram (6). 

The eurrcMits in the®branches of the load are given by 
h 'r„ — /„,[sin(w< - (f) I- sin(a)< - \n- 9;)] 

=- 7^.sin(w< f ^TT-q>) 

<i> = - *iir -hi = - Im[sin{fol - \n-(p) + sin(w< - - 9?)] 

= /„sin((W<- 9?) 

and so on. They are represented in the vector diagram, Fig. 128 (d). 
bv the vectors 01^, 01 u, ... 

With the mesh connection the line E.M.Fs. are equal to the 
E.M.Fs. in the h&lf-sections of the secondary windings, and by 
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interconnecting these sections in the nianner shown in Fig. 120 a 
])hase diffennico of 60° is obtained betw(»en the K.M.Fs. of 
adjacent series-connected sections, as shown in thi‘ vc'ctor diagram 
of Fig. KIO. 

buppl\J 

II Ya |i 


(d! {b) 

Fm 1 !tl) \ ( ( <i>r I <iin i 

\f(t) F M (^) Filin Ills I toi 

Fl^^ 120 


/!/,„ Mil (->?'- \tt) 

and so on. Thes'* F.M.Fs. an‘ repn'sent'sl in tli(‘ vc'ctor diagi-am 
[Fig. 130(^7)1 by the vectors Oy,.,,, OF, 3 , OF, „ . the 

E.M.Fs. in the si'condaiy windings being r('pr('sc‘nt(‘d b\ OE^, 

OBIjj, OE„y 

With a balanced systenn, i.e. with ecpial currents in (‘ach^of the 
sections of tlie secondary wdnding, tln^ cnri»ent in any line wire is 
equal tj) the vector sum of the currents, or the reversed currents, 
as the ease may be. in tlic sections to which that liiu' is coniK'cted. 
For example, if the currents in the secondary w indings arc 

'i =- Jm sin (')/, i„ - I,„ siii(a>l - », i,„ — sin((o« - ‘77), 

the line currents are giv('n by th(‘ equations 

= ii -f- ain(cu^ — 377 ), ?2 ~ U ~ bn m f^in(m/ — _^7 t) 

^’3 '11 f- bll" ’ 

U ^ “b - hi — Ln sinM - ir, h -I bl |-- »» 

?3 ^ — 7 jj| = sin (i)t ; 




Mfhh Mefliod of Siip])V/iuiT a Si\- 
|3haso Load from a Tlin'o 
TransfonrK'r : (a) Ti*tnisf(u*m( i 
noctioris, [h) (Orcuit Diajjrain show- 
ing Directions of (\irionts in 
Secondary Windin< 2 ;s and fjoad 

For oxamfile, 

2 ~ (ot 

^’2 - 3 - ^iii ^ - /i'’,„'<in(wr - 'tt) 

^3 • 4 = ^ ^inM - I'”’) 
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and the Joad currents are 

- ?2 — /^[sin(ft>^ - Jtt) - - ^tt)] = sin o)t 

H = H ~ H = - 3^) - sill ~ tt)] -- sin(w/ - Jtt) 

and so on. 

Fig. 130 (6) is a vector diagram of currents. The vectors 07, , 
0/jj, 0/jj, represent the currents in the se condary windings, and 
are slv>wn lagging 99° vdth respect to the corrtvsponding F.M.F. 
vectors in the diagram (a) ; the vectors 01^, 01^, . . . reprc'sent 
the line cinremts ; and the vi'ctors O/y, 0/j,, . . . represent the 
load currents. 

Alternative convections. Whe^n the traiisformeM* windings supply 
a balanced mcsh-conneet(“d load, as for example' the' armature of a 



'rian'^foriTK'i' (^onnoc tioiis toi the Duitnotiical tiiid Doublc-df lta 
Molliods o£ Supplyiiijjf a Si\-plias(' Load tioin a phase* d’ranstoinuT 

[Noie. With tlie (loii])I(*-di'lta inrthod (log 1.J2) the lim* \mus .en- i ounce t('d to the to]i 
ti*riiiinals ot the ui)iK*r aiul lu\>f i soetioiis ed tlie* ^ee’oiidai v NMiuliiigs iii tin e)i(ltr (lett to right) 
1, 3, 5 feir the iiiiiK'r ^vindmgs anel G, 2, t for tlic Iea\er \\indnigs.] 

rotaiy converter, th(' connections of Figs. I2S, 129, may bt* replaced 
by those shown in Figs. 131, 132, rt'spectively, vhit'h jtossi'ss the 
advantage, over those of the former figures, of a higher line voltage 
and a smaller cross-s^'ction of line wire for a given power in the 
two cases. 

The coniK'ction of Fig. 131 is callt'd the ‘‘ diametrical ” connection 
and does not n'quirt' double secondary windings on the transformers. 
With the load open circuited, the secondary windings are not inter- 
connected and their E.M.Fs. are equivalent tc three equal single- 
phase E.M.Fs. having a mutual phase difference of 120®. But 
when the windings are connected to the load the currents in the 
phases of the latter have a mutual phase difference of GO®, and a 
GO® phase difference exists between the E M.Fs. across successive 
pairs of line wires, so that a six-phase systcmi is produced. These 
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conditians are represented in the circuit and vector diagrams of 
Fig. J 33 . 

If the E.M.Fs. in the secondary windings are 
I sin (Dt, ejj = 2 E^ sin^ - Itt), sin(ca/ - .Itt) 

• the voltage across phase A of the (balanced) load is • 

2— K^i + ^ui) =■ o)t + 8Ln(a>^ - Jtt)] 

sin(w/ + J77) ' 

that across phase B of th(' load is 

^2 - 3 = ~ “J" ^iii) ^ - ijTT) -f- sin (wi -- ' 77 ) 1 

-= sin o)f 
and so on. 



Fio. 133. — Circuit and Vector Diagrams for “ Diarnelrical ” J\l(‘(lioil 
of Supplying a Six-phase System 


In Fig. 133 (h) the p].M.Fs. in the secondary windings arc' rei^re- 
sented by the vectors OE^, OE^^, voltages across the' 

load arc represented by the vectors OFj . 2, OV2 ~ ^ . . . 

If the currents in the secondary windings are represented by 
the equations 

sin wt, ?\i = Hm{o)t - 577), sin(oj/ - », 

the current in phase A of the load is given by 

=z + ijjj = /,„[sin(u^ + sin(fi>^ - = T^^ sin (cot + ^77). 

Similarly, thcj current in phase B is give n by 

tg = “ ?n - bii == “ (ot - 577) + sin(fo< - »] = sin cot, 

the current in phase C by 

^0 = b + ^ = [sin CO’ + sin(a>« - §77) = s\n(fof - J77), 
and so on 
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In Fig. 133 (c) the vectors 07,, 07jj, 07j,j represent the Currents 
in the secondary windings (which are sIioavti lagging cp^ with 
respect to the corresponding E.M F. vectors in the diagram (a) ), 
and th(‘ vectctfs OP, 07i, . . . r(‘prcsent tlu^ load currents. 

The conned ion of hig. 132 is called tlie “ (Jouhle ddtn ” convection : 
it rcquhws double' se'condary windings on tlu' transforniers as in the 
six-ph^se connedions of Figs. 12S, 12h. Tills connection, so far 
as the secondary ^vindings of the transformer are concerned, is 
ecpiivalc'iit to two three-phase dc'lta connc'c tions dis])laced 180° in 
relation to each otluT, as rc'jireseiitc'd in tlu' coiivcait lonal diagram 
of Fig. 131. 

If the (‘inrc'nts in s(‘cond«xr\ windings are ri'prcsc'ntc'd by the 
c*c| nations 

/, = sill wt, ?■„ - - Itt), (',11 /,„ sin(fu/ - ',77). 

the currents in the line wires are given by 


'1 - '1 - >m • - 'tt)] \/.‘5 hinH - Itt), 

'2 -'ii-'ui /,„hin(w/-577-)-siti(w<- ',r) I \/:{./„,siri(co<-^77), 

I'i I'li - /,„[silt((o^-i•;7T)-^in(on /,„Mu(cof-|», 

‘i V) siiifo/]- \ sill 

and so on. 

Tile currents in the ])has(‘s of the mesh-connedc'd Ic^ad are gi vi'ii ])y 
?A ~ h~ - \ /,„|sm(fd - j7r)-siii(co/ - W)] 

^ \/:i sin(w/ + In), 


- i,- \ 3.I^„lsiTi(f()/ Itt) - sin(ff>^ - , tt) | 

= \/3./,„sin(c)'- i7r), 

q, = / j — \ 3 /„Jsin(e;/ — /tt) - sin(e># ~ i tt) J 

— /„ sin(m^ - In), 

and so on. ^ 

The vi'ctor diagrams are shown in Fig. 134. In the vector 
diagram of currc'iits, the vc'ctors 01^, 01,^^, represent the 

currents in the* secondary wiudmgs — these vectors being shown 
lagging 99 ° with respect to the corresponding E.M.F. vectors OE^, 
th(‘ vectors 01^, OL^, . . . represent the Imc cur- 
rents, and the vectors Op, 01 1 ,, . . . represent the load currents. 

The determination of the voltage across t^ch phas(‘ of the load 
is not so simple os the determination of the load currents, and is 
best offectc^d by replacing the two delta -connected circuits by 
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equivalent &tar-eonneeti‘cl circuits. Thus considering the delta 
circuit /fl, //„, Ilia, l^he E M.Fs. of the secondary windings are 
represented by the' vec'tors OE^, vector 

triangle shown in full lines. The phase E.M.Fs. of^ the equivalent 
star-connected circuit are represented by the vectors OEj^y 

OE^i which hav(' a phas(‘ difference of SO'^, lagging, with respect to 
the vectors OE^^ Observe that in the upper diagram 

OEa, OEj,, OEc arc drawn from tlie centre, O, of the triangle 
formed by the vi*ctors E^, E^^, E^^^. 

For the delta circuit 7 ^, Z/^, III^,, the E M Fs. of the secondary 
windings are representc'd by the vectors OE^, ^y 

the vector triangle (shown dotted) fornu'd by the vc'ctors E^\ 



Fig. 134. — Circuit anrJ yector Diagianib foi “ Double-delta ” Mt'lliod 
of Supplj^iiig a Six-phase System 


» ^111 * })hase E.M Fs. of th(‘ equi\ aliMit star-connected 

circuit are represented by the vectors OEa, OE^, OE^ in the ^low^er 
diagram and by th(* dotted vectors drawn fyom th(‘ corniTs to the 
centre, O, of the triangle E^', E^^\ 

Henc6 if the neutral points of the ('quivalont star circuits are 
connected together, the conditions are equivalent to Fig. 128 . 
Thus the voltages across the phases of the load are equal in 
magnitude to the phase voltages of the star system, and are repre- 
sented by the vectors OV^. 2, OV 2- z* • • • in Fig. 134 . Observe 
that Fj . 2 + Ej, F3 . 4 + F4 . 6 = and so on. 

♦ This triangh* is ro\ci'Scd r^datively to the triangle ^bo 

interconnections of the two seta of secondary windings are leversed relatively 
to each other. 
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To obtaifi analytical expressions for the load voltages,* let the 
K.M.Fs. in the secondary windings be given by 

Cj ^ sin (ot, Cj, — sin(<'o^- §7r), E^^ sinM - .‘.tt) 

Then if the EfIM.Fs. of the ecpiivalent star circuit arc denoted by 

~ ^b~~ — ^IP ~ 

Hence, since |- | - 0, the solution of these equations 

gives 

<’a <‘b - <’< -- 

The v^ollag(‘ jumoss pliasf* A of the load is then given by 

t’l 2 I Pc .'(<'i <'ii) - iilT'l 

-- sin(ft>/ I Itt) 
that a(‘i‘oss ])haM“ U is givaui by 

(’2 '’in) \/^4sinf,>/ -sin(ty<- Itt)] 

\E,„ m\((of-l7r) 

and so on 

The voltage', E f., at the tc'rniinals of any half-S('(*tion of the 
tran.sfoi’iiK'r binding foi> tht' double-delta connection is equal to 
th(' veetoi’ sum of the voltag('s aeross* the two ])hases of tlie load 
to Avhieh that section is eonneet<*d. Since the latt(*r have a phase 
difference of (iO , tluTc'fore, — \3.Ei, wheav Ei is the voltage 
across each »)ha*V‘ of the load, the voltage drop in the line Avires 
b^nng neglect(‘d. 

With the dianu'trii'al connc'ction, Kig. 131, the voltage across 
each phase of the secondaiy binding of the transformer is equal to 
the v^('ctoi' sum of tlie voltages across thri'c phases of the load, and 
since these ha\(' a mutual phase differenci' of ()()'\ the secondary 
voltage is equal to wlu're Ei is the voltage across each phase 
of the load and the voltag(' dro]) in the line Avires is neglected. 
Hence, for e([ual j)oA?('r and \oltage at the load in c'ach ease the 
diametrical eoiUK'clion recpiires liiu' wires of smaller cross-section 
than those requirc'd for the double-delta connection. 

The diametrical connection, tlu'refore, possesses three adA^antages 
over the double-delta connection, auz. (1) single secondary Avindings 
are required on the transformers, (2) smaller cross-s( ction of line 
wires, for the same load conditions, due to the voltage at the 
terminals of the secondary windings being 15-5 [= 100(2/\/3)J per 
cent highei* than that for the double-delta cOniu'ction, (3) no inter- 
connections ai*i' necessfiry betAwen the secondary Avindings of the 
transformers. 
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Measurement of power in six-phase systems. Although very 
few cases occur in practice where the incasuromcnt of power in 
six-phase (‘ireuits is rcquir(‘d, since* this measurement is usually 
effected on the three-phase system from which the ^’x-phase power 
is obtained, we shall consider briefly some methods by which 
the* power in six-phase systems may be measured. 

If the system is balanced the total power may bo measured by a 
single wattuK'ter, as in a balanced t)iree-])hase system, by inserting 
the current coil in one line win* and supplying the potential coil 
with a voltage equivalent to the phas(‘ voltage of the system. For 

example, if the neutral 
l)oint of the system is 
available the potential 
coil is connected be- 
tween the neutral 
point and the line 
wirj* in which the cur- 
rent coil of the watt- 
m(‘ter is inserted 
If th(* neutral point 
is not available, a 
number of alt(‘rnative 
connections are pos- 
sible. For example, if 
the efirrent coil is in- 
serted in line No. 1, 
th(* potential coil may 
b(* connected across line wires 0 and 1, since the voltage between 
these lines is equal to, and is in phase wdth, the phase voltage of 
phase I (see vector diagram l<'’ig. 126). 

Alternatively, a star-connected pott'iitial circuit for the* watt- 
meter, similar to that shown in Fig. 118, may be employed. I*i the 
present case the potential braiu*h containilig the ]:)oteiitial coil 
must be ^connected to the line wire in which the* current coil of the 
wattmeter is insi'rted, and the other braiieht*s must be* connected 
to line wires which have a phase* difference of 120° from that con- 
taining the current coil. Thus, it the current coil is (‘onnected in 
line 1, the end of the potential coil must be connected to this line 
and the other ends of the star-connected potential resistances must 
be connected to lines 2 and 5. 

In all the above caSt*s the w'att meter m(*asures tin* })ow^er in one 
phase of the system, and the total power is then'fore given by six 
times the reading of the wattmeter. 



3 5 2 4 



Fio. i:},’). — Double Two-watl riieftr Mc'tliod of 
Mtasuiin^ Po\V(‘r in a iSix-])haso Sy.sleni 
(Polyphiise Wattinetors) 
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If the sy.sloDi is nnbala?u*od tJi(^ double wattmeter ^uetbod, 
using two ]X)Iyidias(* \\ allniettus connected as shown in Fig. 135, 
may be employed. Tlie total po\\er in the system is then given 
by the sum ot the n'adings of the watlnuders. Tims, denoting 
instantaneous values of the phase voltag(‘S by 

^l> ^II» ^III’ ^'j\’ ' ^M’ 

line v^Jtagcs by 

2’ .V ^4 .'i’ fi’ 1- 

and line currents by 

^*2> ^*3’ ^4’ ^5’ ^ 6» 

the instantaneous power measured by watluielc]’ /'ll'i is given by 
Pi - 'V’l 5 I '3«’3 5. 

and that measured by wattmeter PW n givc'u b> 



Pi 2 “1 

^G^V) 2- 


Now ?)i.j 


" ~ ' ^ 4 

! '^V) 2 ■ ^II‘ 

Ht'nco, 




Pi + Pi 

~ 5 1 

■5 H 2 -1 

^ 2 


- 1 




-= Vl -1- Wri 1 

U'^IV + *6'’vl 

-^('l 1 -1- ««) 


But, since /x/'/a, /s have a mutual phase difference of 120'' 
^1 h ^ '^ 5 


and, since ig? 'g have a mutual })has(' ditference of 120° 
U 1' ' G ~ ^ 2 

Therefore, 

Vi ^V> I i I i 

v\lnfli is e(|ual to IhcMotal power in the six-phase system. 

Nine and Twelve-phase Systems 

Tlu'se systems are used with motor converters and also, in 
certain cases, with rotary converters. With a motor converter 
the nine or twelve-phase system is used in connection with the 
rotary-converter portion of the machine, and is obtained from the 
rotor of the induction-motor portion of the machine by a suitable 
winding and through the agency of the i^ptating magnetic field 
produced by the polyphase currents in the stator winding. The 
power supply to the stator is usually three phase, but the number 
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of pha'!> 4 *s for wJiioJi tlio rotor may bo woond i’h ifid(*])eiidoiit of the 
number of phases in the system from wliich the stator is supplied. 

Nine and twelve- phase systems for supplying rotary converters 
must be obtained from a three-phase system by means of tranS'* 
formers, and tlic phase transformation is effected statigally by 
suitable interoonnoetioii of the windings, as shown in th(' diagrams 
of Figs 136, 137. 

For the nine-phase load, double secondary windings •(giving- 
unequal voltages) are required on the transformer. One set of 



Ft(*. 136 - Mctliods of Supplying a Niiio J^o.ul fioiti ,i Tlir(‘o 

phase Ticinstoinu r 


windings, ^ 3 » conneelc‘d in delta to ])ointH 1, 4, 7 of the 

load, and th(» other wiiidings, b^, are connected to llu* load 

points shown in Fig. 130. The relative voltage's to be supplied by 
each winding can be easily detcTinincd from the* gcomet?\\ of the 
vector diagrams (n, h) of E.M Fs. 

For the twelve-phase load, a number of alternative' transformei 
connections are possible, invoUing double, triple, and epiadru]>le 
secondary windings. Four of these me*thods^ire shown in Fig. 137. 

Method A requires triple secondary windings, twei sets of which 
are similar and are interconnect (*el according to the double-delta 
method. The remaining set of windings is seimetime's provided 
with mid-point lappings, which, wdien intf'rce)nnecU‘d, form a 
neutral point to the mesh-connectf'd load. 

Method B requires quadruple secondary windings • two sc'ts arc 
connected in double delta, and the remaining two sets are con- 
nected in mesh. Tha windings forming the double-delta group 
are similar, and the windings forming the mesh -connected group 
are also similar, but the voltages of the two groups are unequal. 
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Methods C and D require only double secondary windings, the 
seetio^^f which are not inteT*connectc‘d except througli the load. 

The^^iflativc voltages to be supplied by each .section of the 
secondary windings for the S'veral methods of connc'ction can be 
easily determined from the geometry of tin* v(‘ctor diagrams 
(a, 6, c, d) of E.M.Fs.* 




Fjc,. J J7 Foul Melliods of Sup]jl\inc a Twol\« pliaso J^oad iioin 
.1 'riiK'o jihaso Tiansfoimi'i 

Two-niASE System 

Ind|/)pendent two-phase system. The indepfuidt^ni, or four- wire, 
two-phase sysl ‘in has already b ‘on considered in connec*tion with 
the simple polyphase alternator (p. 173). This .system, however, 
may be obtained from a four-phase, star-connected, system by 
disconnecting the neutral point and connecting alternate phases 
in series, as shown in Fig. 145 (p. 229). In this manner two equal 
E M.Fs., having a phase difference of 90°, are obtained. As each 
of the new phases is now independent, the new system is equivalent 
to two single-phase systems in -which the phase difference between 
the E.M.Fs. and currents of each phase is 90°.* 

* Numerical examples are given in the collected examples at the end of 
the book. 
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Interconnected two-phase system. Tho ( sysfconi niay 

be interconnected, so iJiat only three line uires ar(‘ necessary, 
by joininf? one end of each phase' to a common line wire as shown 
in Fig. l.SS, this interconnected system being called the two-j^hase 
threc-wir(‘ sy.stc'm. The common line' wire is caned the neutral 
wire and the other line wire's are' e'alled the' outers.’^ 

The vector diagram for this system is shown in Fig 139, from 
which we observe that in a balanced system the IC.M h" afj'e)ss the 
“ oute'rs ” is equal to the vector diffe're'nce of tho pliase E M.Fs , 
and is nnme'rically e'qiial to \/'2 (— 1-414) times the phase E.M.F. 



Ciifiiil and Voclor Dia^unns for Two phasr TJjk < uik 


Mejree)V('r, the E.M.J^\ across the “eriite-is ” has a ])h.ise eliifere'nte 
e)f 4o“, le*aeliiig, with respect to the' E ]\J F of phase' J. 

The curre'iit in the ne'utral wire' is equal to the* re' versed vector 
sum of the e-urrenis in the “ oute'rs,’’ and vith Inilance'el loaels the 
fe)rmer is equal te) \/2 times the e-urrent in e-acli e)uter.” Moreover, 
the curre-nt in the neutral has a ])hase diffe'ivnee* e)t 135'^ with re-spect 
to the current in the outers,” being leading with resjx'ctso the' 
current in one “ oute-r,” and lagging with respc(*t to the current in 
the otlvT “ outer,” as shown in Fjg. 139, 

Due to these large phase diffe'rences bt'lween the currents in the 
neutral and “ outers ” e^f a two-phase three'-wire system the voltage 
drop in the neutral wire* will have large phase differences wdth respect 
to the voltage drops in the “ outers,” and therefore when tliese 
voltage drops are compounded with the phase E.M.Fs. to obtain 
the voltages at tho load, the latter will, in genc'ral, be unequal and 
will not have a phase difference of 90°. Thus, tho two-phase three- 
wire system becomes unsymmetrical when loaded, and for this 
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reason the system does not possess much practical value fof power 
transmission. 

Comparison of two-phase and three-phase systems. The two- 
phase system ^ not so advantageous as the three-phase system 
for power supply, as four line wires are necessary to maintain a 
symmetrical two-phase system, whereas only three wires are 
necessary in the case of a three-phase system. The two-phase four- 
wire system, however, is used to some extent in this country and 
abroad for mixed lighting and power loads, the lighting load being 
single phase and the power load being two phase. 

The majority of these installations were originally single-phase 
systems supplying lighting loads, and were converted into two- 
phase systems for the purpose of enabling a power load to be 
supplied in addition to the lighting load. For modern installations, 
however, the three-phase four- wire (star-connected) S 3 ^stom is 
employed for mixed loads, as with this system the lighting portion 
of the load is suppl^c'd at the i)hase voltage of the system, and the 
power portion of the load is supplied at the “ line ’’ voltage of the 
system, which is \/3 times the phase voltage. Moreover, a two- 
phase supply may be obtained from such a system by means of 
transformers connected hi the manner shown in Fig. 140 and 
described below. 

Method of obtaining a two-phase supply from a three-phase system. A two- 
phaso supply may be obtained from a three-phase system by moans of two 
single-phase static tfan.sformors connected in the manner shown in Fig. 140.* 
Both transformers have similar magnetic ciieuits and may ha\o similar 
secondary windings, in which case the jiriinary winding of one transformer, if, 
must have only 80-0 per cent ( — ^ ^3) of the turns of tiie other transformer, A, 
and the latter must hav’^o its primary winding tapped at the mid-})oint. One 
end of the 86-6 per cent wmding is connoeted to the mid-poinl of the primary 
winding of transformer, and the other end of the primary wmding of /?, as 
well as both ends of tho primary winding of A, are connected to the tin co-phase 
lino wires. Tho ends of the secondary windings are conm'clod to tlio two- 
phase lino wires. 

Assigning the two -phase side to bo unloaded, and tlie magnetizing currents, 
wliich are supplied from the throo-phaso side, to bo balanced and .sinusoidal, 
tho resultant ampere-tums in transformer A are equal to the vector difforenco 
of the ampere-turns duo to the currents in tho half -sections of its •primary 
winding. Honco, since these currents have a pha.so ditferenco of 120®, tho 
resultant amporo-tums are given by x ^ 0-866i^A^i, where 

is the magnetizing current and tho number of turns in tho primary 
winding. 

Similarly, the ampere-turns in transformer B are given by JPg = 0‘866J^^i, 
since the primary winding of this transformer has only 86-6 of tho number of 
turns in the primary winding of transformer A. Moreover, the ampere- 
tums, Fj,, have a phase difference of 90® with respect to F^. 

Hence the fluxes in the two transformers are eiyual and have a phase 
difference of 90®. Therefore the E.M.Fs., Ej, induced in tho secondary 
windings are equal and have a phskse difference of 90®. 

* This connection is due to Prof. 0. F. Scott, and Is usually called tho “ Scott ” connection. 
15 -< 5245 ) 
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Consider now the E.M.Fs. induced in the primary windings by these fluxes. 
Since the fluxes are equal, the E.M.Fs. will bo proportional to the number 
of turns in each winding, and tlierefore the E.M.F., induced in B, will 
only bo 80-6 per cent of lhat E^^ induced in the two half-sections of A. 
Moreover, these E.M.Fs. liavo a phase difference of 90°. 

Taking the positive direction.s of these internal, or inuucod E.M.Fs. as 
those marked by the arrows in Fig. 140, and neglecting the rcfSistance and 
reactance of the primary winding, the resultant internal K.M.Fs. between the 
terminals 1, 2, 3, of the tliroo-phase side are 

^12= ~ ^2 3 — ^’a’ ^3-1 — “ 2^^A“ 

Expressing the.se qiiantities symbolically, and taking E^ as the quantity 
of reference, wo have 

Ej, - Ej, (1 -f jO) = E^{0-866 + jO) ; E^ - E^{0 -jl) 

^1-2 E^-iE^^.E^(0 866+j0-5) 

E 22 - 

*'3 1 - - 2 ^-A - ^'b - (- ^ 

\\'>ienee the magnitudes of tlu*se E.M.Fs. art' given by 
El o - -f 0-8GG2) -= 

E 2 3 — Ej^^ 

Ez 1 " d 0-8GG2) -- E^ ; 

and their phase differences with r<*spect to E-^ are given by 

^ 1-2 “ tan'^(-0‘5/ 0*866) — 30°, 

^92-3 — tan"^ - 1 /O — ~ 90° 

(/^ 3 i - tair^(-0*r>/ 0-8G6) - 160°. 

Therefore the internal E.M.Fs. between the ti'rminals 1, 2, 3, of the three- 
phase side are equal to one another and have a mutiin^ phase difference of 
120°. Thus the s^mimotry and balance of the three-phase supply system 
are not affeelod. 

A vector diagram showing the induced E.M.F.s. and fluxes is given in 
Fig. 140 (r), ill which the vectors O Tj . . 2 , OVo . 3 f OV 3 . j represent tho line 
voltages of the thret'-phuse system; OIqi, tlie magnetizing cur- 

rents (which are lagging 90° with respect to the corresponding pliaso volt- 
ages of tho three-])hase system) ; OF^, ampere-turns supplii'd by 

tho magnetizing currents ; tlit' fluxes duo to the magnetizing 

ampere-turns ; OEj^i, and OA’bi* OE-q^, the E.M.Fs. induced in tho 

primary and secondary windings of tho two trarisformors. 

If tho fluxes are to remain constant when the two-j)hase side is loaded — 
which will be tho case if the three-phase snjijily voltage is constant and the 
resistance and reactance voltage drojis in tho primary windings are negligible — ■ 
the magnetizing ampere-turns must remain constant, and therefore the 
ampere-turns due to the load currents in tho secondary windings must bo 
balanced by an equivalent number of amiioro -turns in tho primary windings, 
the vector sum of the ampere-turns in primary and secondary windings being, 
in all cases, equal to tho magnetizing ampere-turns. 

The conditions for balanced loads are represented in the vector diagram (cZ) 
Fig. 140, in which tho magnetizing ampero-turns are represented by the 
vectors OFjj ; the load currents by O/^, 01 ^^ ; the secondary ampere- 

turns by OF ^ 2 * OF-Qy ; rfind the primary ampore-tums by OF^iy which 

have a phase difference of 90°. The primary current of transformer B is, 
therefore, represented by the vector O/^. 

Tho prim’ary ampere -turns of transformer A are due to the currents in 
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the half -sections of this winding, and tliese currents are supplied frtun lines 
2 and 3 of the three-phase system. Hence if OF^i is resolved into vectors 
Oe, Odf 60° apart and each equal to then Od will represent the 

ampere-turns due to the current in line 2, and Oe reversed, i.e Of will repre- 
sent those duo to the current in line 3. Since the angle between Ol\i and 
90°, the Sectors Oe, Of will have a mutual phase difference of 120° 
with respect to the vector OF^i. Hence if these ampere-turn vectors are 
converted into the current vectors OI 2 , OI^, then each of these vectors will 
bo found to be equal in magnitude to the vector OI^. 



Fig. 140. — Circuit and Vector Diagrams for Scott’s Method of 
Supplying a Tl’wo-phase Load from a Three-phase System : (a) Trans- 
former Connections, (6) Conventional Circuit Diagram, (r) Vector 
Diagram for No-load, (d) Vector Diagram for llalamed Loads 

[Note. The eftccts of looses and magnetic leakage are ignored in tho vector diagrams.] 

Therefore, with balanced loads on the two-phase side the currents on the 
three-phase side will also bo balanced. 

In order to maintain tliese balanced conditions in transformers of the 
“ core ” type, tho coils forming tho two half-sections of the primary winding 
of transformer A must be interlaced, or sandwiched, in order that each part 
of tho magnetic circuit may bo acted upon equally by tho joint M.M.Fs. due 
to tho two phases of the three-phase system which supplies this transformer. 

Moreover, if the magnetizing ampere-turns are neglected, and if ^ 2 =^ 1 =^, 
say — i.e. the voltage across each phase of tho two -phase side is equal to tho 
voltage between the line wires of tho three-phase side, the effects of resistance 
and reactance of the windings being neglected — and«/i is tho current in the 
primary windings, we have 

/jN = 0-866/iN 

/j = 7j/0-866 = Ia(2/v'3} = MS/*. 


whence. 
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This, ^hen, is tho numerical relationship between the currents in the 
primary and secondary windings when the loads are balanced and the 
magnetizing current is ignored. 

Measurement of power in two-phase systems. With a balanced 
system the total power may be measured by mehns of a single 
wattmeter which is so connected as to measure the power in one 
phase of th(‘ system. The total power in the system is therefore 

given by twice the reading of 
tho wattmeter. A diagram show- 
ing tho connections for the 
four-wire system is given in 
Fig. 141. With unbalanced 
systems the “ two-wattmeter ” 
method must be employed. 

The connections of the two 
wattmeters for the four- wire 
system are given in Fig. 142, 
and it is ‘‘apparent that, as 
each wattmeter (or each element 
in the case of a pol 3 ^hase 
wattmeter) measures tho power 
in one phase, tho total power in the system is given by the 
sum of tho readings of the wattmeters (or by the reading of 
the polyphase wattmeter when such instrument is emplo 3 ^ed). 

^A u 2 a 2, 2 * t 0 


Fia. 142 Fin. 143 

f 

Connections for tbn Measurement of Power in Unbalanced 
Two-phaso Circuit 

The connections of a polyphase wattmeter to a three-wire system 
are given in Fig. 143. 

Fotjr-phase System 

In a four-phase symmetrical system there are four equal E.M.Fs. 
90® apart. The phase E.M.Fs. may therefore be represented by 
the equations • 

Cl — Ejn sin coty Cji = E^ sin (mi - ^), sin(co« - tt), 

ejy=E„ 8in(to« - ^ tt). 




n 



Fio. 141. Connections for tho 
Measuromoiil of Power in Balanced 
Two-phaso Circuits 
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Star-connected system. The circuit diagram for a star-connected 
system is given in Fig. 144, in which the assumed positive directions 
for E.M.Fs. and currents arc indicated by arrows. The instantaneous 
value of the line E.M.Fs. are given by the equations 

Uj.g = ^^1 - = E„,[sm (ot - sm(o)t - ^tt)] = 

%3 = |ii - <^111 = -Itt) - sin(co^ - tt) ] sin(ftj<-j 7 r) 

^3-4 “ = ^7nrsiiiM-7J')-sin(ct><-2 7r)] = V2-^^mSinM-j7r), 

^4-1 = ^iv “ = i^’,„[sin(a)/- 57r)-sinct)^] =:= - ;7r). 

Thus the line E.M.Fs. are equal to one another and have a mutual 
phase difference of 90°. Moreover, the line E.M.Fs. have a phase 
difference of 45°, leading, with respect to the phase E.M.Fs. 



Circuit and Vector Diagrams for Star-connected Foiir-phabo System 

The R.M.S. values of the line E.M.Fs. are 
Y^.^==y/2.E, Y^. = ^2.E, y3., = V2.F, Y^^=^^2.E, 
where E is the R.M.S. value of the phase E.M.Fs. 

If the neutral point is disconneeted and alternate phases are 
connected in series, as in Fig. 145, we obtain an independent 
two-phase system, the E.M.Fs. of whieh are given by 

^1 3 “ ” ^111 = -S^wTsin cut ~ sin {wt-ir)^ = 2E^ bin (ot 

%4 = ^ii - ^iv = 2^)“Sin(co^-o 7r)]=2.fe/,,jSirf((u<-^7r) 

The vector diagram for a star-coAnected system with balanced 
loads is shown in Fig. 146, in wliich the phase E.M.Fs. arc repre- 
sented by the vectors OEi^, OE^y ; the line E.M.Fs. 

^^ 2 - 3 » the line currents by 0 /^, 01 

Ol^y 01^. Observe that the phase difference between the line- 
voltage vectors and the line-current vectors •is (45 + 9 ?)°, and is 
lagging with respect to the line voltage, 9 ? being the phase difference 
between the phase E.M.F. and current. 
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Mesh^nnected system. The circuit diagram for a four-phase 
mesh-connected system is shown in Fig. 147 . If the instantaneous 
values of the phase currents are represented by the equations 

h = lyn sin(a>^ - 99), % = sin(cot -hf-q>)y 

0 

hii = Im sin(cu^ -77-99), i'ly = sin(a>^ - 2' ^ - (p), 

the line currents will be given by ^ 


h 

— b bv 

= I - cp) 

- sin (mi -0 77 

- 9 )] 



= \/2 f^m sin(ft)i - 



^‘•2 

bi - b 

= /„j[sin(ftj^ - i 77 

-99) - sin (mi 

-<P )1 



= 's/ 2 . 1 ^ sin(ft>^ - 

■h^-fp)y 


*3 

bn *“ bi 

= [sin (mi- 77- 

99) - sin (mi - 




= V^.Irn sin (mi - 



H 

= — ?ijj 

= [sin (mi 77 

— 99) - sin (mi 

— TT - 9 ?)] 


= sin(a>/ - 1 77 - 99). 

Thus the line currents have a mutual phase difference of 90 °, and 



Circuit and Vector Diagrams for Mesh- connected 
Four-phase System 

f 

a phase difference of (45 + 99)° with rcspe6t to the line E.M.Fs., 
the latter being equal to the phase E.M.Fs. 

The R.M.S. values of the lino currents are 

= V2./, h = h = V2./, h = V'2./. 

The vector diagram for a mesh-connected system is shown in 
Fig. 148 . 

Methods of obtaining a symmetrical four-phase system from a 
two-phase system. When four-phase current is required in practice 
for suppl3dng a mesh-connected four-phase load, such as a four- 
phase rotary converter, it is obtained from a two-phase system 
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supply by means of static transformers, the methods being an^Iagous 
to those adopted when six-phase current is to be supplied from a 
three-phase system. 

If double secondary windings arc provided on the transformers, 
the sections of these windings may bo connected either in star or 
mesh, as in Fig. 149, to give a four-phase system. 

If, however, only single secondary windings are provided on the 
transfoi^mers, the four-phase load may bo suppli(‘d by adopting the 
conm'etions shown in Fig. 150, which arc analogous to the dia- 
metrical connections for the thre('-phase /six-phase system. These 



{a) (b) 


Fia. 149 



Methods of Supplying a Four-pJiaso Load (shown in Fig. 1.50) from 
a 'rwo-phnse Traii'^former 


connections possess the following advantages over those of Fig. 149 : 

(1) Single secondary windings arc rccpiired on the transformers; 

(2) the four-phas(' line wires are of smaller cross section for the same 
load conditions due to the voltage at the t(‘rininals of the secondary 
windings being y'2 times that for the connections of Fig. 149 ; 

(3) nj) interconnections arc required between the transformers. 
Measurement of power in four-phase system. Since, in practice, 

four-phase systems are almost always obtained from two-phase 
systems, the iDower in these cases may be measured on the two- 
phase side of the system. We shall, however, consider briefly the 
methods of measuring the power in a four-phase system, as this 
may be necessary when the system is supplied either from a four- 
phase generator or a two-phase /four -phase transformer. 

With a balanced system the power may be measured by means of 
a single wattmeter which is so connected as to measure the power 
in one phase of the system 

If the neutral point of the system is available the current coil of 
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the wattmeter is inserted in one of the line wires and the potential 
coil is connected between that lino wire and the neutral point. 

If the neutral point of the system is not available, a resistance 

equal in valup to the poten- 
tial-coil circuit of the watt- 
meter is connected in series 
with the potential coil, and 
the combination is connected 
between the line wire which 
contains the current coil 
and the alternate line wire, 
as shown in Fig. 151. In 
each case the total power in 
the system is equal to four 
times the power measured by 

Fto. 1.51.— (^onnoci ions for iho Measure- wattmeter, 

nieut of Power in balanced Foiir-pliase If the system is unbalanced 
System either three or four watt- 

meters (or two polyphase 
wattmeters) must be employed, the connections being shown in 
Fig. 152. 

Wlien four wattmeters (or two pol 5 rphase wattmeters) are 




Fig. 152. — Connections for the Measurement of Power in Unbalanced 
Four-phaso System 


employed the potential coils may be connected to the neutral point 
of the system, if available, and each wattmeter, or each element of 
the polyphase wattmeters, then measures the power in the phase 
in which its current coil is connected. If the neutral point is not 
available and the potential coils are similar, the coils are connected 
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in star, as shown in Fig. 152 (a). In this case the total jjpwer is 
giNTen by the sum of the readings of the wattmeters, although, as 
shown in Chapter IX (p. 249), the wattmeters do not measure the 
power in the respective phases unless the line voltages are equal 
and symmetrical. 

When three wattmeters are employed they must bo eormected 
according to the diagram of Fig. 152 (6). In this case the algebraic 
sum o^the readings gives the total power, but the readings on the 
wattmeters have no special significance. 

The proof is as follows — 

Let the instantaneous values of the line currents and voltages 
be denoted by ^l, ^*4 i 2 » ^2 3 » ^3 4 » ^4 i* 

Then the power measured by the wattmeters is givcm by 

Ti ^‘1^1-4 = - ^4) 

P2 “ '*^2‘*^2-4 ~ ^2(^2 ^4) 

^3 ==.^>3-1 

Henc(‘ the sum of the readings is given by 

Vi + P2 n(^i “ ^4) + « 2(^2 - ^4) -I- ^^3(^3 ~ ^4) 

=- ^* 2^2 + ^3(^3 “ ^4) “f" ^3(^3 “ ^4) 

= ll^l -f ^2 ^3 ^'3 ^3 "1"* ^4®4 

which is equal to the total power in the circuit. 
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CALCULATION OF POLYPHASE CIRCUITS 

In this chapter the mtithods of calculating the currents and 'voltages 
in two-phase and three-phase circuits under various conditions of 
loading will bo discussed. In all eases it is to be understood that 
the currents and E.M.Fs. vary sinusoidally with respect to time, 
so that vector diagrams and complex methods are applicable to 
solutions. Elementary cases of the calculation of currents in loads 
supplied at constant pressure will be considered first, and later 
the more general case, in which the pressure drop in the generator 
and line wires must be taken into account, 'will be discussed. As 
symbolic (complex algebraic) methods of solution are, in some cases, 
preferable to trigonometrical and giaphical mctJiods, we shall first 
deduce the complex expressions for the phase and line E.M.Fs. 
in two-phase and three-jihase systems. 

Symtolic representation of phase and line E.M.Fs. in a two-phase 
interconnected (three-wire) system. With a symmetrical system 
the no-load E.M.Fs. are represented by the symbolic expressions 


E, =E(l+jO) 
E,, - E{0-jl) 


Whence the E.M.Fs. 

. between the line wires are 


Yvo- 

ll 

or 


E, between line 1 and the neutral 


F20- 

1 

II 

or 

V^.o = 

Ey between line 2 and the neutral 

• 


II 

E(1 -\-jl) 

or 


E\/2, between lines 1 and 2 


Symbolic representation of phase and line E.M.Fs. in a three- 
phase, star-connected system. With a symmetrical system the 
phase E.M.Fs. may be represented by either of the symbolic expres- 
sions (72), (72a), according to the phase sequence, or phase rotation, 
of the generator. Fer example, if the armature of the simple 
alternator of Fig. 88 is rotated in the clockwise direction the phase 
sequence will be I, II, III, clockwise ; but if the rotation is reversed, 

234 
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the phase sequence will now be I, III, II, clockwise ; or I, II, III, 
counter-cloekwise. These conditions are represented in Fig. 153, 
and it is apparent that a reversal of the direction of rotation of the 
armature causgs a reversal of the pliase sequence. The phase 
E.M.Fs. for clockwise rotation are given by equations (72) and 
by equations (72a) for counter-clockwise rotation. Thus, 

Phast E.M.Fs. for clockwise phase rotation — 

= m +50) 

E„ = ii’(coa 120“ -j sin 120°) = E(- 0 5 -jO-866) [ (72) 

E,n -= E{cos 240° -i sin 240°) = E(- 0 5 -\-j0-866) 



Fio. 153.- lllustratiiif^ Clockwitie and Couiit«n’-cloekwih>o Phase 
Sequenoo of a Thr^o-pliabo System 


Phase E.M.Fs. for counter-clockwise phase rotation — 

E, ^ E(l*+jO) 

En --- Eivoa 1 20° + j sin 1 20°) = i?( - 0-5 + j0 866) 
Em — /?(cos 240° -I j sin 240°) = E{- 0-5 -jO'866) 
Hence the line E.M.Fs. arc given by the expressions, 


(72a) 


Clockwise p/iose rotation — 

Fj 2 = A’, - = E(1 + 0-5 4 j 0-866 - Eil-5 + jO-866) 

Yi 3 = ^ 0-5 - j0-866+ 0-5 -jO 866) = 

Ya-i — — El ■= E{— 0-5 -j- jO-866 - 1 jO) , 

= E{- 1-5 + jO-S66) 


Counter-clockwise phase rotation — 

Fi-2 = El - Ell -= E{1 + 0 5-j0 866) = E{l-5-j0-866) 
^2 a = Ell - Em = E{ - 0-5 H- jO-866 f- 0-5 + jO.866) 
^jV3E 

Vai = Em -El = E(- 0 5 - j0 866 - 1 + jO) 

= E{- 15 -j0866) 
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The abgoluto values and arguments of the line E.M.Fs. arc, 
Clockwise phase rotation — 

yi-2 = = AV3 

V^s = 

^^3-1= AV(^)* + (^)*] =J5?V3 
01 = tan-i{iV3/^) = tan-i 1/^3 = 30° 

Og = tan-i - -v/3/0 = tan-i -oc = - 90° 

03 = tan-i(- iV3/il) = tan-J - (1/V3) == - 210° 



Fra. 154. — Clraiihio Solution for Currents in Delta-connoctcd Load 
Counter-clockwise pJia/ie rotation — 

V,.g = AV[(.J)* + (^)^] = AV3 

Vg 3 = AV3 

V 2 1 - AVf(^)=* + (4®)"] = EV3 

01 = tan-i(- = tan-i - 1/V3 = - 30° 

02 = tan'^ ^3/0 = tan*^oc = 90° * 

03 .= tan-i(“ J\/3/-#) = tan-^ -(V\/3) = 210° 

The phase sequence of a polyphase system therefore affects the 
relative positions of the E.M.F. vectors of the system but has no 
effect upon the magnitudes of the E.M.Fs. when the system is 
symmetrical. Moreover, the phase sequence has no effect upon 
the magnitudes of the load and line currents when the system is 
balanced, but it may have a considerable effect upon these currents 
when the system is unbalanced, as is shown in the examples which 
follow. 
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Calculation of line and load currents for three-pbase, delta-con- 
nected, unbalanced load supplied at constant voltage. The simplest 
solution is a graphic one and is shown in Fig. 154. The line voltages 
are represented* by the vectors OVi 2 * CV 2 3 , OV^i. The currents 
in the branches of the load are calculated from the respective line 
voltages and impedances, and are represented by the vcetors 
Oljy 01 ^, OJiii, which have phase differences of 993 , 993 , respec- 
tively, with respect to the line voltages. The line currents are 
then obtained by determining the vector differences of these currents 
and are represented by the vectors O/j, O/g, 01 3 ; 01 ^ being the 
vector diffi^rcnce of O/j and O/m, O/g the vector difference of 
07,1 and O/j, and so on. 

The ijroblem, however, may be easily calculated throughout by 



Fig. I55f- -Circuit Diagrams for Delta connertod Load 

the symbolic method, the polar form described on p. 27 being 
preferable to the rectangular form. Thus, if the phase rotation is 
clockwise, the line E.M.Fs. are given by the expressions 

Fi-2 = F2-3 = yi Yz 1 = -= 7J120/90 

and i^ the load impedances are arranged in the order Zj, Z^, 
clockwise — the impedance Zj being connected between lines 1 and 2, 
Zn between lines 2 and 3, and between lines 3 and 1, as repre- 
sented in Fig. 155a, — the load currents will be given by 

7, = = 7,J?’i‘’/»o 

■"U 

/n, = == = /,u7(i20-V’a°)/i«> 
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Hence <;he line currents are given by 

/i =- /i - /m = 

= /,./ 9’!°/’" + /„, J (*”■' 

/s /ii - /i - (l 20 ^?>,°)/»o _ J^J n° »" *, 

^ /j,J (12<'+9’i°)/9« -1 /,./ (180 I ri°)/90 

/s ^ I ill - hi --= hll-T^^^ ■ - Al-' (12«+(P2°)/90 

= 7,„.y(‘20 ^’jOj/ao I- J(60 - 90jO)/flo 

or A = v'[A® + An® + 2AAn cos (60 + cp^ - <ri°)l 

h = V|Ar + A®+2AA,cos[(180+9’i°)-(120 ( 90 ,/)j| 

= vr Ai® + A ® + 2A A ‘•os(60 + - 9 ,°) J . . [ (74) 

A ~ "v/IAii® |■AI“ h 2 AiAn cos [(120 — 9!>3 ) — (60 — )]^ 

— ^/\IllC 1 “ Ai" "f" 2 Zii /jii cos(60 j- 9^2 ~ 9^3 )] 

Tho phase differences between the line currents and the E.M.F. 
between lines 1 and 2 are given by 

^ j /isin -t- /|n sin -(60 +- ^ 3 °) 

/jcos - -h /lu cos -{60 i (^ 3 °) 

__ .1 /usin -(120 + 9 ^ 2 °) f + yi"") 

Oa an -(120 + (p^ + li cos -(180 + 9 ?!°) * ' 

j /lusin -(240 + fp^) + I n sin —(300 + q)^) 

as — an ^^240 + 993 °) + /„ cos -( 30 t) + 7 ^ 2 °) 

If the rotation of the system is reversed and the arrangement 

of the load impedances is unaltered (i.e. the pressure across the 
impedance is now F 3 j, that across Z^i is Fj 2 , and that across 
Zn is F 2 3 , as represented in Fig. 1556), the line E M.Fs. may be 
given by the expressions 

Fj 2 = VJ^, Fa 3 = FJ120/90^ ^ 7J24()/90 _ pj-120/90 

Hence the load currents are now given by# 

// •= Z? 1 _ J1 J (120 +9?iO)/90 ^ J (120 +9)iO)/90 

F F 

/jj' = = — J(120 . 9?2®)/90 /jjVa20 . 9?a°)/0O 

"II -^II 

"ill "41 

where // is the current in the impedance Z^ In* the current in the 
impedance Zy, and /m' the current in the impedance ^m* 
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The line currents are given by 

Ji -= Im - li =■ hii J - liJ 

^ - 1 - ,/(«« - <Pi°VW 

/a' = In- Jin' = 91 , 0/90 

— 9’»°)/9» + /jjj' . 7(180 9 )jO)/<io (73) 

73 '^ = =- /,V (110+9’l°)/90 - /,/ J (120 ?>,O)/90 . 

= J (t20f9)iO)/90 ^ J 

or 7/ -- + 7,'^ I- 2 7m'/,' cos ( 60 - 971 ° f 973 °)]. 

7 ' 3 ' ^ v'rV^ + T'i./M- 27„'7n,' cos ( 60 - 973 ° •f- 9 > 2 °)l. [ ( 74 <,) 

^ 3 ' = V[ir- + + 2 7,'7„' cos (60 - 973 ° + 971 °)] . 

If, with the reversed phasi* rotation, the imxxjdanccs Z, and Z,„ 
are intc^roliaiiged so that ilie order is now Z^, Zn, Ztiiiy counter- 
clockwise (Fig. 155c), the pressure across the impedance is now 
2 j across the impedance Z^^ is Hence the load 

currents will be given by 

]/ 

7 ," ■= Lj 9i°">o 

At 

y 

I -y = I 

All 

7,„.7 (UO+9730)/90 

Vlil 

where //' is th(' ciirri'iit in the impedance /jj" the current in 
the impedance ^ 11 , and I III the current in the impedance 
The line currents arc 

7j" — /i" - Ini" =- 7,7 ri°/»'> - 7,„ J i')/*"' . 

= 7,7 9 1 °' 9" 4 7,„ 7(«‘> ■ 9 3 °)/ 90 . 

I^ = /,/' - 7j" = 7„ 7(’ 90 - 92»)/»« - 7,7 9’i°/»o . 

^ 7,, 7(^90 9’,O)/90 |_ 7j7(180-9',O)/90 (736) 

73 " = 7,,,"- 7„" 7„J 7 (120+9-30)/90 _ 7^^ J(120 - 97,0)/90 , 

^ 7,„7 09'’+9’3°)/9"4-7„7(«'>+9’3°)/90 . 

or /j" = •v/[7j9 -) 7 , 1,9 + 27,7„, cos (60 - 973 ° + 97 ,°)] 

V= \/[V + 7x" + 27„7,cos(60-97i° + 9 ^2°)] . [ (746) 

= 's/ll cos ( 60 - 972 ° •+ 9^3°)] 

Comparing these equations with those (74) for clockwise phase 
rotation, we find that the t^^o sets of equations are similar except 
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for the* signs of the phase-angles (p^. Hence in the special 

case where the branches of the unbalanced load have the same 
power-factor (i.e. (p^ = (p^ = ^3) the magnitudes of the line currents 
will be unaffected by a change of phase rotation, provided that the 
load is so connected that a given branch of the load is» always 
connected between the same line wires. 

Example. An unbalanced delta-connected load, the branSh-circuit 
impedances of which are — l O/ 15° , Zjj — 5/30°, Z^^^ — 20/0°, is supplied 
from a symmetrical ihreo-phaso system in which the line pressure is 100 volts. 
Calculate the line currents. 

Assuming the phase rotation to be clockwise and the load impedance to 
be connected in the order Zj, Zjj, clockwise, the impedance Zj being 
connected between lino wires 1 and 2 ; and denoting the load currents by 
/j, /|i, Jjn, and the line currents by /j, /a, we have, from equations 

(73). (74), 

/l ~ J 15/80 -= 10 J-15/90 

/j - 10.4 

/ ^ 12? J’(120+30)/90 20 J 150/90 

' 11 5 

7n = 20^ 

=- ^ J-UO/tO = J-240/80 

-f 52 + 2 X 10 X 5 cos(60 + 0 • 15)°] =r 14A 

72 - V[202 + 102 -f- 2 X 20 X 10cos(60 -f- i6 - 30)°] - 28A 

73 = + 202 -f 2 X 6 X 20cos(60 -1 30-0)°] = 20-GA. 

A vector diagram drawn to scale is shown in Fig. 154. 

If the phase rotation is reversed and the arrangement of the load impedances 
is imaltered, the load and lino currents are now obtained from equations 
(73o), (74a), and are as follow. 

7'i ^ J'(120+ 16)/90 |0,/-136/90 

I'j = lOA. 

7' == 12 ? J-(120-30)/90 ^ 20 J-80/80 

■ i‘ 5 

V'„ -= 20 A. 

/'m = J “/•“ = 6 

7'iii =* 6A. 

-f 102 -f 2 X 6 X 10 cos(00 - 15 -f 0)°] = 14A. 

= ^[20* 4- 6* + 2 X 20 X 6cos(60-0 -f 30)°] = 20-6A. 

7', = V[10* if- 202 + 2 X 10 X 20 co8(60 - 30 + 16)°] = 28A. 

The solution of the corresponding problem for a star-connected 
load is not so simple, as the voltage impressed on each branch of 
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the load is not known, and the determination of these voltages 
involves a knowledge of the potential of the neutral point of the 
load. The problem, however, may be solved analytically without 
a laiowledge the potential of the neutral point by converting 
the star-connected load into an equivalent delta-connected load, 
and calculating the load and line currents as above. The line 
currents will, of course, be the same in both eases. 

Conihrsion of an unbalanced star-connected load into an equivalent 
delta-connected load. In order that the delta- connected load may 
be the equivalent of the star- 
connected load, the joint 
impedances and admittances 
between corresponding ter- 
minals must be the same 
in both cases. Thus, if Z^, 

‘^ 3 * denote tlie imped- 
ances of the branches of the 
star-connected load, and 
Zft, Zc, denote the corre- 
sponding impedances of the 
branches of the equi\ a’ient 
delta-connected load (see Fig. 

156), then we have 

Joint impedance between t(‘rminals A and B of star-connected load 

Joint impedance between terminals D and C of star-connected load 

= 

Joint imx)edance between terminals C and A of star-conm^eted load 

— -^3 + 

Joir A impedance bidwcen terminals A and B of dcdta-conru cted load 

A- Yj A 

Yta A~ Yj, ^ Yc 



Fig. 


15G - Circuit Diagrams for Equiva- 
lent Slai and Cucuils 


Joint impedance between terminals B and C of delta-connt'cted load 
Y\i(Za + Y^ 

At Y^ A- Y^^ 

Joint impedance between terminals C and A of delta- connected load 

At Yif A- Y^ 


le— (5245) 
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Henco for the delta-connected load to be the equivalent of the 
star-connected load, we must have 


■ ' ^ i- Z, + Z,~ }+ Z,/Z, + Z,iZ, 

y \ y I Zj,) ^ Z, , Z^ 

• “ + <^3 \ z^ I- - 1 + ZJZ^ + 


y I „ Z^Za + Z^ _ Zf^ + 

^ -I Z, - 1 H- Z,IZ, + Z,IZ, 

Whence 

Za =- Zy^ + Z^ -I (Z^Z^jZ^) 

Zh = ^2 + ^3 +(^ 2 -?' 3 /^l) 

z, ^ z^-\ z^ +(M-i!Z 2) . 


(76 


I'lio metliod of oblnimiig tlio lattei giouii of equations fiom iho preceding 
proup is aa follo^is — 

Dividing each equation by the numerator of its light-hand side, we Imvo 
-i Z^ Z. \ Z^ + 1 

-Za(^6 + Zc) ■ ■?56('?a I "" ■2.(^0 ‘I 

from which wo obtain 


iZ\ H Z2) - {Z^ + Zq) + {Z^ d Zi) 


^.(^6 4 ?:,)-z,{z^ + z,{z„ I z^) 

{Zi 4- Z 2 ) H {Z.^ -h Z ^) — {Zj H- Zi) 

^5a(^6 -I ?c) H ^ 

-{Z, + Z,) + (Z, f- Z,) f (>?, ^ Z,) 
-Z^{Z, \ Z,) + Z^(Z^ + Z^) H Z^(Z^ -I Z^) 


llciioe 


Z^ 


^3’ 


Z. 


^3 

Z^ 


J£?_ 

JZ, 

2 -»a '?56 

_ 2 ^ 5 a 

Z. 


1 


z„ 


1 


- I 


Substituting in the original iquations ve lm\e 

Z,{ZJZ,) 1 Z, _ Z,Z,{Z, 


I ^2 


^2 


wlienco 

Similarly 


1 i 

1 Z,+{Z,ZJZ,) 


^1^2 H \ ^ 1^3 


_ Z, + Z, +(Z,Z,/Zs) 


Denoting the admittances of the btar-eonncct(Hl load by Yj, F,, Yj, v 
and the corresponding admittanees of the delta-connected load by 
Y a, Yb, Yc, then for the two loads to be equivalent we must have 


T1Y2 y YbYc YaYb + YbYc + YcYa 
r, 4 Y2 - • ^ + Yb+Tc “ Yb + Yc 
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_ r 4. 

r,+ Y,- n+ Va 

• K 4- 

Whence 

Y,}^ 

• “ ri+ ¥ 2 + r-, 

Y _ ^^2^3 

• *’ ^1 I- Y, f Y, 

y nil _ 

• ' - Yx+Y2+ .n 


nn-i- Y,Yc+ nr. 

Yc+ Ya 

n n + nn i nn 

i'a I n 


(77) 


Graphical construction for obtaining the values of the equivalent 
impedances. As equation (70) shows the equivalent impedances 



Fia. 167. — Graphic Construction for Kquivalcnt Impodancos 

?ay ^b- ?e> to bo Complex quantities, their calculation involves the 
application of the symbolic method. If desired, however, the 
quantities may be readily obtained by a simple graphical con- 
struction, which involves the simple geometric processes of addition 
and proportion. 
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Thus, let tho complex quantities Z^Z^jZ^y Z^ZJZ^, bo 

denoted by Z^, Z^^ Zf^ respectively. Then we have 

Z^ Z^ Z 2 Zf, Z^ Zf 

-?'3 ?'2 ?'z ^2 

Hence to determine, say, Z^, vectors OZ^, OZ^, OZ^^ representing 
tho star-connected impedances Z^, Z 2 , Z 3 , are drawn from a common 
point, O (Fig. 1 57a), and a triangle OZ^Z^^ similar to triangle 
OZ^Zyy is constructed upon OZg. Then OZ^ represents the quantity 
Z^ = Z-^Z2f Z^, sinc(‘ OZ filOZ2 ” OZ^JOZ^- 

Therefore Z^^ is given by the geometric sum of OZ^, OZ 2 , OZ^, 
i.e. by OZj (Fig. 157a). 

The quantities Z^, Z^, are determined in a similar manner, as 
shown in Fig. 157^, c. 

Example. Dotormino tho lino currents in nn unbalanced star- connected 
load when supplu'd from a symmetrical t hrcc-])liase' system at a pn'ssure 
of 100 V., the impedances of tho branches of tho load being — 5/30°, 
Z 2 — 12/45°, and Zj - 8/00° ohms. 

Tho graphic solution for the equivalent impedances of tho delta-connected 
load is given in Fig. 157. Tho analytical solution is as follows — 

The compound terms, Z^ ZJZ^, etc., in the equations (76) for the equivalent 
impedances Z^, Z^, Z^, arc first evaluated, using tlio polar form of symbolic 
notation, and tho vc’ietor addition is thou carric'd out, using the rectangular 


form of notation. 

Thus 


5-^12 

_ /(30 + 43 - fl0)/»0 _ 7.,-5 /15/‘)0 

-^3 

<s 


1 V S 

* /S n-l- 00 - 301/90 __ iq.O j75/90 

5 

z. “ 

(jflo+30 - 45)/9o — a.aajiwio 


Hence 

^ (5 cos 30° I- ^'5 811130°) -|- (12 cos 45° ^I2sin4”)°) 

-|- (7*5 cos 15° -1 ^■ 7-5 sin 15°) 
t (4-33 4- «-48 f 7-24) h 7(2-5 |- 8-48 + 1-91) 

- 20 05 -] jl2 92 

Z^ (12 COS 45° + 7 l 2 sin 4 . 5 °) p (8eos60° f 78 sin 60°) 

4- (19-2 cos 75° 4- 719-2 sin 75°) 
(8-48 4 - 44 - 4-97) 4- 7(8-48 4“ 6-93 18-55) 

= 17-45 I- j33-96 

- (8 cos 60° 4i- 78 sin 60°) 4- cos 30° 4 sin 30°) 

4 - (3*33 cos 45° 4- ,;3-33 sin 45°) 

= (4 4 - 4-33 4 - 2-36) 4 " >(6-93 4" 2-5 4- 2-36) 

= 10-69 4- jll'79 
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Whence 

Za -= V(20-052 f 12-922) ^ 23-83 O. 
cp^ -- tan-i 12-92/20-05 = 32-8° 

= V(17-452 + 33-902) ^ 38-1 O. 

(p^ tan-i 3lf-96/17-45 = 62-8® 

Z^ = ^(10-092 4- 11-792) _ 15-9 O. 

=. tan-i 11-79/10-G9 -= 47-8° 

AssuTT^ng the i)hase rotation to bo clockwise, and (K-noiing the currents in 
tlie bram-hes of tlio equivalent delta -(-onnected load by 7^, 7^, 7^, and the 
corresponding lino currents by 7^, 7^, we have 

7 = . T-a2.8'90 4.0 r32.8/»0 



Fkj. 158. — Method of Delerinining Vot(*ntial of Neutral l*oint of a 
Balanced Star-connected Non-inductive Load 


Therefore, 


- VUa’‘ 

f- - 1 - 

21J 

CO.S (00 + 75 ^ 

- Tan 




v/|4-2^ 

h 0-292 

+ 2 

X 4-2 X 6-29 c 

OS (60 + 

47-8 

-32-8)°J 

8-42A. 


-h v + 


a CO 8 (60 + (p^ 

-n)°J 




-- v'r2 02 

2 H 4-22 


X 2-62 X 4-2 ( 

•os(00 -1 

32-8- 

- 62-8)''J 

6-6A. 

- 

^b“ + 

21J 

6 cos (60 \ (p^ 





- 

2 + 2-62- 

i 2 

X 6-29 X 2-62 < 

fos(00 -f- 

62-8- 

-47-8)°J« 

‘ 7-42A. 


Determination of the potential of the neutral point and the phase 
voltages for a balanced star-connected load supplied from a three- 
phase system. In tliis case the potential of the neutral point and 
the voltage across each branch of the load is easil3’ dek*rniined 
graphically by drawing the line-voltage vectors in the form of a 
triangle and determining the centre of gravity of this triangular 
area. The point so obtained represents the potential of the neutral 
point, and vectors drawn from it to the corners of the triangle 
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represefit the voltages across the branches of the load. The con- 
struction is shown in Fig. 158, in which the triangle ABC is drawn, 
having its sides AB, BC, CA, equal and parallel to the line- voltage 
vectors OFi . 2 , OV 2 - zj OVq. I (Fig. 158c) rospcctively. The mid- 
I points, (7, H, Jy of these sides arc joined to the opposit(i corners. 
The common point, Oiy of intersection of these lines is the centre of 
gravity of the triangular area ABC, and represents the potential 
of the neutral point of the load. The voltages across the hl'anches 
of the load are represented by the vectors O^A , O^B, Ofi (Fig. 158d). 

Proof. Considor for simplicity a noJi- inductive, star-eonnoctod, balanced 
load (Fjg. 158a). Let this bo replaced by an equivalent delta-conneetod load 
(B’ig. 1686). 1’hon tho eiirrenls in tho branches of th(i latter will bo pro- 
portional io, and in pliaso with, the lino voltages : they may, therefore, be 
roprosentod by the vectors OV 1 . 2 * ^^^2 3 » 1 1*'58^*), and by tho triangle 

AfiO (Fig. 158cZ). Tho current scale and the magnitudes of tho currents 
may bo easily calculated. Thus, if li is tho resistance of each branch of tho 
star-connected load, the resistance of each branch of the equivalent delta- 
connoctod load is equal to dP, and the currents in the branches of this load 
are given by 

/i - Fi /it “ F2 /in “Fa 

Hence the current scale of tho vector diagram is equal to l/3i? times the 
voltage scale. 

Now the lino currents aro equal to the vector differences of the currents 
in adjacent branches of tlio delta-connected load : they are, Ihereforo, 
represented in tho vector diagram by tho diagonals AD, HE, (^F, of the 
parallelograms, ABDC, BC^EA, CAEB, respectively, described on the sides 
of tho triangle ABG, 

But tho voltag(*s across the brandies of Iho star-conned ed load are pro- 
portional to, and in jihase with, tho line eurrt nts, and are*, therefore, given by 



-- B 

Oil 

1 

1 

u 


-= H 


- J {V3.3-V1. 

^'3 

- R 


- J (F3-1-F2- 


I 

Hence AD, BE, OF, represent the voltages a^u’oss tlio branches of the 
star-connected load to a scale three times the original voltage scale of the 
diagram.* 

Since the diagonals A D, BE, CF, bisect the sides BC, CA, AB, of tho 
triangle ABC, tho former intersect one another at a common point, Oj, and 
the distances Ofi, OiH, O^J, aro equal to one-third of the distances QC, HA, 
JB, respectively. Therefore, Oj/1, OjB, 0^0, represent the voltages across 
tho branches of the star -connected load to the original voltage scale, and the 
point 0i represents tho potential of the neutral point of the load. 

The construction for the proof in tho case of a balanced inductive load 
differs slightly from that for tho case when the load is non-inductive, as the 
currents in the branches* of tho load are not in phase with tho voltages across 
those branches. TIiils, in Fig. 159d, the triangle ABC represents the vector 
triangle for the line voltages. From the corners of this triangle are drawn 
the vectors BQ, CL, AQ, representing the currents in the branches of the 
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equivalent delta-connected load. If these vectors are made oqu^l to the 
vectors AB, BC, CA, respectively, the current scale will be equal to 1/3Z 
times the voltage scale of the diagram, wlicre Z ^lenotes the impedance of 
each branch of the star-connected load. 

The lino-current vectors, 6W, ASy are then (Udcrmined by constructing 
the parallclogranft BGJH, CLNMy AQST ; nud eaeli ])nrallclograni is rotated 
so as to bring the current vt'ctora BG, CL, AQy in hue with the corrcsx)onding 
voltage vectors, AB, BC, CA. Then the new positions of the line-current 
vectors will represent the voltages across the branches of the star-connected 
load to^ scale tliroc times the original voltage scale of the diagram. Ifenee, 



Fia. 159.— Method of Dctennining J*otential of Neutral Point of a 
Balanced Star-connected Inductive Load : (a, h) Erpiivalenl Circuit 
Diagrams, (r) Vector Diagram for (5), (t/) Construct ion for Obtaining 
Potential of Neutral Point 


if from the points A li (J the lines AB, BF, CD, are drawn parallel to BJ 
CN^y AS^y respectively, tlu’ former will intiTsect at a common iioint, O^, 
which rcpr(\sents the ])oteiitial of the neutral jioint of the load. ^'Moreover, 
since the points D, B, F, are the mid-points of the sides A By BC, CA, 
respectively, the point Oy is the centre of gravity of tlic triangular area AB(\ 

Hence, in all cases of balanced star-conne<’ted loads, the potential of the 
neutral point of the load may bo obtained by determining the centre of 
gravity of the triangular area formed by the vector triangle of the line 
voltages. 

Potential differenceo between neutral points of generator and 
balanced star-connected load. Wlien the supply system^ is sym- 
metrical the neutral point of a balanced star-connected load is at 
the satne potential as that of the generator, since the line- volt age 
vectors then form cither an equilateral triangle (when the number 
of phases is equal to three) or a regular i^olygon (when the number 
of ])hases is greater than three), and the potential of the neutral 
point of the system is represented by the centre of gravity of this 
triangle or polygon, which also represents • the potential of the 
neutral point of the load. Hence the voltages across each branch 
of the load are equal to, and in phase with, the voltage across the 
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corresponding phase of the generator, assuming the voltage drop 
in the connecting wires to be negligible. 

But when the system is unsymmetrical, the potential of the 
neutral point of the sj^stem is not generally represented by the 
centre of gravity of the line- voltage vector triangle or polygon. 
In this case the voltages across the branches of the load are neither 
equal to, nor in phase with, the corresponding phase voltages of the 
generator. For example, consider an unsymmetrical three-phase 
system in which the phase voltages are represented by the vectors 
OEi^ OEii^ OE^ji, Fig. IGO. The line voltages are then represented 
by the sides of the triangle, E^, E^, E^^, formed by joining the 

extremiti(*s of these vectors, 
and the potential of the 
neutral point is represented 
by O. The centre of gravity 
of this triangle is at 
which therefore represents 
the potential of the neutral 
point of a balanced star- 
connected load supplied 
from the system. The 
voltages across the branches 
of the load arc represented 
by vc'ciors drawn from 
to the points E^, E^^, E^^^. 
the two neutral points is 
represented, to the voltage scale of the diagram, by the distance 



Fig. 160. — Showing Difteroncc of Voteiitial 
between Neutral Points of an TJnsym- 
molneal System and of a Balanced 
Star-connected Load 

The potential difference between 


00 ^. 

Hence, when a non-inductive star-connected balanced potential 
circuit is employed in coimection with the three- and four- wattmeter 
methods of measuring power in three- and four-phase unbalanced 
systems (p. 201), the voltages across the branches of the potqntial 
circuit are not necessarily equal to, nor in phase with, the phase 
voltages, of the system. Under these conditions, the readings of 
the separate wattmeters do not represent the power in the phases 
of the system, although the sum of the readings is equal to the 
total power. 

For example, in a three-phase unsymmetrical system the voltages 
across the branches of the potential circuits may be represented 
by O^Eiy phase voltages of the 

system by OEu OEul OEjn. Now O^E^ is equal to the vector 
difference of OE^ and OOi ; O^Ej^ is equal to the vector difference 
of OEji and OOi ; is equal to the vector difference of OE^ 
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and OOi. Taking instantaneous values, and denoting the potential 
difference, 00 between the neutral points by Vq, the line currents 
hy ii, 12 , h, and the phase voltages of the system by Cj,, Cj^, the 
power measureej by the separate wattmeters is given by 

Pi = - Vo) = Vi -hVo 

P 2 == ^2(^11 - Vo) = - ?2Vo 

o 

Pq = Vo) — ^3^0 

Whence + P 2 H" P^ = + Vn + Vm - ^'o(h + ^2 + * 3 ) 

~ ^*1^1 “h ^*2^11 “i' 

since + ^2 + ^3 = 

Variation of the neutral point potential of a star-connected, non- 
inductive circuit when the resistance of one branch is varied. 

Consider a star-connected, non-inductive circuit, of which one 
branch is variable, as in Fig 161, to be supplied from a symmetrical 
three-phase system at constant voltage. The variation of the 
resistance of one branch will then cause a ^ariation in magnitude 
and phase of the currents' in all the branches, as well as a variation 
of the potential of the m^utral 2 ^oint. Jf the neutral point of the 
system is assumed to be at zero jiotential, the potential of the 
neutral point of the load may, according to the n'lative values of 
the resistances of the variable and fixed branclii‘S, liave valui'S 
between zero and the ])hase voltage of the system. For example, 
when the resistance of the variable branch is equal to that of each 
of the fixed branches, the pokmtial of tht‘ neutral point is ztTO, 
and when the resLstance of the variable })ranch is zerc^, the potential 
of the neutral point is equal to the phase voltage of the systc^m. 
Again, when the resistance of the variable branch is infinite, the 
potential of the neutral point is now reversed and is equal to 
one-half of the phase vsitage of the system. 

The variation of the potential of the neutral point and tli^ phase 
difference between the currents in the branches of fix(‘d resistance 
for various ratios of variable resistance/fixed resistance is shown 
in the curves of Fig. 1 62. 

Since the supply syst€*m is symmetrical, the currents in the 
branches of fixed resistance, and the voltages across these branches, 
must be always equal to each other, and the vector difference of 
these voltages must bo equal to the (constant)* voltage between the 
line wires to whicl\ the fixed branches are connected. Hence, if 
the line-voltage vectors are drawn in the form of an equilateral 
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triangla, ABC (Fig. 1616), and the side BC represents the voltage 
between the line wires to which the fixed branches are connected, 
the potential of the neutral point of the load is represented by a 
point in the line AD, whore D is the nud-23oint of tljo side BC, 
When the resistance of the variable branch is equal to that of 
each of the fixed branches, the pob^ntial of the neutral point of 
the load is represented by the point O (the distance CD being one- 
third of AD), and is zero, assuming the neutral point of the* system 
to be at zero potential. When the resistance of the variable 
branch is decreased, the potential of the neutral point of the load 
increases, and is rci^resented by a point, such as 0^ in OA, In the 


A A 




Fig. IGl. — ^Cirouit and Vector Diasjrnins for Slar-cdinic'cted Xon- 
luduotivo Loud with Ono Bi-uiic]i Variable 


extreme case, when the resistance of this branch is zero, the potential 
of the neutral point of the load is rejircsented by A, and the difference 
of potential between the two neutral i)oints is equal to the phase 
voltage of the system, OA. In the other extreme case, when the 
resistance of the variable branch is infinite, the potential of the 
load neutral point is represented by D, and since OD is equal to 
\0A, t^je potential difference between the two neutral points is 
now equal to one half of the phase voltage of the system, and is 
reversed in direction. 

The currents in the branches of fixed resistance, and the voltages 
across these branches, are represented, to difft^rent scales, by O^C 
and O^B, and the phase difference between the currents, or voltages, 
is represented by the angle BO^C. 

The current in the* branch of variable resistance is given by the 
reversed vector sum of the currents in the branches of fixed resis- 
tance, and is represented by 01 (Fig. 161c). This current is in 



CALCULATION OF POLYPHASE CIRCUITS 261 


phase with the voltage across the variable branch, which i^ repre- 
sented by O^A (Fig. 1616). Thus, from the vector diagram, or the 
curves of Fig. 162, the value of the resistance of the variable branch, 
expressed in terms of the resistance of the fixed branches, necessary 
to obtain a given phase difference between the currents in the 
fixed branches may readily be obtained. 

For example, suppose the currents in the fixed branches arc to 
have a l)hase difference of 90^", the point O^ (Fig. 1616) is determined 
such that the angle BO^C is 90°. The value of the* resistance of 
the variable branch may then be obtained ('ithcr by calculation or 



from measurcunenla on the vector diagram. Thus, if V denotes 
the line voltage, the voltages across the branches of th(' load are, 
from the g(‘ometry of Fig. 1616, equal to V.\/2/2; V.^/2I2; 

V{\/'^-\)l2. lienee .if R flimotes the resistance of (‘ach of the 
fixed branciies, the current, /, in these branches is equal to 
F.\/2/2Z?, and the current, If,, in the variable branch is numerically 
equal to the vector sum of the currents in the fixed branches, i.e. 
If, — '\/2 . I = Vjli. Hence the resistance of the variable branch 
is given by R^ -- [ - l)/2]/(F//?) -= RW^ - l)/2 = 0*366/^. 

To obtain the value of R^ from measurements on the vector 
diagram, produce COi (Fig. 1616) to cut the sid(' AB at E, and 
measure AE and BE. Then AEjBE = RJR. 

Conversely, if the side AB be divided at E such that AEIEB=RJR 
and the point E is joined to the opposite corner C, then the point, 
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Oi, of intersection of CE and AD gives the potential of the neutral 
point of the load. 

Proof. From B and O (Fipj. 1616) draw BF and CF parallel to O^C and 
O^B respectively, and produce AD to the point of intersection, F, of BF 
and CF, Then triangles AO^PJ, AFB, are similar, and thefofore 
AOJAF -= AEjAB, 

Whence AOJO^F ~ AEjPJB. 

Now OAi represents, to the voltage scale of the diagram, the voltagre across 
the variable branch of the load, and represents, to the current scale, the 
current in this branch, since, by construction, O^F is tlie vector sum of O^B 
and O^C, and the latter represent the currents in the fixed branches of the 



Fi(J. 163.- —Circuit and Vector Diagrams for Star-connected 
Variable Load of Constant Power Factor 


load. Kence, if the diagram is drawn for a voltage scale, of 1 cm. — q volts, 
the current scale will be 1 cm. — qjU arnp. 


WTieiico 


q.A(\ _ p p 

'* {qlJ{)OiF OiF liji 


Now, when 


Therefore 


i.e. 


LBOfJ - 30°, AO^ ■= - l)/2, 

OiF _ OJi . V2 - ^2(^2 . ABI2) - AB. 
AO, AB[(V3-l)m ^3-1 

07 /-’ - TFi = — ^ 

7?i =r- 0-3()6 /?, 


and generally AE/EB. 


This graphical method of determining the potemtial of the neutral 
point may bo extended to unsymmotrical systems, and to the more 
general cases, when all branches of the load are variable and the 
loads are inductive, provided that the power factor of each branch of 
the load has the same value 

In the general case, where the branches of the load have the 
impedances Zg, ^ 3 , and the line voltages of the system are 
represented by the vector triangle ABC (Fig. 1636) — in which the 
side AB represents the voltage between the lines to which the 



CALCULATION OF POLYPHASE CIRCUITS 263 


impedances Zg, are connected ; the side BC repres'^nts the 
voltage between the lines to which the impedances Zg, Z 3 , are 
connected, and so on — the side AB is divided at E such that 
AEjEB = divided at D such that BDjDC — Zg/Zg, 

CA is divided at F such that CFjFA = Z 3 /Z 1 . Then the lines , 
joining the points A, D ; B, F \ C, E will intersect at a common 
point, Oi, which represents the potential of the neutral point of 
the load. 

“Floating” neutral point. When the neutral ]K)int of the load 
is isolated from the neutral point of the generator, the potential of 
the former is subject to variations according to the unbalance of 
the load, and under certain conditions of loading a considerable 
difference of potential may exist between the two neutral points. 
Such an isolated neutral point is called a “ floating ” neutral point. 

All star-connected loads supplied from polyphase systems without 
neutral Avircs have floating neutral points, and any unbalancing 
of the load causes variations not only of the potential of the neutral 
point but also of the voltages across th(‘ several branches of the 
load. Hence, whtm single-phase electric lighting loads are to be 
supplied from three-phase three-wire systems, the former must be 
delta-connected in ordc*!* that the voltages across the branches of 
the load may not be appreciably affected by a slight unbalancing 
of the loads. If a star connection of the load is desired, then the 
four- wire system must be employed, and the ncmtral points of load 
and generator must be connected togetlier. 

Determination of the potential of the neutral point and the phase 
voltages for an unbalanced, star-connected, inductive load supplied 
from a three-phase system. The solution will be obtained for the 
general case where the power-factors of the branches of the load 
may all be unequal, l^he line voltages of the system supplying 
th(‘ load are assumed to be known, as wdll generally be the ('ase in 
practice. The simplest solution is a graphical one, the construction 
being shown in Fig. d64. Before the construction is commenced, 
however, the impedances Zal(p„, Zf^jcp^, of the equivak?nt delta- 

connected load must be d(*termined, either by calculation or 
graphically. Having obtained these quantities, the vector triangle 
ABC (Fig. 164) is drawn to represent the line voltages of the supply 
system. From the corners B, C, A of this triangle the vectors 
BD, CGf AK, are drawn to represent the currents in the branches 
of the equivalent delta-connected load ,* BD representing the 
current in the branch supplied at the voltage represented by 
AB\ CO representing the current in the branch supplied at the 
voltage represented by BC ; and so on. The line currents 
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are then determined by constructing the parallelograms BDEF, 
CGHJ, AKLMy and are represented by the vectors BF, 
CJ, AM. It each of these vectors is multiplied by the 
impedance of the branch of the star-connected ^ load through 
which the current (\^hich is represented by the vector under con- 
sideration) passes, the resulting vectors will represent the voltages 

across the branches of 
the original slJ&r-con- 
lU'cted load. This multi- 
plication is carried out 
by rotating the vectors 
through the appropriate 
phase angles, (p^, 9 ? 3 , 

of the branches of the 
star-connected load, and 
at the same time changing 
the scale. The calcula- 
tion of the new scale 
for the voltage may be 
avoided by . employing 
the direct construction 
shown in Fig. 164, by 
means of which the load- 
voltage vectors arc de- 
termined to the same 
scale as the line-voltage 
\cctors. Thus the line- 
current vectors are rota- 
ted through the appro- 
priate angles, (p cp^, 
to the positions BF^, 
CJ^y AM^y and parallels 
AQ^y BO^y CO^y arc drawn 
from thg corners Ay By C of the line-voltage vector triangle. 
These lines meet at a common point, Oj, which represents the 
potential of the neutral point of the load. Hence the vectors, 
AO^y BO^y CO^y represent the voltages across the branches of the 
load to the same scale as the vectors AB, BGy CA, represent the 
line voltages. 

Proof. Let the impedances of the star-connected load bo deno'ted by 
Zjq?iy those of the equivalent delta-connected load by 

Zj(paf ^bl SPo Then if the line voltages are denoted by Vi . j, Fj . 3, 



Fig. 164. — >Orai)hic Solution for Determining 
Potential of Neutral Point of Unbalanced 
Star-ronnectod Load (any Power Factor) 
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^8 - i> currents in the branches of the delta -connected load are gjiven by 

/c=-K>../^c 

Henco the lino currents are given by 

fA~Ic~-Ih 

Therefore the voltages across the brunclu'S of the load are given by 


K.-o 


- ?:,{V,.,<z^-Y, ,IZ,) 

72-0 

- ^2?2 

•?2(72-yZfc-Kl.2/?a) 

i'.-O 

- 

= ■?2(7o-i/^.-F2-o/-?6) 

Whence 


.1^ 1 - 0 ~ F 2 ' 0 

F..2( 

'-^1 + -^2^ y y 

~ Y 


/ Z 3 Z, I \ ^ 

• I z,z, + z,zj \z^z„ 4 z,z^ + z^zj 

_y ( 

• ’ ' t zjz.^zsJ 

( Z^Z, I \ , r ^ 

^^■\z;z, 1X^7+ ^ 

/ \ 

\z,z^ \ z;z^ \ z^zj 

/ -I \ , I. ( 

• ’■ 1 I 1 I 


- K.-a 

Similarly o “ F.i - « ~ K • - 
and K.-o-Fi-o Y. 1 - 

Thus tlie voltages af’ross the brandies of an unbalanced slar-eonnected 
load supplied from a tlm‘c-phaso system may bo repn'seiited by vectors 
drawn from a partiejilar point, insiile Iho vector triangle for the lino voltages, 
to tlio corners of this triangle, and both quantities are representi'd to the 
same scale. Hence, in the construction of Fig. 1G4, since the lines 
liOi, COi, wore drawn jmrallel to Iho vectors reprcbonting tho quantities 
/iZi, / 2 ‘? 2 ’ t'heir common point of intersection rejiresents tho potential 

of the neutral point of tho load, and their lengths represent tlie magnitudes 
of tho voltages across tlio branches of tho load. 


Determination o£ the generator line voltage for three-phase, 
three-wire, systems, the voltage at the load being known. In many 
cases. of the sujiply of electrical energy for power purposes the 
position of the Joad/i or place wlicro the energy is utilized, is at 
a considerable distance from the generator, and therefore the 
impedance of tho line wires will affect the voltages at the generator 
and load. As the load must usually bo supplied at a definite 
voltage we must show how the voltage at the generator may be 
determined. We shall assume the load to be concentrated at a 
single point and to be supplied from the generator through a single- 
circuit transmission line, as these conditions are representative of 
the practical case of a sub-station, or a distributing station, being 
supplied from a central generating station. 

Case I, Star-connected load. The line currents and the potential 
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of the neutral point of the load are first determined. The pressure 
drop in each line wire is then calculated and is added vectorially 
to the voltage across the corresponding branch of the load. The 
quantities so obtained represent the voltages between each terminal 
of the generator and the neutral point of the load. The voltages 
between the terminals of the generator are therefore determined. 

The vector diagram is shown in Fig. 165, in which ABC represents 
the veetor triangle for the loiown line voltages at the load ; 0^ 
represents the potential of the neutral point of the load ; and 0i>4, 
OiB, Oj^C, represent the voltages across the branches of the load. 



Fig. 1G5. — GrajGiic Method of Doiennininp Genernilor Voltago for 
Star-ronncctod Systom : (a) Balancod Load, (6) Unbalanced Load 


The line currents are represented by the vectors O 1 I 2 , Oils. 

The pressure drops in the line wir(‘s are represented by the vectors 
AD, BE, CF, these vectors being drawn in the positions shown 
for convenience of carrying out the vector addition. [Note. AD 
represents the pressure drop in line I, CF the pressure drop in line 2, 
and BE the pressure drop in line 3.] By adding, vectorially, the 
pressure drop in any line wire to the veltagc across the corre- 
sponding branch of the load we obtain the voltage between the 
neutral point of the load and the terminal of the generator. These 
voltages are represented by the vectors OiD, OiE, OiF. Therefore 
the triangle DEF is the vector triangle for the line voltages at the 
terminals of the generator. 

Observe that when the loads are balanced and the line wires have 
equal impedances, the vector triangle for the generator voltages is 
of similar shape to that for the load voltages (Fig. 165a), but that 
when the loads are unbalanced, one of the voltage triangles is 
distorted relatively to the other (Fig. 1656). 
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Case //. Delta-connected load. The vector diagram for this case 
is shown in Fig. 166. The known (line) voltages across the branches 
of the load are represented by the sides AB, BC, CA, of the vector 
triangle ABC, and the currents in the line wires are represented 
by the vectors AD, BE, CF, these vectors being obtained from the 
vectors AIi, BI^, CI^n, representing the currents in the branches 
of the load. Observe that the vectors AD, BE, CF are so drawn 
in relation to the vectors for the load voltages that if BA represents 



Fig. ICG.— Graphic Method of Determining Generator Voltage for 
Delta-eoimccted Load 

the voltage between lines 1 and 2, AD will represent tlie current 
in line 1 ; ii AC represents the voltage between lines 3 and 1, 
CF will represent the current in line 3 ; and so on. 

Th# vectors BO, AH, CJ, representing the pressure drop in each 
of the lino wires, are now added at the appropriate corners of the 
voltage triangle ABC {BO representing the pressure drop i« line 2, 
CJ the pressure drop in line 3, and AH the pressure drop in line 1), 
and by joining the free ends, O, H, J, we obtain the vector triangle, 
OHJ, for the generator voltages. 

The above observations regarding the nature of the load and the 
shapes of the vector triangles for the generator and load voltages 
apply equally well to the present case. , 

Detennmation of load currents and voltages for three-phase, 
three-wire, systems, ^ the generator E.M.F. being known. In the 

17 - ( 5245 ) 
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preceding section we determined the voltage necessary at the 
terminals of the generator in order to give a definite voltage at the 
load. When the load voltages are symmetrical and the load is 
balanced, the voltages at the generator will also be symmetrical. 
But if the load voltages are to be symmetrical and bqual when the 
load is unbalanced, the voltages between the terminals of the 
generator must be unsymmetrical and unequal, due to the pressure 
drop in the line wires. Under these conditions there iray be 
difficulty in obtaining the required voltages. It will, therefore, be 
of interest to consider the converse of the above case, viz. the 
determination of the voltages at the load when the internal E.M.Fs. 
of the generator are known. 

When a three-phase generator is unsymmetrically loaded, the 
voltages at its terminals will, in general, be unsymmetrical, although 
the E.M.Fs. generated in the phases may be symmetrical. Since 
the generated E.M.F. may be considered as equivalent to the 
no-load E.M.F., we may determine the terminal voltages when the 
generator is loaded by compounding the no-load E.M.Fs. of the 
several phases with the pressure drop in those phases due to 
impedance and armature reaction. The currents in the load may 
therefore be determined from the no-load generator E.M.Fs. and 
the impedances of the load, line wires and generator. 

Case /. Generator and load star connected. The currents may be 
determined by two methods, one involving the calculation of the 
equivalent dclta-connectcd circuit, and the othor involving the 
determination of the difference of potential between the neutral 
points of the generator and the load. In the first method the total 
impedance of each phase of the star-connected circuit (i.e. the sum 
of the impedances of each phase of the generator, load, and con- 
necting wire) is calculated, and the impedance of the equivalent 
delta-connected circuit is determined. This delta-circuit is then 
assumed to be supplied at the no-load generator line voltage, and 
the branch circuit and line currents are calculated. The line cuil-ents 
will be the same as those in the original star-connected circuit. 

If th6 potential difference between the neutral points of the 
generator and load is known, the line eurrents may be obtained 
by dividing the total impedance of each phase into the difference 
between the no-load E.M.F. of the appropriate phase of the generator 
and the potential difference between the two neutral points. Thus 
if the no-load phase E.M.Fs. of the generator are represented in 
Fig. 167 by the vectors OEi, OEn, represents the 

potential of the neutral point of the load, the current in phase I 
of the system is given by 0i£7|/(sum of impedances of phase I of 
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generator, load, and connecting line wire). The currents in«phases 
H and III of the system are obtained by dividing the E.M.Fs. 
represented by O-^En, by the appropriak' impedances. The 

currents arc represented by the vectors 01 01^. 

The voltages across the branches of the load are obtained by 
multiplying the line currents by the appropriate load impedances. 
These voltages are represented in the vector diagram of Fig. 167 
by the ^ectors OV^y OV^, OV^. 

The voltages at the terminals of the generator may be obtained 



Fig. 167.- -Clrapliic Method of Determining Load Voltage for 
Star connected System 


by compounding th(» voltages across the branch t's of the load with 
the pressure drops in th(‘ line wires. The latter are represemted bj' 
the vectors Vu. Thus the phase \oltages of the 

generator when loaded are represented by th(* vectors OVig, OV 
OV ^gy and the pressure drojis in the phases of tlu' generator are 
represenk'd by the vectors ^11 

Case II. Generator and load delta-connected. In this case we 
replace the delta connections of the generator and load by equivalent 
star-connected circuits. The solution is then obtained in the same 
manner as for the preceding case. 

Determination of load currents and voltages for two-phase, three- 
wire systems, i.e. two-phase systems with neutral wire. The no- 
load phase E.M.Fs. of the generator are assftmed to be known ; 
they will be considered to be equal to each other and to have a 
phase difference of 90®. 
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Gasctl. Pressure drop in neutral wire ignored. If the pressure 
drop in the neutral wire is ignored the solution for the load currents 
and load voltages is easily obtained, since the neutral point of the 
load has the same potential as that of the generator, and therefore 
the E.M.Fs. and impedances are known for eae/i phaac of the 
system. The vector diagram is shown in Fig. 168a, in which the 
no-load E.M.Fs. of the generator are represented by OEi, OEn^ 
and the currents in the load are represented by 01^, 01 2 - These 
currents are calculated from the no-load phase E.M Fs. and the 
total phase impedances. 

The current in the neutral wire is represented by 01 o, which is 
the reversed vector sum of 01^ and O/g- 

The voltages across the branches of the load are represented by 
OV-^y OF 2 , and are obtained by subtracting from the no-load E.M.Fs. 
the pressure drop in the phases of the generator and the “ outer 
line wires. 

The vector diagram has been drawn for the case of balanced 
loads and equal impedances in each phase of the generator and the 
connecting lino wire, but zero impedance in the neutral wire. 
Under these conditions the diagram shows that the voltages across 
the branches of the load are equal and have a phase difference of 
90®. Thus in this particular case the system is symmetrical when 
loaded. 

Case II. Pressure drop in neutral wire considered. The direct 
analytical solution for this case involves the application of Kirchoff*s 
laws and is given on p. 273. 

An alternative analytical solution may be obtained very simply 
by employing the principle of super-position of electric currents. 
Thus, since the resultant E.M.F. in each phase, taken from the 
neutral point of the generator to the neutral point of the load, is 
equal to the vector difference of the no-load phase E.M.F. of the 
generator and the potential difference between tlie two neutral 
points, the actual current in each circuit may be obtained by 
super-imposing the fictitious currents due to (1 ) the no-load genera- 
tor E.M.F. acting alone, (2) the potential difference between the 
neutral points acting alone. These conditions are represented in 
the vector diagram of Fig. 1686, in which OE^^ represent the 

no-load E.M.Fs. of the generator, and 00-^ represents the difference 
of potential between the two neutral points, O representing the 
potential of the neutral point of the generator and O^ representing 
that of the load. The resultant E.ISI.F. in each phase of the 
system, taken from the neutral point of the generator to the neutral 
point of the load via the generator, “ outer ” line wire, and load is 
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represented by OiEi^ The phase currents are tfierefore 

obtained by dividing these E.M.Fs. by the appropriate impedances, 
and are represented by O/j, O/g. These currents are equal to the 
vector difference of the fictitious currents 0 //, 01 ^ ; OI^", 01 2 " ; 
the former being obtained by dividing the phase im})edances into 
the phase E.M.Fs., and the latter being obtained by dividing the 
phase ynpedances into the potential difference between the two 
neutral points. 

Thus, let the no-load K.M Fs of the generator he denoted by 



Fig. IGS — Graphic Method of Determining Load Voltage tor Two- 
pha&G Three -wire System : (a) Pressure Drop iii Neutral Wire Ignored, 
(6) Pressure Drop m Noutial Wire Considered 


Ej, Eji ; the im])edances of the generator, line wires, and load by 
Zii,Z2i,Zgi ] Z2, respectively ; the potential difference 

between the' neutral pohits of the generator and load by ; and 
the actual currents in the load and neutral wire by /i, */2, lot 
respectively. Then 


/o = - (/i + /z)’ Y 0 

E.-Yo 

^-foZol 
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Yo 

(78) 

■ ' 4 Xv + Z, 

Zu 

Zu 

Zu ■ 


. 

. 


(78o) 

j En-Yo 

1 

0 

1 


Is ' 

(79) 

‘ ?‘2a + 

?2t 

■?2« 

?2t 

1 

II 




(79a) 



262 


ALTERNATING CURRENTS 


where' •-=* Z^g + ~ + ^21 + ?'2 5 ^ 2 ^ 

denote the currents which would bo obtained in the phases of the 
generator and load if the two neutral points were at the same 
potential, i.e. if the impedance of the neutral wiroiwere zero ; and 
1 2 ", denote the phase currents which would be obtatned if the 
generator E.M.Fs. were zero and the potential difference Vg existed 
between the neutral points 

The potential difference, F^, between the neutral points of 
generator and load under normal conditions may be calculated as 
follows — 

Since Vg = -IgZgi, and Io = - (/i + have, by sub- 

stitution from equations (78), (79), 


17 _ 7 // I / \ 7 Fo , ^11 Fo\ 

4^21 42t/ 

= ZgMh' + h') - iVol^^it + YolM 

Whence F,Y^ 4 ‘ + T,’ . . 

\4oi 4u 42tJ 

= /;/(7,,+ FitH F 2 .) 


(80) 

(80a) 


where Io'(= Ji + I 2 ) denotes the reversed neutral current corre- 
sponding to zero impedance in the neutral wire, and Ygiy Yuy Fgf, 
denote the admittances of the neutral wire and each phase respec- 
tively, the phase impedance including the impedance of the gen- 
erator, connecting line wire, and load, but not the impedance of 
the neutral wire. 

When Vg has been determined, the load currents /j, / 2 > 
readily be calculated from equations (78), (79) 

Instead of obtaining the load currents in this manner, we may 
determine them hy calculating the fictitious currents //', l 2 y ^ 2 "^ 
and applying equations (78a), (79a). The currents Zg', are 
readily obtained, e.g. » 

II — I2 — 

but the currents Z^", Zg" must be obtained by eombining equations 
(78), (79), (80). Thus'' 

/o = - (/i + /2) = - \{Ii - h") + (f2 - J 2 I] 

- - iW + h') + (/i" J 2 I 
= -7o+ (/i" + .V) 

= VoIZgl + Yg/Zu + Y0IZ2, 

= Yo{Ya,+ Yu+Y2,) 


or 
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Fig. 169.- -Graphic Method of Determining Load Voltage, Potential 
of Neutral Point of Load, and Fictitious Currents //, 1 2"* ^or a Two- 
phase Throe -wire System 


Whence // : : (7,, 4 H- Yn) 

and V Yu+Yzt) ' 

The currents 1 2 '', may therefore be easily determined by a 

simple geometricRl construction, which is shown in Fig. 169. In 
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the dia^am of Fig. 169a the admittances You r^u are added 
together, thus giving the polygon OY ^lab. In the diagram of 
Fig. 1696 the currents /g', are reversed and added together, thus 
giving the current vector Upon this vector is constructed 

' a polygon similar to the admittance polygon in Fig. 169h. Then 
if the sides Oc, cd, dl ^ of the polygon in Fig. 1696 are proportional 
to the admittance vectors Fg^, respectively, the sides 

cd and dl ^ will represent the currents /j", Zg ^ respectively. 

An extension of this construction enables the potential of the 
neutral point of the load to be determined graphically. Thus, 
since and = Yo!?^ity wc have Z^' : Zj" : : : F^, or 

1 1 : El : : Z^" ; V Hence if we construct upon the vector 01^^^ 
{Fig. 1696) a triangle 00^1 Y' similar to triangle then the 

side OOi represents the difFt'rence of potential between the neutral 
points. 

The voltages across the branches of the load arc obtained by 
subtracting from the no-load E.M.Fs. the pressure drop in the 
generator, outer ” line wire, and neutral wire. They are repre- 
sented in the vector diagram (Fig. 1686) by OF^, OFg. It is 
apparent from an inspection of this diagram, that with balanced 
loads the two-phase, three-wire system is iinsymmetrical, as the 
load voltages are not only unequal but their phase difference is 
greater than 90°. The dissymmetry in an actual case is shown 
quantitatively in the worked example which follows. 


EiXample. A two -phase balanced load^ each branch of which has an 
impedance of oj 2o° O., is supplied from a two-phase j<enerat or through a 
three-wire transmission Imo, tlie impedance of each “ outer ” lino wire being 
0*6/48® O., and that of the neutral W'ire being 0*36/34® O. The no-load j base 
E.M.Fs. of the generator are eacli equal to 1,150 V., and have a ] hase 
difference of 90° witli respect to each otlier. The effective mq edance of 
each branch of the load is 0*7/78°. Determine the load currents and the 
voltages. Also the terminal voltages of the generator. 

Since each phase of the .system is balanced, the total impedance 61 each 
phase is given by 

Z, - Zp 4 4- Z 0-7/78° 4- 0*6/48° 4- 5 / 25 


Yt 

^vl 


(0*7 cos 78° -f 0*6 cos 48° 4 5 cos 25°) 

4- Z(0-7 sin 78® -f 0*6 sin 48® 4- 5 sin 26°) 
(0*1466 + 0*402 4- 4*63) -f-y(0*686 4- 0*446 4- 2*11) 

5 08 -f j3 24 

j 014 -j0 089 

6*082 3.042 •' 5*082 4. 3.242 J 

■ 0*36 cos 34° 4- .;0*36 sin 34° 


- 0*36 X 0*829 4- Z0*36 X 0*559 
= 0 3 4- j0 2 


Whence 
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Yoi = 


0-3 


0-3‘‘ + 0-2^ O-S^ + 0-2^ 

^Yt + Yoi = 2(014-j0-0a9) + 2-31 -jlS4) 

- 2 59 -) 1-715 

J * _ 2-59 . 1-715 

2Yi + ' 2-5<J- + 1-715^ ^ 2-592 4 1-7152 


0-2 


- 2-31-jl-54 • 


0 268 ) jO-178 


TakLu!^ tho E.M F. of phaso 1 as tho quantity of referoncfs wo oalculate the 
fiotitiou'# currents IJ, and dotorinino the potential difference, between 
tho neutral points of the generator and load. Thus 

h' - - 1150(1 + j0){0‘14-)0 089) - 161-} 102 4 

li -- 1150(0-^1) {0 14-j0 089) - - 102 4 -j 161 

lo ^ h' + Ji = 58 6-j263 4 

Yo ^o'/C-^rt + Voi) - (58-6-/263^4) (0 268 4 j0 178) 

62 6-760 3 

Whence F^ v'(G2-r)2 f- GO-a^) - 8G 0 

Phaso difference between and F^ - tiur^ - G0'3/G2 G - ‘13-9° 

When F^ is known, tlio load currents and tho voltages, Fj, Fg, across 

the branches of tho load are easily ealeiilated. I’liiis 

!i~ {^1 -Vo)Yt -{tl50 -62-6 \^)60 3)(0 14-)0 089) 

~ 156-3 -j87-6 

h - V(156-3^ + 87-G)2 - 170 A. 

Phaso difference between ii/, ^1 - ^ - 87-G/15G-3 — 29-3® 

Fi ^ /iZ, - (156-3-387-6) (4-53 ^ )2-ll) 

-= 895 -j68 

\\ \/(89r)2^{- G82) = 899 V. 

Phase difference between and F^ taii'^ - G8/805 - - *1 3°. 

Phase difference between F^ and /j - - (29-3 - 4-3) - - 2.7°, which agrees 
with tlie given phase angle of the load impetlauee. 

fz -= (^'n-Vo^Yi -= (-71150-626 +3603) (0 14-j0089) 

-105 8-J147 

I - y/(U)ryS^ + U72) - 181 A. 

Pliaso difference botween and ~ tan ^ - 1 17/ - lO.j-S - - (180 - 54-3)° 
-= - 12rv7° 

Phaso difference botween and Z, - - (125-7 — 29-3)° — - 9G-4® 

Vz^JzY^ - (-105 8-/147) (4-53 I /2-11) 

-169-/891 

Fg - + 8912) ^ 907 V. 

Phaso difference botween and Fg — tan ^ - 891/ - 1G9 - - (180 - 79-3)® 

^ - 100-7° 

Phase difference between F| and Fg — - (100-7 - 4*3)° - 96-4° 

Phase difference between F^ and Zg — - (125-7 - 100-7)° - - 2.5°, which 
agrees with the given phase angle of tho load impedance. 

fo =-('■. + h) = - [(^5S-3 ~i87-6) 4- (- 105-8 -jl47)] 

. ^ - 50-5 4 i234-'S 
= v'(60-6» t- 234-6») - 240 A 
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Phas^ difference between and — tan'^ 234*6/- 60-5 == (180-77*9)® 
-= 102 * 1 ® 

Phase difference between and - - (77*9 - 43*9)® = - 34®, which 

agrees with the phase angle of the neutral wire impedance. 

The numerical value of may now bo checked by calculating the product 

I^Z^j = 240 X 0*36 = 86*4 V. 

The generator terminal voltages per phase arc 

Yjg - = 1150-\{156 3-j87 6) [01456 + J0-t86)] 

= 1066 -j95 1 

Vio = ^(10662 95*12) _ 1071 V. 

Phase difference between and Vig ~ tan'^ - 95*1/1066 - 5*1° 

Vuo - ^ -jtlSO - [ - 105 8 -j 147^ [0 1456 + jO-686)] 

^-8S4-jlOS6 
Vug = V(85*42 + 10562) = 1061 V. 

Phase difference between and ~ tan ^ - 1056/ - 85*4 = - (180- 

85*4)® = - 94*6® 

Phase difference between Vig and F^j^ — - (94*6 - 5*1X° = - 89*5® 

Determination of load currents and voltages for three-phase, 
four-wire systems, i.e. three-phase systems with star-connected loads 
and neutral wire. Case 7. Pressure drop in line wires ignored. In 
this case the currents in the several branches of the load are easily 
calculated when the phase voltages of the system and the impedances 
of the load are known. The current in the neutral \vire is equal to 
the vector sum of the currents in the branches of the load, and 
may be determined either graphically, by means of 'a vector diagram, 
or analytically, using the symbolic method. 

Elzample. An unbalanced star-connected load — the branches of which 
have the following impedances — Z^ — 2*5/ 10®, Z^ = 3*0/ 15°, = 3*5/5° 

ohms, is supplied from a three-phase, four-wire symmetrical system, the line 
voltage being 400 V., and the phase rotation clockwise. Determine the 
currents in each line wire, ignoring the j)rcssure drop in all lino v ires. 

The phase voltage of the system = 400 jy/ 3 — 231 V. Hence, if the 
line currents are denoted by /j, /j, /s, wo have • 

/i = 231/2*5 - 92*4 A. 

= 231/3 = 77 A. 

2a =- 231/3*5 - 66 A. 

These emrents are lagging with resixTt to the phase voltages by the angles 
10°, 15°, and 6°, respectively. 

The qraphical solution for the current in the neutral wire is shown in 
Fig. 170, the vector diagram being drawn to a scale of 1 cm. = 10 A. By 
measurement, the vector OIq, representing the sum of the vectors O/^, O/j, 
02,, is 1*38 cm., and therefore the current in the neutral wire is 1*38 X 10 = 
13*8 A. The angle betw^n 02, and 02^ is 41®. 

The analytical solution for the current in the neutral wire may be affected 
either by the symbolic method or by resolving the phase currents into 
components along two axes perpendicular to each other, and determining 
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the resultant algebraically. We shall adopt the latter method, ^d shall 
take one axis along the direction of the vector 01 ^ (Fig. 170). 

The components along this axis arc therefore 

/i, cos(120 +15- 10)° and I3 cos(240 6 - 10)° ; 

their sum is given by 

=- 92-4 - 77 X 0*6736 - 66 x 0*5736 = 10*4 
The components along the perpendicular axis are 

^ sin(120 + 6 - 10)° and /g &in(240 5 - 10)° , 

their sum is given by 

= - 77 X 0*819 -f 66 X 0*819 - - 9*1 



Fio. 170. — Graphic Solution for Current in Neutral Wire of Tliree- 
phaso Four-wiro System 

Whence the current in the neutral wire is given by 

/o -= + V) = V(10*4>* + 9*12) - 13*8 A 

and the phase difference of this current with respect to is given by 
- tan = tan 1 - 9*1/10*4 -- - 41*2° 

Case //. General Case — 'pressure drop in all parts *of circuit 
considered. The direct analytical solution to this case involves the 
application of Kirchoff’s laws and is given on p. 290. 

An alternative analytical solution may be obtained by a similar 
method to that given previously, on p. 260, for the two-phase, 
three-wire system. In the present case, let the no-load phase 
E.M.rs. of the generator be denoted by ; the impedances 

of each phase of the system (including the impedances of the 
generator, connecting line wire and load, but not the impedance of 
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the neutral wire) by the impedanc<> of the neutral 

wire by Zqi ; the actual currents in the neutral wire and the branches 
of the load by /q, Zg* respectively, and the potential difference 
between the two neutral points by Vq. Th('n e 

Io~- ill I 1 2 i- /a). Vo - lo^^oi 


h- 

K, - r„ 

Yu 

To 

y y - f V /l 

• ( 81 ) 

h~ 

e 

1 ^ 

V y — f 2 fl 

• ( 82 ) 

h - 

- r« 

Z,, 

^IFI Vo j , r // 

y y ! \ io 

. ( 83 ) 


where Z3', denote the 2)hase currents which would be obtainc'd 

if the two neutral points Avc^re at the same potential, and 1 2", 1 3'% 
denote the phase currents which Avould be obtained if the gcuierator 
E.M.Fs. were zero and the potential Vq existed betwi^ni the neutral 
points. 

Honce f, - [(/I'-A") + U-z'-h") ih' - hi] 

- (// I- U f- h’) I (//' 1 h" -+ hi 

- I’o + (h" f h" F hi 

or /„' -/of- h" I h" I //' 

Fo/-?a*+ ro/^2H ro/‘^2H 

Fo( ? oi 1 ? u f ? 3 /) 

where Iq denol(*s the emrent which would be obtained in the 
neutral wire if the impedance* of this wire were zero, and Yoi, Yu, 
¥21, ¥21, denote the admittance's of the neutral w ire and the seve*ral 
phases, respect ivel^^ 

The potential difference*, Fq, be*tween the neutral points of 
generator and load under normal conditions is given by 

Ko -/o7(ro.+ r,, H n,)' • • • *(84) 

this equation being obtained in the same mann(*r as the corre- 
sponding equation ( 80 ) fe)r the two-phase case. 

The load currents Z^, Zg, Z3, may be determined either directly 
from the E.M.Fs. and impedances or, indirectly, by the super 
position of the fictitious currents Z^', Z^" ; Zg', Zg" ; Z3', Iq", Tn 
the latter method the procedure is similar to the two-phase case 
previously considered. Thus 

/o' = Fo(ro/f Fi 2+ r«+ Yzt) 
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Whence 1^" : 

■Yu AYoi ^ Yu -t 

Y^t + Yat) 

T " • T ' ' 
42 -/o* 

• • (? 0( + 1 1< 1 

) 2/ 1 T 3t) 

T "• 1 ' • 
43 ‘ 4o • 

: Yzt ■ (Yoi + ^1. 1- 

T 2t {“ ? 3 /) 


The geomotrical construction for determining the currents 
//, //, /a", is as follows— 

A vector polygon is eonstruetetl to represent the admittances 



Fio, 171.- ({ra])liir Mctliod of Dett'rnimmg tho Fictitious Fiirroiits 
] ", If for a TJiroo-pliasc Four-wiic 


Yuy y 3 t> + yat) > the currents I,, /j', 

/g', are calculated ; their vector sum (Iq) is determined grapjiieallj^ 
and upon the vector representing tliis quantity is constructed a 
polygon similar to the admittance vector polygon, the vector Iq 
corresponding to the side of the latter which represents the quantity 
(yoi+ Yu+ y 2 t-\ Yzty The currents //', i/, I/, in the 
admittances are then reprt'senti'd by the sides of the 

current polygon which are similar to the sides representing the 
latter quantities in tlie admittance polygon. 

The geometrical construction in Fig. 171 rtders to the worked 
example which follows. 
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Example. An unbalanced star-connected load of unity power factor— 
the branches of which have resistances of 1-0, 1*3, 1-85 ohms — is supplied 
from a symmetrical three-phase star-connected generator through a four-core 
cable 1000 yd. long. The cross sections of the cores are 0*25, 0*25, 0*25, 
0*125 sq.in.» and the core of smallest cross section forms the neutral con- 
ductor. The impedance of each phase of the generator is 0*13 ^76° ohm. 
The no-load E.M.F. of the generator per phase is 240 V. and the phsise 
rotation is clockwise. Determine the currents and voltages at the load. 

The resistance of the cable connecting the load and generator is 0*1 O. 
for the principal conductors and 0*2 O. for the neutral, the inductan* e being 
negligible in each caae. 

The impedance per phase of the generator is 
Zg - 013 cos 76° + j 013 sin 76° 

- 0 0314 f j0 1262 


The total impedances per phase are therefore 

= 0 0314 -\ j0 1262 + 01 h 10 - 1 1314 \ jO 1262 

Z^^ - 0 0314 + jO 1262 + 01 + 13 14314 + j01262 

Z^^ =- 0 0314 +j0 1262 f 01 + 185 - 19814 f jO 1262 

and the impedance of the neutral wire is 
Z^j - 0 2 f jO 

Whence the admittances per phase are 


Tu 

Yti 


1 1314 . 01262 

1*13142 + ()12022 ^ 1*13142 0 12622 

1-4314 . 0-1262 

1*43142 -f 0*12622 J 1.43142 ^ 0.12622 


0 872 -jO 0973 
0 693 -jO 0611 


1-9814 0-1262 

1*98142 -f 0*12622 J 1.98142 0*12622 


0 502 -jO 032 


Yh - ^ ® 

Yu + Y 2 t 4 Yh Yn - 7 067~j0 1904 

1 7067 0 1904 

Yu Yzt Yst I Yoi 7 0672 + 0*19042 + 7*0672 + 0 . 1904 * 

- 0 1412 + JO-0038 

Since the no-load phase K.M.Fs. are given by the evpres.sions 

- 240(1 4 jO), Ej^ 240(- 0 5~j0-866) - - 120 -j208. 
Ejjj - 240(-0 5-f j0 866) -120 \ 208, 

the fictitious currents 7^', I/, /g'. arc 

-- E^Y^^ - 240{0 872- yO 0973) - 209 3-j23 4 , 

7/ - - {- 120-y268\ {0 693-y(h061) -959-jl36-9 

7/ - -{-120 j208) {0 502- jO 032) - 53-5 +jl08-3 

Whence - i/ + /*' -|- I3' - 59 9 -j52 

The hetitious currents Ij'", 1^", are now obtained thus 


- h'YuKYu I Y^t -1 Yh + Yh) 

- (59-9 -jS2) (01412 + J0 0038} (0-872 -J0 0973) 

- 6-867 -17-053 


h’ -h'Y,t'{Yu I Yh+Yh) 

- (59-9 -jS2) (0-1412 + jO-0038) (0 693-j0 061) 
= 5-565 -j5 458 

/.* = h'YttKYu + Yt, + Yh + Yoi) 

(59-9 -j52) (0-1412 + jO-0038) (0-502 - }0 032) 
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Henoe h = fi'-fi’ ^ 209-3 -j23 4 - (6-87-j7-0S) = 202-4 - il§-38 

1 1 -- V(202-4» + 16-35*) = 203 A. 
h = A' - /r = - 95-9 -JI3B-9 - (S-BS -J5-46) ^ - lOi-S -J13I-4 
* ^2 -= VCOl-S* -I- 131-4*) = 100 A. 

/a -- A' - A" = -S3-S +J108-3-(4-ll -j3-85) = ~B7-6 +jll2-l 

v/(57-6* + 112-1*) = 126 A. 

A •= -(/i f- A + A) = - [(202-4-^/6-35) + (- 101-5 -jl3t-4) 

+ (-57-6 -f y/12-/)] ^-43-S f j35-6 
A = -v/(43-5* + 35-6*) = 56-2 A. 

Phase difference between and Ei = tan“^ - 16‘3o/202-4 = - 5° 

„ „ „ I 2 „ - ian-» - 131-4/- 101-5 -(180-52-3)° 

- 127-7° 

„ „ „ I 3 „ tan-i 112-1/- 57-G -(180 1 G2-8)° 

- -242-8° 

„ „ „ To „ - tari-i 35-G/- 43-5 - -(180 | 39-3)° 

-219-3° 

The ijrcssuros across the branches of the load ar'^ in phase with the 
respective currents, and their irmgiutudes are 

Fi 1 0 X /i - 203 V. 

V, =- 1-3 X h - 315-8 V. 

F 3 1-85 X /j - 233 V. 

'J^ho )>T-essure dr p in the neutral wire is 
Fo-Oi 2 X /o U-2V. 

As a chock on the above calculations we may calculate the potential 
difference between the neutral jiomts by means of ecpiation (84), thus 

Vo - loKVit + Y’^t + Y^t F Yoi) - {59 9 .j 52) {0 1412 \ j0 0038) 

~ 8 58-J7 06 

Vo -= \/(8'582 4 - 7-062) = 11-12 V. 

Phase difference between and Vq — taii"^ - 7-06/8-58 -- - 3.) 5° 

Tliose values are sufficiently close to the previous values for all practical 
purposes. 

It will be of interest to Wlculate the pressure drop in tin' principal line 
wires and the terminal pressure at the generator. 

Pressure drop in the “ outer ” lino wires 

Vil _ 0-1 X /x = 20-3 V. 

-=0-1 X /, = 16-6 V. 

Voi - 0-1 X /a - 12-6 V. 

The pressures between tho terminals of the generator and the neutral point 
of the load are 

ip_o - 203 4- 20-3 = 223-3 V. 

Fj^-o =- 216-8 -I- 16-6 = 232-4 V. 

V»g-o = 233 4 - 12-6 = 246*6 V. 
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The generator terminal pressures per phase (i.e. the pressure between the 
terminals of the generator and the neutral point of the generator) are 

V =- El - T,Z„ - [240 H jO) - (202 4 -jl6-35) (0 0314 + JO 1262) 

- 231-6 ~j25 4 

Vi V(231-62 + 2:1l>-9V. 

V,J - (- I20-j208)- ( - lOlS ^1314)(003li+j01262) 

- 133-4 - )191 

V^J t li)l=) - 2J3V. 

J'ni ^ (-120 + j208)- { ■ 57-6 +jlt2 I){0-0314-\-j01262 

^-104 + j2117 

- VClO-t* + 211-7») -- 235-9 V. 

The line voltages at the terminals of the generator are 

Yi -Yu - 231 6 ~j2S-4 - (- 133-4 -jl91) - 365 ^ jl65-6 
^(31152 -f 105-02) -401V. 

JVa - K„ -Yux 133 4-ji91)~(~104+j2117)^-29 4 j402 7 
^y2-3~ V(20-42 ^ 402-72) - 403-5 V. 

7^3.^ = = -i04 +j2117-(2316~}25 4^ ----335 6 + j237 

Vgz-i v'(335-62 + 2372) 411 y. 

and the line voltages at the load are 

Fi-2 ~=Yi - Yz = 202 4-jl6-4-(- 132 -,il70-8) _ 334-4 + jl54-4 
Vi-2 ^ \/(334-42 -f 154-42) _ 368-5 V. 

F 2 - 3 - Fa - Fa ^ -132-jl70 8-(-106 5 \ j207 3) --25-5-j378 
F 2.3 - -^( 25-52 + 3782) 379 V. 

Fa-i- Fa -Fi ^ -106 5^3207 3 -(202-4 -J16 4) - -308 9 V J223-7 
1 ^ 3-1 =- ^(308-92 + 223-72) 331.5 y. 

[Note. In this example the resistances of the line wires have been chosen 
much higher than the values which would be adopted in practice. ] 

Application of Kirchoff ’s laws to polyphase circuits. The analytical 
solution of general problems connected with polyphase circuits is 
effected by the application of Kirchoff’s laws relating to electric 
networks. These laws may bo stated thus — 

1. At every junction of t\vo or more ^ranches of an electric 
circuit the algebraic sum of all currents is zero, i.e. the sum of the 
currents flowing towards the junction must equal the sum of the 
currents flowing away from the junction. 

2. In every closed electric circuit carrying a current the algebraic 
sum of all E.M.Fs. taken in order round the circuit is zero, i.e. the 
E.M.Fs. due to the current — viz. the induced E.M.Fs. due to self, 
or mutual, inductance and the potential drop due to resistance, 
etc. — must balance the impressed E.M.F. (or the E.M.F. generated, 
or induced, in the circuit by external means). 

In applying these laws to alternating-current circuits we may 
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consider either the iiist8/iit8;neous values of the E.M.Fs. and c\iiTent6 
or the R.M.S. values of these quantities. When dealing with 
instantaneous values only the magnitudes and directions of the 
E.M.Fs. and 'jurrents need be considered. The calculations, 
therefore, are carried out by ordinary algebraic methods. 

But when R.M.S. values are employed the relative phase differ- 
ences of the currents and E.M.Fs. must be considered as well as 
their magnitudes. Hence, in this case, the calculations must be 
carried out by the symbolic method, as we are dealing with complex 
quantities. 

The method of calculation in the case of complex circuits or 
networks is as follows — 

The complex circuit is reduced to a number of closed circuits, 
or meshes, in each of which a current 
is assumed to circulate in a definite^ 
direction independently of the cur- 
rents in the adjacent meshes. The 
E.M.Fs. in each mesh are then 
calculated and are equated to zero 
in accordance with Kirchoff’s second 
law, the number of equations so 
obtained btdng equal to the number 
of meshes. The values of tlu' ficti- 
tious circulating currents are them 
obtained by solving these (equations, 
and when these currents are known, 
the currents in, and the potential difference across, all parts of 
the network may easily be obtained. 

The process of obtaining th(‘ general equations for the meshes 
is quite simple, but the reduction of these equations to obtain the 
equations for the several currents is usually complicated when the 
number of separate currents exceeds three. 

In order to illustrate the method of procedure, we shall consider 
a number of cases of two and three-phase systems. • 

Case /. Calculation of currents in two-phase, three-wire system. 
Let the no-load phase E.M.Fs. of the generator be denoted by 
E^, ; the impedances per phase of the generator and load by 

Z^g, Z^g, Z^, Z^, respectively ; the impedances of the line wires by 
Z^i, Zgj, Zqi ; and the currents in the line wdres by 1 2 , Iq, the 
subscript q referring to the neutral wire in all cases. 

The system may then be considered as equivalent to two meshes 
in which the circulating currents are 1 2 * ^^id the externally - 
produced E.M.Fs. are E^, Fig. 172. 

18— (5245) 


Fia. 172 —-Circuit Diagram 
for Two-pliaso Three-wiio 
System 
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The general equations for the meshes are — 

I ^11 ?'l)~ (/i “l~ /2)'?ol ~ ^ 

~ J 2 ( 4 ' 2 u -?2i I ^2) “ (/l + l 2 )?'Ql ^ P 

Re-arranging terms, we have 

^11 t~ I" ^ 01 ) 1“ 12^01 — 

h ^01 f2i^2a + -?2H ?2 I ^ 01 )*^ ¥n 

or + ^01) + ~ • • (^) 

ll^oi A- A- Zqi) ^ ^ri • (P) 

where =- \~ ^>11 ~\~ -?i» ^ 2 t ~ ?'2a "l~ ?' 2 i ^2 

Hence 


h 


1 


2 


In 

have 

/i 

h 


{E^ - E^^)Zqi -\^E^ Z^^ 

^U^2t + ?'Qi(?'u t" ?^2t) 

~ , 

^It + ?'2t + ^lt?'2t 1^01 ^It + ^OlA- l^2t 

{lnzh)^oi±E,,Z,, 

?'U?'2t + ^ ?‘2t) 






?lt + ^2tA- ^u^2t 1^01 ^2t ■(* ^aiA' ^2t?0l l^lt 


(85) 
(85a) 

(86) 
(86a) 


the special case of balanced loads, when Z^^ ^ we 


E - E E 

-^11 , _ 

2Z, l-Z,^/Zoi f 


(856) 
. (866) 


Applying Kirchoff *s first law to the neutral point of the generator 
we haVe 

Jo ~ -di + h) • • . ‘ . . • (y) 


Example. Calculation of the load currents for the two-phase three-wire 
system given in the example on p. 264. 

Data from pp. 264, 265 are as follows — 

Generator no load E.M.F. per pheise = 1,150 V. 

Impedances per phase in ohms — General or, 0-7/78°; ** Outer ” lino 

wires, 0- 6/48° ; Neutral wire, 0-36/ 34° ; Load, 6/26°. 

Denoting the total irr\pcdanco per phase (i.e. the siim of the impedances 
of generator, load, and connecting line wire, but not the neutral wire) by 
Z^, and the impedance of the neutral wire by Zoj, we have, from p. 264, 

=-- 5 08 h jS-84, Z^i = O S + jO-2 
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I'he line currents, and 1^, are given by equations (856), (866), thus 


Fi ~ Fii 

1 

Fi 



Ft -1 2Z„J 

Fii — Fi 

1 

Fil 

2Zt + Z^UFn 


Ft + '^Fm 


In evaluating tlieso equations, it is best to evaluate the denominators first — 
- 3 24^ + j2 X 5 08 x 3 24) {0 3 -jO-2) . . . , ^ 

Ki ~ 

2Z^ F - 2{5-08 + j3-24) f {86-4 j52 I) - 96 56 ^ j58‘58 

Zt + 2Z,i - {5 08 H- j3-24) | 2(0-3 -h;0-2) 5 677 + j3 642 

Ht^nre I - [lL50+j0)-{0-jll50) 1150 

’ ^ 96‘56 + j58 58 ^ 5 677 + j3 642 

- 157-6-0^8 7 

ii ^ V(1-'>7-G2 4- 88-7-5) -- 180-7 A. 

, {0-J1150) - {1150 I jO) 0 -01150 

96-56 + 0^8-58 ^ 5 677 1 j3 642 

- 106 4-0146 8 

T, V(n)(j-42 4 . 140-82) ^ 181-1 A. 

[Notp:. These values cheek, very closely with those contained on pp. 
265, 266, the slight differences being due to the use of Iho slide rule in making 
the computations. ] 

Case //. Calculation of curtenfs in a threc-jihase, three-wire system 
(vi th star-connecti d (Jcnerator and load. Let the no-load j iliaso E.JVl .Fs. 



Fto. 173. — rireuit Diagram foi Star/Star 1’hreL-])hase System 

of the generator be* d(*noted by E.^, Eji, ; the line currents by 
^i» '^ 2 » -^3 J total iinpt*dances per phase (i.c. the sum of the 

impedances per pliase of the generator, load, and connecting line 
wire) by Z^^. Then the system is oqui valent to three 

meshes (Fig. 173), in which the externally-produced E.M.Fa. are 

; and the fictitious circulating currents 
ftre Zjp, I yy I ^ 
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Hence the general E.M.F. equations for the meshes are — 

- (fx- Iz)^u- (Ix~ 

~ (/v “ Ix)^2t (fv'~ lz)?'Zt ^Ul — 

- (/, - - (/, - /, )Z^, - - 0 

Since 1^,- 1 /i, ly-l^ — /a* Jz-Ju~^ /s’ the preceding 

equations may be written in the form • 

“ /2?2e ~ ^ii • • • (^) 

1 2?'2t ~ 1 2?‘2t ^ ^ii “ ?ui • • • (^) 

~ * * • (y) 

Applying Kirchoff ’s first law to the neutral point of the generator 
we have 

/i f A f /a - 0 (<5) 

The expressions for tlie line currents may be readily obtained 
from these four equations. For example, to obtain Ij, (*liminatt* 
1 2 and Iq from equations (a), (y), (^), thus 

hZ,JZ 2 t-h . . . (a') 

hZu/^^zt “/a . . . (/) 

h +h + h- • • • • (^') 


Adding, we have 


\ <-‘2t 4^111 421 4 it 

/I 1 1 \ E,-E„ . E, ~ E,„ 

(^ + ^, + zj - ■ 


Whence 


h 


YuY 2 tiEj~ -^ii ) 1 ? i< j stiEi Null 

Yu + Y2t + Yit Yu ^ r« f> Yit 

N,-Nu , _ N:-Etu 

Nit ~f" N2t “H NitNzt INzt Nil "f Nu NatNu IN2t 


(87) 

(87a) 


Similarly, 

y me„-e ,„) Y,Ju(Nu-N ,) 

• * Y,,+ + Y,, }\, + Y,, + 73, 

^ N,i - Ejti I N„ - N, 

N2t + Nat + NaiNat INit Nit^ Nat^t NuNatINat 


(88) 

(88a) 


and 
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j _ - E^) Y 3^ 




+ 


Eiu - Fu 


?‘zt Y'lt 4 “ Y‘ztA\t lY'it ?'2t 4 Y‘zt 4 ~ ?2i^3t l^u 


(89) 

(89a) 


These are the general equations for the line currents. 

Witlf symmetrical systems, however, the equations can be 
expressed in simpler form. Thus, if the phase rotation is clockwise 
and the magnitude of th(‘ no-load E.M.E. of each phase is denoted 
by E, then 

E^ EJ^, =- •>« 

E^ - - A;(J0_ J-120/90) ^ _ J 120/90) 

E^ - E(J^ - J-240 90) _ _ J-240/90^ 

--- /;(J-120/90 _ J 240/90) 

When ihc'se expn'ssions are substitut'd in equation (87) we 
have, upon re -arrangement, 

h = r^v r«(l + r3<(I 

/ It “T / 2< r / 3< 

T* 

= y-t^ t y- + Tzt- y^J 

i It i 2i \ / 3« 


Introducing the quantity Y^^J^ into the right-hand side, and noting 
that J® = 1, wc have 


/i - 


Yit + Yn I 


Yzt 


I^(Yu+ Yn -I- Y.t-O'uJ'^ 




= Ay,ii y~ + y,,+ y,, ; 


. (876) 


Similarly 'wlierv substitutiona are made in. equation (88) for 
Ej, Ejj, and E„,, we have, upon re-arrangement, 


/* 


y2t 

Y,, + + Y,, 
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Iiitroijucing the quantity Y2tJ 


h 


Yu -t Yu 
Y^i 

Yu ~Y Yit + ?^3 






= KYit 


m 

+ Y2, I Yzt) 

- ( Yu-!'' 1 Y^iJ + Y^vl \ 

r„./» I JVi^'Von , 


^ 1 / i .^21 ?^3( 

Similarly, equation (80) tinally reduces to 


/, = {iJ- 


210 /<I 0 _ 


YuJ" I Y2r^ I YxtJ ®" 

i'T 


)■ 


Yu + ^ 2 * I i'3< J ■ 

These equations may be readily evaluated wlum Tgo Tat 
known, since for clockwise phase rotation 1 jO — I ; 

j 120/90 ^ (,03 _ 120° - j sin - 120° = 0 5 - JO 866 ; J 2 ^ 0/90 

— cos - 240 ° -^’ sin 240 ° - - 0 5 + j 0 866 
Whence 

, /, Yu I >'.,(-os -j 0 » 6 «) I r^(~os { joaee)\ 

- sr.. - - F;r+T^i'„ j 

(87c) 


,= (- 0 -. 


,0 566 


(-0^5-j0’866)+Y,, (-0-5 f j0-566)\ 


y it -^ } 2t f- Ti, 


) 


( 88 c) 


f3=EY2, (-0-5+j0-866 

Yu I- ^ 2 * (- 0 5 -j0 866) I- F 3 ,(- 0 5 + j0-866)\ 

Yu + Yz, + Yz, ' J ■ ^ ^ 

The difference of potential (F^) !)etween the neutral points of 
generator and load is givc'ii by • 

Fo ” / i^i« ~ ■" / 2^21 ~ ^iii “ 

Hence, with symmetrical systems and clockwise phase rotation, 

q_ 120/90 Y^,J 240/90\ 


Vo =EJ0 -e(iJ0- 7 , 7,7 

— ;tct 




+ r 2 « + Yai 
f Yi, + r„(- 0 5-j0 866) + Y3A-0-5 +j0 866) \ 
\ Yu + Yu + Yu J 


(90) 


(90o) 
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With symmetrical systems and counter-clockwise phase rotation, 
we have 

= EJ^, ^ 

E^ - ^ E(J^ - J120/90) ^(1 _ J120/90) 

E^ - = ^(JO- J240/90) ^ _ J240/90) 

^II “ ^III = - J240/90) 

When those expressions aie substituted in equations (87), (88), 
(89), we have, upon final re-aiTang(‘ment and rt'duction, 


h - ( 

/a= ( 


YifJ" H I- 

F„./« 4- ^2,./*^"/''" H- 


U^120 00 _ • 


Yu + Y2t I- Ym 


'-)■ 


(87cl) 


(88d) 


ruJ" I- r. ./'-”" + 

r„ h yj, ) ' ' ' 

In the present c<as(‘, = cos 120“ +i sin 120“ - 0-5 

-h jO-866 ; = cos 240“ f j sin 240° = - 0-5 - jO-866. 

Whence 

|•«66)+ Y^,(- 0 S-j0-866)\ 


Y2t Y, 


T PY Yu + Yui-0-5+ j0-8l 

h = LYu[i ~r,,4n 

h = EY^, i^-0-5 [^j0 866 

Yu + Y2t(-0-5+j0-866) + Y^,(-0-S-j0-866)\ 
Yu -s Yzt + Y^t ) 

h=^Y2t {-05-j0-866 

. Yu + YA- 0 5 +j0-866) + Y,A- 0- 5-j0-866 )\^ 


(87e) 


(S8e) 


(89e) 


• Yu f- r2t + Ysi 
and the potential difference between the neutral points of 'generator 
and load is given by 

^ ^ (r.. -I- r.(-os+jo>^) +r„(-o.5-jo.seen 
\ Ylt + Y2t + /3< / 

Case Ila. Calculation of currents in a star-connected load supplied 
from a large three-phase system. The system to which the load is 
connected is assumed to be so large that the line voltages arc 
unaffected by any unbalancing of the loads. 
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The equations (87), (88), (89) deduced for the preceding case 
are therefore applicable to the present case if the line voltages are 
substituted for the differences between the phase E.M.Fs. 

Thus 

= y,+ yI+ y, ~ 


(91) 


72 


Y^+ Y^+ Y, 


Y^ -i- r* + 7, 


(72V2 S-7rV^-2) 


(7x72-1 7272-2)- 


(92) 
• (93) 


If we wish to calculate with impedances instead of admittances, 
then 


7 x -2 

Fs - 1 

7‘X ■?2 + 7x72 

^2 7x + ?'2?'X 1^2 

72-2 

7 x -2 ’ 

•?2 + + 72^21 ?'t 

+ ^2 + '?1^2/^3 

72-X 

F 2 - 3 

4“ ^3^1 /^2 

^2 H“ ^3 + ^ 2 ^ 3 /^! 


. (91a) 
. (92a) 

. (93a) 


With a symmetrical system and clockwise phase rotation 

Fi .2 = FJO ; F 2.3 = FJ120/90 . ^ PJ.240/90 

Under these conditions, we have ^ 

= ^ ( 7~+ y, + 7, ^ ^ ^ ) 

. (91c) 

/*= ^ [ k + y' + y, (72J-'^^^^'>-7xJ0)^ • • (926) 

■ - (tT+X+T. I rA-os-'io-see)- r,(> +JO)l) 

. (92c) 

^ j fr + jt+fo ^ I . (936) 
-j0866)\^ . (93c) 
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or, alternatively, , 

j ^ y ( ^+30 -0 5+j0 866 \ 

\Z, + Z, + Z,Z,/Z3 Z3 + z, + z^zjzJ • 

J* -OS -30866 lA-jO \ 

■ ^ \Z^ + Z^ + Z^Z^IZ^ Zi + Z3 -F- Z1Z3/Z3/ • 

. / -05 ]-j0 866 _ -0 5-j0 866 \ 

■ * VZ 3 + ?1 + ^ 3^1 1^2 ^2 + ^3 + ^2^3/-Zl/ ■ ' ^ 

Example. The diagram (Fig. 174a) represents a star-oonnectetl unbalanced 
load which is connected to a three-phase system having sinusoidal E.M.Fs., 



Fig. 174. — Vector Diagrams for Worked Example. 


the phase relations between the E.M.Fs. being indicated in the diagram. 
Determine the current in the condenser branch OA. (L. U., 1921.) 

[NRte. The reactanqp of the condenser branch OA is P /- 90° ohms, 
and the impedances of the other branches, 0-B, 0(7, are 22/60® ohms, and 
17/30® ohms respectively. ] * 

Denoting the terminals (7, A^ B, of the load by the numerals 1, 2, 3, 
respectively, we have, for the impedances of the branches, 

Zj = ni^ = 17(cos30® +jsin30®) - 14 74 +>8-5 
Z^ == 6/-^ = 6(cos - 90® + y sin - 90®) =: 0 -jS 
Z3 = 22/6O; = 22(cos60® +ysin GO®) = 11 jl9 06 

Whence z^z./z, = (17 x 6/22)jf»®-»®-»®)/‘»» = 

= 3-86(-0*5- 0‘866) 

= -193-j3a5 
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Z^ZalZi = (5 X 22/17)J(-»o + = 6'47J-«o/®o 

^ 6-47 {0-5 -J0-86S) 

= 3 23S~j5 6 

Z, f I- Z,Z,iZ^ ^ 12 81 + jO lS 
Z, H Z, 1- Z,Z3/Z, - 14 23 f j8‘4S 
Honco, from equation (02d), we have 

J -0 5-j0 866 1 +j0 ^ 

I ^a + ^2^3/^1 ^ 1 -f Z., z^z^/zj 
_ n.^^f^-0-5-j0-866) {14-23 - j8‘46) 12 81 jOlS \ 

V 14-23® -I- 8*4(j2 12-81® 1 () irj®y 

== -28-78 -j6-3 

Whence -= V(28-782 h G*3*) -= 29-46 A. 

Phase difference between 1 ^ and potential difference (^ 1 - 2 ) between lines 
I and 2 -= tan" ^ - 6-3/ - 28-78 - - (180 - 12-4)° ^ - 167-6°. 

As an extension of the problem, it will be of inter(\st to calculate 
the currents in the other branches and the pobmtial difference 
across each branch, and to draw a v(‘ctor diagram for the circuit. 
First, the quantity f f Z^Z^jZ^ is evaluated, thus 
^ 3 ^ 1 /^2 = (17 X 22 /5) + «« + = 74*8 Jiso/oo 

- 74-8(- 1 +j0) 

Z^ + Z^ + M^JZ^ = - 49 + j27S5 
From equation (Old!) we have, for the current in the inductive 
branch 00, 

j _ y (__I±M -0 5+^0 866 \ 

• ^ + Z2 + ^i^2/^3 ^3 d- + ^3^1 jzj 

/ 12 81 ~j0 15 {-0 5+j0 866) {-49+ j27 -^ \ 

V12-8P + 0-152 492 27-552 " / 

= 13 85 + jl794 

Whence 

/i = ^(13-852 + 1-7942) 13.96 A. 

Phase difference between Ii and F1-2 is tan"^ 1-794 /13-85 =4 7-4° 
Also from equation (93d) the current in the inductive branch 
OB is given by 

/ -0 5+j0 866 -0 5~j0 866 \ 

• * ~ ^ U3 + /^2 ~Z^ + Z, + Z^Z, izj 

oo« f(-0-S +j0-8€6) {-49-j27-55) 

^ \ 49* + 27-56* 

(- 0-5 -jO-866) {14 23 -38-46) 

14 - 23 * 4 - 8 - 46 * 


/i= F 


= 220 


= 14-94 + 34-5 
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Whence 

/g = ^(14-942 + 4-52) = 15-6 A. 

Phase difference between I^ and ^ 's tan ^ 4*5/14*94 = 16-8°. 
The poteiitiifl difference across the branch OA is given by 
Y2-0 = /2^2 - (- 28 "IS - j6-3) (0 -jS) - 315 + jl44 

Whenj*e 

^20 = ••">"+ 1^4) - 147 0 V. 

Phase dilferenct' betwi'cii \\ 2 and ^ is 

tan 1 144/- 31 5 -= (180-77*0)° - 102-4^ 

The potential diffe^rence across the branch OC is given by 

Vi 0 ^ + jl-794) {14^74 j8 5) - 188 8+ jl44 

Whence 

0 = f 1442) ^ 237 V. 

Phase difference between 2 and 0 is Ian ^ 144 /1 88*8 = 37*4°. 
The potential diffi'rcnce across th(‘ branch OB is given by 
.^3 0 = /3^3 - ^ j4'5) (11 I jl9 06) ^ 78 7+j334‘5 

Whence 

Fg.^ = V(78*72 I- 334-52) _ 344 y. 

Phase dilfereryce bi^tween Fj 2 and Fg gis tan'^ 334*5 /78‘7 = 76*8°. 
Check calculations for these pot<‘ntial differences are as follow — 
Fg g == /gZg ^ 20 40 X 5 -= 147*3 V. 

Vi 0 = = 13-96 X 17 - 237 V. 

Fg 0 = /gZg -- 15 0 X 22 =- 344 V. 

V 10 -Y 2 o{-~ Y 1 - 2 ) - iiS8 8 +jl44)-(-3V5 ^ jl44) 

= 220 3 +j0 

Y2o-Y,o(= F 23 ).- (~3V5+jl44)-(78>7 j334‘5) 

= -110 2-jl90 5 

Yzo-Yi o(- F 3 1 ) - (7«*7 + 334 5) - (188 8 + j 144) 

- 1101 + jl90 5 

The vector diagram for the load circuit is given in Fig. 1746, in 
which the line voltages are represented by the vectors 
OV2 3, the voltages across the branches of the load by OFi-g, 

^ 1^3 o> line currents by 01^, QI^, 01 

If the line-voltage vectors are drawn in the form of a triangle, 
as in Fig. 174<5, and the vectors representing the voltages across 
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the branches of the load are so drawn from the comers of this 
triangle as to meet in a common point, then this point represents 
the potential of the neutral point of the load. Moreover, since the 
point, O (which is the centre of gravity of the linQ-voltage vector 
triangle) represents the potential of the neutral point of the 'supply 
system (which, according to the circuit diagram (Fig. 174a), is 
symmetrical), the potential difference between the two neutral 
points is given by 

Vo = Vio- V'l 0 + i^44) - (0 866 -JO-5)220/x/3 

- 77 8 + j207 5 

where (0-866 -jO- 5)220 /\/3] denotes the potential differ- 

ence between line 2 and the neutral point of the supply system. 

Whence 

Vo = ^(77-8^ + 207-52) 221-5 V. 

Case 111. Calculation of currents in three- phase, three-wire system 
with delta -connected generator and star -connected load. Let the no-load 



Fio. 175. — Circuit Diagram for Delta/Star 
Throe -phase Systoin 


phase E.M.Fs. of the generator be denoted by E.^, E ^^^ ; the 

phase currents by ; the corresponding line currents by 

^i> ^3 i impedances of the load, connecting line wires 

and generator, by Z^^, etc. The delta-star system is then 

equivalent to four meshes (Fig. 175), of which one mesh is formed 
by the delta-connected generator, and three meshes by the inter- 
connected phases of the load, the line wires, and the phases of the 
generator. Let the fictitious circulating cuiTents in these meshes 
be denoted by /^, ly, 

Then the E.M.F. equations for the meshes are 

+ ^711 ■“ (Iw + (Iw + Jv)?‘2g~ (Iw + I x)?Sg 

= 0 . . (a) 
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E, - (/„ + h)Z^, - (It - /J (Z^ + Z^,)- (h - /v) (Z^ + «*,) 

-- 0 ....(/?) 

K - (lu, + IJZ^T - (/« - h ) (?2 4 - (I, - I,) (Z 3 + Z 3 ,) 

• - 0 . ... iy) 

Eul - (/» I- Iz)Z3<, - (h-Iy) (Z^ 4 z^,) - (/, - /,) (Zj + Zi.) 

- 0 .... (6) 

Now -f- I X /ji /uj I u ~ /li » / u» 1~ /r / III ’ 

lx~' I z ^ II “ /^i~ .^iii 5 Iv~Ix^J 2~!\\~1\\ 
ft ~ Iv ~ f 3 ^ I III “ / r 

Substituting those values in the above equations, we obtain a 
set of equations eontaining the pliase currents, /j, /jjj, as the 
unknown quantities. Thus 

+ ^11 + ^^'111 “ ~ Iu^ 2 n ” f\u^^ 3 g 0 • • (a') 

- /l(^l. ^ + ^2 I ^2^) 

1 -/„(Z 2 =0 . (^') 

I f\(?'£ f ^ll)~ III {4'2g I <^2 t -?2i 

I Z 3 ,) I- /,„(Z 3 -I- ^3^) - 0. . (/) 

^III I ^ ^1?) ( /n(^3 I ^ 31 ) 

I "+" '?'3i f -?! “T “ 0 . ((5') 

The solution to these equations is easily obtained by means of 
determinants. , 

Note to the solution of simultaneous equations by determinants. If we 

liavo three simultaneous equations, oaeh of wliieh contains ilirce unknown 
quantities, o’, 2 /, 2 , and if the equations are expressed in the form 

1 - ^hV I- ^ 

— ^zV + 0 

« 3 ^ -1 f- <'32 -I ^^3 

the solution is f^iven by 

.r - -~{DJD); y DJD; z - -{DJD), 
whor% X>i, D 2 , D^, D donpto the foUowiin? delonninants of tho third order — 



di6i0i 


d^a lO 1 

Ih- 

d.J)^c^ 

Di - 







diOi6i 


1 j 


d^<^ 2 , 

D 

1 


^30363 1 


"a&a^a 1 


Di = ^ 1 ( 62^3 - 6 jC 2 ) -h h^{c^d^ - Cjdg) + - d^b^) 

D 2 ^ diia^c^ - OjCa) + 0 ^( 0 ^d^ - c^d^) + Ciid^a^ - dafla) 

= ^1(0363 — 0362) + — b ^ d ^) + 61 (^ 2^3 "" ) 

D = 01(6203-6302) + 61(0303-0303) + 01(0363-0362) 


Now 
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Alternatively, a solution may be obtained by ordinary algebra 
by substituting for, say, in terms of and in two of the 
equations and solving these, as ordinary simultaneous equations, 
for and /, is then obtained by substituting' for /„ a^d 

in one of the original equations. This process, however, usually 
involves more labour than the solution by determinants. 

Substituting Zg/, -^3/, for the quantities (Z^ -j- Z^), 

{^3 + ■?3()> respectively, in the equations (/S'), (y'), (d') for the 
delta-star circuit, and assuming the generator imj)edances to have 
equal values, we obtain* 

f ?‘ 2 t) + 

I A’, = 0 . . . . 

+ 4 ^2( I ■?a/)+/in^3/ 

I - 0 . . . . iy") 

+ 

-t = 0 .... (d") 


The determinants to these equations ai<‘— 




E. 

f -Zt/ 

4 Z,/ 

En 

~ (•?» 4 

^2t "t" ) 1 

Eur 

i Zs/ 



= -1 (z, + z,/ -f Zu') - z,r] 

-f Z,nZs/E„, -I E„(Z„ -f Z,,’ ZW)] 

+ Z,,'IK„Z,/ -t E,JZ, H Z,/ 4 Z 3 /)] 


(^, -1 E,^ -p (Zj/Z,/ -I Z,/Z3/ I Z,/Z,/) 

4 2Z3/) -1 Zj/(A’, -j Ejjj) -{ Z^f'iEj -{- Ejj)] 


D,~ 


E, - (Z, I Z,/ ( Z3/) 4 Zi/ 

E„ + ^2/ -I ^3/ 

?111 + ~ 4 ^1/) 


<3 


= [- Z 3 /(Z, H- Z 3 / 4- Z,,') - Z 1 /Z 3 / ] 

- (Z„ Zj/ 4 ^ 2 ,') [^ 3 /^„, 4 {Z, 4 Z^; 4 

4-Z3/|^„Z,/-.E;,„Z3/] 

= - } (I?, -f E,, I E„,) (Z,/Z3/ 4- Z^t'Z^t + Z,,'Z^n 
4- Zg[E^^(Zg -f 2 Z 1 /) 4- -^ 2 / (-^11 4 - .®,) 4- -f- -f J| 

* Since equation (o'), p. 286, represents the sum of equations (^'), (y'), (5') 
its further consideration is unnecessary for the solution by determinants. 
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E, - (Z, f Z,/ f Zj/) + Zj,/ 

2)3 = + Z 3 / - (Z„ ) Z,/ 4 Z 3 ,') 

■^III *1 ^l< 

= |;,[Z,/Z3/ + Zi/(Z„ i-z,,' 1-Z3/)] 

-(Z, 4 -?u' 4-Z,/)[-(Z, f Z 3 / 1- 
+*Z,/[^„Z,/-^„.Z,/] 


z>- 


— (^I ^11 “H -^III) (•?!/ ■?2J i ) 

i ZJ/i;,„(Z, + 2 Z 3 /) f Z^/(E,„ \ A’„) ^ Z,/(A’„, I ff,)] 

~ (■^iJ + ^1/ + ^2/) !■ ■^2/ ^ ■?!/ 

+ ?lit ~ i^fl + ?2t'~^^3l} +■ ?3i' 

f ?lt I ^^3t' - {^a I Z^i' f- Zj/) 


= -{Z, t- z,/ 1 Z,n\iZ, ^ 2„'4 Z 3 /) (Z„ I Z 3 / I Z,n-Z,,'^] 
-I Z 3 /IZ 3 /Z 1 / I {Z, + Z,/ \-Z,/)Z,/] 

+ Z,/\Z„'Z,/ + Z^/{Z, I Z3/ I Z,/)i 


= - |Z„[Z,^ I 2Z„(Z,/ I Z 3 / j Z 3 /)J 

4 I ?'2t^3t ^ ?'3l?'n)\ 


Hence T, - - (DJD), I„^{J)JJ)), 

In the ease of atsymmelricnl system the ('xi)n‘.ssions for the deter- 
minants may be considerably simj>lified, since 4 A'„ -f = 0 ; 

+ ^’ii =* “ ^in ’ ^11 I' ^■'in = ~ ; ^ni b l-’i ^ “ *’ir 

I), = Z,IE, (Z, 1 2Z[^')-E„Z^,'-K,„M 

D^^-Z, [A’„ (Z, + 2Z,/) - A’„.Z 3 / - Z 3 / J 

7)3=-- ZJA^„.(Z, I 2Z3/)-fi, Z3/-^„Zi/] 


Whence 

• (Z^ 4- 2Z3/) - E„ Z,/ - ^,„Z3,' 

•' “ ZJZ,4-2(Zi/ I Z3/ + Z3/)]| 3(Zi/Z3/4 ^2/-?3/+^3/'-?i/) 


• (94) 


/,. = 


(-^i/ "b 2Zu') — EjjjZ^i' — Ej Z^f 


•» ~ ZJZ,4-2(Z,/4^2/+'Z3/)]-b3(Zi/Z3/4-^2/.?3b-l 23/Z,/) 

. (95) 

^,„(Z, + 2Z3/)-^, Z,/-Ii„Z,,' 


~ ZJZ,4-2(Z,/-4-Z3/-bZ3/tJ4- 3(Z,,'Z3/4^2/‘?53/+^8/'?»') 

• (96) 
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The 'line cuiTcnts /j, /g, 1 ^ roadiJy obtained from the phase 


currents, since - /,„, I^ = /„ - /j, I^ = I^^^ - I^^. 

In the special case when the system is symmetrical and the 
impedances of the branches of the load and the^ connecting line 
wires have the same value, Z/, equations (94), (95), (96) reduce to 

j 

•' ~ Z,{Z, + &Z,')+QZ,'^ .... 

. (94a) 

< 

E,,(Z, + 32/) 

•» Z„(2„ -f- 62/) + 92/== ■ • • ■ 

. (95a) 

A\„(2, + 32/) 

• "■ ~ 2 ,( 2 , + 62/) + 92/^ .... 

. (96a) 

Again, if the impedance of tlie generator is ignored and the 
no-load phase E.M.Fs. are replaced by the potential differences 
Fi-g, Fg-a, Fg 1 between the terminals of the generator, we have 

37i,2/ 

•' 92/2 32/ 

. (94&) 

. 3F,.3 2/ F 2-3 

92/2 32/ 

. (95b) 

r 3 F 3 i 2 / F 31 

■ 92/2 32/ 

. (966) 


Numerically, if the terminal pressure of the generator is F, the 
current (per phase) in the generator is given by ' 


= F/3Z/, 

and the line (or load) current is given by 


I ^ W3= (F/V3)/-^/. 

Case IV. Calculation of currents in three-phase, three-wire system 

in which both generator and load 
^ are delta-connected. This system 

may be considered as a network 
containing five meshes (Fig. 176), 
and accordingly five E.M.F. equa- 
tions may be formed. Instead of 
assuming fictitious currents in 
each of the meshes, as hitherto, 
it will be more convenient in the 
present case to consider, as far as 
possible, the actual currents in the conductors forming the meshes, 
and obtain the E.M.F. equations for these conditions. By these 
means the number of unknown quantities in the equations are 



Fig. 170 . — Circuit Diagram for 
Delta/Delta Three-phase System 
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reduced and expressions are obtained directly for the. actual 
currents. 

For example, if the generator currents are denoted by 7„, 
the currents in the line wires will be giv(‘n by I^ - /„p - /j, 

fm ” Ap currents in the branches of the load by (/, “/„!+/«) 

(■7jj 7 j ■ J I u), (All ””^11 I Iv')* ^ here I^ is the assumed fictitious 

current circulating in the load mesh. 

The ^vc E.M.F. equations for the network are 


“ /i “ (/i - /m )^w ~ (/i 

-/ni'l A)^l 



(Ai “ ! 1)^21 ~ 0 • 

(a) 

“ At - (Ai ■ /i)^2I-(Ai 

- A H- /.)^2 



+ (An*' A i)-? 3 Z == 0 • 

(fi) 

~ / Tii-^ay ~ (/in - / “ (/ 1 

in ~ /ri Iv )^3 



i (A-/in)^u = 0 . 

(Y) 

+ /^ii V ¥ui~ h^in~ hi^ 2 a 

“ fju^^a = fl • • 

(< 5 ) 

(A-AnH A)^1 + (A,’ 

/ 1 + JvYAo + (I - /„ 


which, when n'-arranged, give 

4 -/JZ 3 = 0 . 

(e) 

-/i(^i. 1 

h Z,:) (- /„Z2, 


' / m-^ie 

-.AZx =0 

(«') 

/^n 1 A^2/ 

“ / n(^2& + Z31) 

i ! ui^^i 

- AZ2 = 0 

(/?') 

/An ^ /.^U 

+ / 11^3/ 


- / iii(^j</ h 

i ^>11) ~ 1 v ?>3 = 0 

(y') 

/A + ^Ai “t ^Aii 

~ fu^ 2 a 



= 0 

('5') 

^1(^1 + ‘^2) 

■1 Ai (^2 + -^3) ^ 


^ /in (^3 1 ^l) 

'■h/i(Zi i Zg-j Z3)=0 

(e') 


From equation (e') we obtain I^ in terms of Z3, 

thus* 

T J I (^1 " ‘^ 2 ) + /p (■^2 “ ) "h TIT ~ -^1 1 / // , 

/. y fyTy ^ 

I "2 I -yj 

* Observe that - 0 when ** ^2 — 

19— (5245) 
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and if ithis value be substituted in equations (a'), (fi'), (y'), we 
have then only three unknown quantities /j, /„, Thus 




?ta + + •?'2l 




z^ + z^ + Z. 


k) 


-I 

-t 


(‘?2 ^3) 


sL) 

J 


(^21 . -l-Z^ + Z, 

T ( 7 ' ' ~ ^ 

/ill 


-f ^2 + 







?2(?l ~~ -^ 2 ) \ 
f ‘?2 + ^3/ 


(a") 


- / 


II 



^ 2 / + “f 


+ ,zj 


I J 


III 


( 


?‘il + 


^2(^,-^,) \ 

■?1 I •?2 b ■? 3 / 


l^n =- 0 


i /. 



■?^2) \ 
1 '^2 I 


{ft") 


( ZJZ,-ZA \ 

I/., yj 

- (^^ 3 . ( Z^t + z,, + y + ^’n. -- 0 {y") 


ec\\vatioiv%3, may \Ki soVved m a nimdar mamioT to those oi 
the preceding; section, hnt in view of the number of terms in each 
of the coefficients it is desirable to evaluate these before the general 
solution is attempted. For this reason no general expressions are 
given here for the generator phase currents 7^, 7jjj. 

When the generator phase currents have been determined, the 
fictitious current, 7^, circulating in the load is calculated by means 
of equation (e"), and the actual load currents are then readily 
determined, since 

/i ^ /i ~ /hi H~ /v 5 /2 ~ /ji ~ /i » /s ~ /hi ~ /ii / V 

Case V. Calculation of currents in three-phase, four-mire system 
(i.e. three-phase, star -connected system with neutral wire). This 
system may be considered as a network containing three meshes 
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(Fig. 177), and accordingly three E.M.F. equations may be formed. 
Adopting the same symbols as in tht* previous cases, and denoting 
the line currents by /j, /g, /g, /q, and the impedance of the neutral 
wire by Zqi, we^have 

^1 i ^i) (.^1 + 1 2 + 13)^01 - • (a) 

- 12(^23 + ^21 + ^ 2 ) - (/i + I2 + 13)^01 . (y?) 

^u\~ “^31 1“ ^ 3 ) ~ (/l + I 2 "i" 1^7^31 — ^ . (y) 

Applying Kirchoff’s first law to the neutral point of the generator, 
wc have 

/i + I 2 + /s I ' /o ~ ^ 
whence h = - (h + h + I 3 ) 

Re-arranging terms and replacing the quantities + Z^i -f Z^), 



Fio. 177. — Circu Diagram for 
Thr<‘f‘-pliaso Foiir-wiro Syrtlem 


(^2g + + ^^2)1 (?3a h ^31 + ^3) l>y the quantities 


^ 2 t» ? 3 «> 

respectively, 

we have 






-lAXu^ 

f^o/) - 

! 2 ^^ 0 , 

~ ! 3^01 


^ 0 

• in') 

- hZo 

- 


/ 3 <^ 0 i 

^ An ' 

-- 0 

• i/i') 


- 


~ / 3(4'3t^ 

) 1 A„i 

- 0 

■ iy') 


Th5 solution to these i^quations is easily obtained by dc ccrmiilants. 
The expiessions for the line currents are ^ 


?'lt?'2t^3t I' ?'0l(^lt^2t ^2t^3t ^3t?'lt) 

?n^ 3t^U + (-^Ti ~ 'h ( ^ii ~ 

^lt?‘2t?‘3t + ?‘3l[^lt^2t + ?‘2t^3t ?'3t^lt) 


h-- 


?'lt?‘2t?‘3t + "1“ ?'2t?'3t H" 

/o = “ (A + /z + /s) • 


(1>7) 

(98) 

(99) 


. ( 100 ) 
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Example. Calculate the line currents in a three-phase, four-wire system 
in which the branches of the load have resistances of 1-0, 1-3, and 1*85 ohms, 
the power -factor of all branches being unity. The load is supplied from a 
symmetrical three-phase star -connected generator through a four-core cable, 
the resistances of the principal conductors being 0-1 O., arAl the resistance of 
the neutral conductor being 0-2 O. The no-load E.M.F. of the generator 
per phase is 240 V. ; the phase rotation is clockwise, and the impedance 
per phase is 0-13/76° olim. 

[Note. A full solution to this problem, by a method which cloos not 
involve the application of KirchoiTs laws, has been given on pp. 270-272. 
The- present solution will bo obtained by the application of the equations 
deduced above. J 

From the data of the example on p. 270 wo have 

- 11314 ^ jO 1262, Z,, - 14314 t JO 1262, 

Zs^ = 19814 + j0 1262, -- 0 2 h jO 

jEj = 240 -f JO, -- - 120 -j208, = - 120 -{- j208 

Hence, 360-j208^ E^ - =r 360 ^ j208 

= - S60 ^j208, = 0 -j416 

^111 ’ = - 3^0 + j208, = 0 -f- j416 

= {i't314 \ jO 1262) {14314 [ j01262) - 1 606 \- jO‘324 

= {14314 L j0 1262) {19814 | j0 1262) 2-824 f JO 4313 

^ {1-9814 + JO 1262) {11314 4 j0 1262) - 2 226 f JO 3934 

-f 4- 4 jl 1487 

?Qi?it = 0 2{1 1314 4 JO 1262) = 0 2263 + j0 02i524 

ZoiZzt ^ 0 2{14314 + JO 1262) = 0 2863 4- jO 02524 

= 0 2{19814 4- JO 1262) = 0 3963 4- JO 02524 

“J" ^21?' It) “ 0'2{6'656 4- jl'1149) 

= 1-331 + JO 2297 

Zj^Zg^Zs, = {1 1314 +j0 1262) {2-824 \ JO 4313) - 3 1456 \-j0-8495 

j ^ + iEj~ 

240{2-824 \ JO 4313) \- (360 /208) {0 2863 | jO 02524) 

-h {360 V J208) {0 3963 J jO 02524) 

~ 3 1456 JO 8495 1331 \ j0 2297 

- 202 8-jl6 55 

/i - V(202-82 4- 16-552) -- 203-3 A. 

J _ {^ii~ I (^ri ~ I'iii)^ol^lt 

* * ^0l{^lt^2t + ^2t^3t ^ ^ 

{-120~j208f {2 226 \ JO 3934) f {- 360 - j208) {0-3963 
+ jO 02524) ^j416{0-2263 | jO-0252) 

“■ 31456 + jO-8495 + 1331 + jO 2297 

= 101-6 ~jl31-5 
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/j + 131-52) 166 A. 

j _ + (Fjii- Fu)?Qi^it + (Fjii- ^\)?oi^2t 

(^120+j208) (1 606 -{ jO‘324) 1 ^416(0 2263 jO 02524) 
9 i- 360 + 3208) {0 2863 ^ jO 02524) 

31456 4- 30 8495 4 1 331 + 3 O 2297 
^-57-8 4 - 3 II 2 

/g _= -^(57 82 4- 1122) - 126 A 
These ViJues agico with those obtained on p. 271 



CH AFTER X 


COMMERCIAL. AND NON-SIN FSOIDAL WAVE FORMS 

In the preceding ehai^lers sinusoidal currents and voltage^ have 
l>een eonsider(‘d ahnost exelusively to enable the fundamental 
principles of alternating-curnmt circuits to be deduced in a simple 
manner and to allow graphical medhods to be aj)plied to the solution 
of problems. Although the sine wave is the kh'al wave form and 
is closely approached in modern alt(‘rnators operating at no-load, 
the load conditions in genc'rators and comRuTcial circuits frequently 
cause considerable deviations from the siiu' vv^av^e. It is necessary, 
therefore, to consider some of the causes of wave distortion and 
the manner in which thc‘ relationsbi]) betwi'cn curniit and E.M.F. 
is affeeU'd by this distortion. 

Equation to a complex wave. By the application of Fourier’s 
theorem any single-valued* periodic function can be conqdettdy 
expressed by a series of sinq^le harmonic fumdions (i.c. sine curves) 
having frequencies which are multipU'S of that of the complex 
function. These simi)le harmonic functions ar(‘ called the harmonics 
of the complex function ; the function w Inc h has the* same frc'quency 
as the complex function is called the first harmonic ^ or the funda- 
mental ; that of double frc'quencw the second harmonic ; that of 
triple frequency, the third hnrmon^ ixiid so on. For example, in 
the case of a complex wave the fundamental (Cj) may be rej)resented 
by 

Min(w< I- «l) ; 
the second harmonic by 

C 2 = E^m sin(2m^ f Og) ; 

the third harmonic by 

^3 = sin(3m^ + a^) ; etc., 
and the complex w^avc may be* represemted by the equation 

e = sin (cot -\- ) h sin (2w/ f Og) + sin (Sroi | ag) f .. 

where Ej^^y ■ • • demote the maximum values, or ampli- 

tudes, of the first, second, and third harmonics respectively, and 
Oj, Ug, ag . . . denote the phase difference's with respect to the 

* A single-valued function is one in which the dependent variable has only 
one value for each value of the independent variable. 
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complex wave (i.e. the angles between the zero value of the ct>mplex 
wave and the corresponding zero values of the harmonic waves). 

The number of terms in the series depends on the shape of the 
complex wave. *Under certain conditions the number of terms may 
bo indefinite, but under other conditions only a few terms may be 
involved. Again, the series may contain both even and odd 
harmonics, or only, alternatively, odd or even harmonics. 

Shape of complex wave containing only even harmonics. A 
complex wave containing only even harmonics is uiisyrn metrical, 



Ftf!, 178 - -Wave Foims containing a Fundamental and a Second 
tlarmonic 

(a) Second hinnonic m pliase vith fundamental; amplitude 20 per cent of that of 
fundamental (ft) Second harmonic Icadinu fundamental b> 90°, amplitude 10 percent 
of that of fundanuntil 

i.e. the shape of the curve when rising positively from a zero value 
differs from that when rising negatively from another zero value. 
For example, in Fig tTS, which shows complex wave-forms con- 
taining a fundamental and a second harmonic, if the negative half- 
cycle be reversed in sign and plotted, as shown dotted, above the 
horizontal axis, the dissimilarity in the shape of the tw'o half- 
waves is emphasized. Observe that the two half-waves may have 
dissimilar shapes, as shown in the wave-form (6). 

The analytical proof of the asymmetry of a complex wave 
containing only even harmonics is as follows — 

Let the ordinate at any abscissa, co/, in th*e positive half-wave 
be given by 

«1 = sm(t 0 < + ai)+ sin(2to< + 02 )+ E^„ Rin(4co/+a4)+. . 
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The coPi’osponding ordinate in the negative half-wave is obtained 
by substituting (cot + for i^i tlie preceding equation, and is 
therefore given by 

^2 = I'lm sinM -I- 77 + Oi) + E^m sin[2(w/ + tt) V « 2] 

+ E^^ sin[4(co^ + tt) + 04] | ... 

= - Ej^^ sin(a;/ h ^i) + ^2m sin(2co^ t- CI 2 ) 

+ E^^ sin(4co^ I 04) + . . . 

= - sin(ro/ -f aj - E^m «in(2aj/ h ^2) 

-/^Vsin(4coM «4)-- • •] 

Hence the ordinate at abscissa (cot + tt) is not equal to the ordinate 
at abscissa cot. 

Shape o£ complex wave containing only odd harmonics. A 

complex wave containing only odd harmonies is alwa^^s symmetrical, 
the negative half-wave Ixing an exact rt‘produ(‘tion (with the 
reversed sign) of the positive half-wave. Examph'S are shown in 
Figs. 1, 3, . . . 

The majority of the waves met wdth in alternating-current 
engineering are of this type, because of the symmetrical construction 
of the field magnets and the armature coils of altiTnating-current 
generators. Even harmonics, how^ever, may also occur (in addition 
to the odd harmonics) under certain conditions of loading, and may 
also be produced when certain classes of a})paratiis (e.g. arc lamps, 
and electro-magnetic apjiaratus working witli ah unsyinmetrical 
magnetization curve or loop) are connected to th(‘ circuit. 

The analytical pioof of the symmetry of a comj)k‘x wave 
containing only odd harmonics is as follow s- - 

Let the ordinate at absci.ssa ot in the positive half-wa^e be 
given by 

sin((u^ I- aj -f- sin(3oj/ -|- Og) 

+ sin (.")(,)/ + «s) + . . . 

Then the corresponding ordinat<‘ in tlu' negative lialf-M’ave is 
given by 

c* = sin(a>< + tt -\- aj + sin[3(fo< -( rr) + ajJ 

-f- .sin[r)(og -t tt) \ rtj] I- . . . 

= - sin(w< 4 ni) - sin(:to>< h u^) 

- E^^nm{r)U)t i-Ui,) - . . . 

= - [Elm sin(w/ •{ Ui) + Ejm «m(3to« | U 3 ) 

d" ^8m + Uj) + . . .] 


= -«!• 
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Effect of phase positions of given harmoi^c on shape of complex 
ivave. The deviation of a complex wave from a sine wave depends 
not only on the relative magnitude and order of the several 
harmonics, but also on their phase with respect to the complex 
wave. Fig. 179 illustrates the effect of superimposing A third 
harmonic of given amplitude, but of varying phase, on a given 
fundamental sine wave. Fig. 180 illustrates the effect produced 



Fr(.. ISl. — WrtVf Foimt, f oiitainini' Fnmlamontal and T^ionoimcod 
Third Har inoTiK s 


of thud harmoiiu T'j ixr rent of fund uiant<k^ for upiK r fcct of ■wa\o forms 
xiid 000 por ant for lo\^fr ''ft of forms Phase ditti rona"' iKUvoen fundamental and 

hirmonu is nidifated in tin di igraiiis 

under similar conditions by a fifth, and Fig. 181 illustrates the 
effect produced vhen the amplitude of th(' fundamental is small in 
comparison \Aith the amplitudes of the harmonies.* 

These illustrations show clearly that the combination of a funda- 
mental with only one or two harmonics may produce a very great 
variety of wave forms. In many eases the order of the harmonic 

• Complex curves similar to Fig. 181 occur in alternators under sustained 
short circuit. 
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can be ascertained by inspection, but in general a systematic 
analysis, as discussed later (p. 317), is required to determine the 
character of the several harmonics. For the present it will be 
desirable to investigate the manner in which the harmonics affect 
the relationship between current and E.M.F. in the simpler types 
of circuits. 

^•JCJRRENT WAVE FORMS IN SINGLE-PHASE 
CIHCJUITS SUPPLIED WITH NON-SINUSOIDAL E.M.F. 

General. TIkj euiTont wave-form in a circuit, for which the 
constants (i.e. resistance', inductance, capacity) are invariable, is, 
in general, of different shape to that of tlie impressed E.M.F., and 
only in spc'cial cases are the two w^ave forms similar. We have 
shown in Chapters III and IV that for circuits containing constant 
resistance, inductance', or cajiacity, tlie (‘iirrcnt due to a sinusoidal 
impress('d E.M.F. is of the same frequency as the latter. Hence if 
a number of sinusoidal E.M.Fs. of differc'iit freqiiencic's be impressed 
upon th(' circuit each E.M.F. Avill pj*oduc(' a current compomuit of 
its own fre([uency, quite indep(*nd('ntly of the others. The instan- 
taneous value ol the current in th(' circuit is tli(‘refv)re the algebraic 
sum of the instantaneous currents du»' to the' se veral E.M.Fs. This 
])rincij)le of supei’position enables us to det('rmine readily the 
current in sncli cii’cuits wdien the equation to the impressed E.M.F. 
is known. « 

Relation between impressed E.M.F. and current for circuits 
containing resistance. L('t tlie impn'ssed E.M.F. be represented by 

e — sin(ej/ + aj b s\ii(cot + a.^) |- sin^ -f a^). 

Tlien, if R is tlie resistance of the circuit, the current (?\) due to 
the fundanu'iital (c^) is given by 

p F 

that (i^) due to tlu* third harmonic (c,) is givt'ii by 

. ^3 ■ /o j I \ 

?3 ^ ^ - sin(3ai/ -f 03 ) , 

that and (i^) due to the fifth harmonic (c^) is given by 

* • /r j I \ 

^ ‘sin(5w/ I aj. 
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Hence tfie current (i) in tht' circuit is given by 

i = + jjj + 

y lij 

= sin(w/ + Ox) + sm(3(u< + Uj) 

+ ^'|^sin(.5a><-l-a5) . .(101) 

Thus the wave form of tli(‘ eurrent is similar to that of the imj)resse(l 
E.M.F. 



Wave Forms of F.M.F. and Current for Simple Circuits coulninm^ 
Resistance (Fig, 182), Inductaiicv (Fig. 183), and Capucil y (Fig. 1S4) 


Elxample. Let a non-mductive resistance o‘ 2.> ohms be eonnei ted to a 
circuit of which the E.M.F. lollows the law-- 

c -= 100.sin314< -f- 2,>sin042/ j 10 sin loTO/. 

The current in the circuit is given by 

t — sm 314^ d Hin 1)42/ H ^ sin 1370^ 

25 25 2.3 

4 sin 314t + sin 042/ [- 0*4 sin 1570/ 

The current curve is shown in Fig. 182. The impressed E.M.F. curve is 
also shown and a conijianson of the two will show that tho wave forms are 
of similar shax>o. 

• 

Relation between impressed E.M.F. and current for circuits 
containing inductance. Coasider a purely inductive circuit of 
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inductance L and negligible resistance. T.(et the inipressed‘*E.M.F. 
lx‘ H'presented by the equation 

6 = A'i,„sin(w^ + a{) |- A"3^sin(3w^ 4 a^) f A;5^sin(5co< +05). 
Thtui the current (Vj) due to the first harmonic (e^) is 

'1 T ‘''n M + «1 - l’^) . 

• (OIj 

that (ig) due to the third harmonic (r,) is 

^ 1 lx 

/j ~r“ - o I sin (*\col ^ rij- \7t) . 

J\ j •iCOiJ 


and that (i^) due to the filth harmonic (f5) is 

^ I / 4 \ ^ \ 

A - . ) CO Ij 

where A"|(- (oL), X^{~ *^(oL), and oco/v) are the reactances 

due to the liist, third, and lifth htarmoiiies K'SfH'ctueh . 

Hence the current (^) in th(' circuit is given by 


4 f ^3 I 'o 

(f 




. siii(co/ f - i^r) 1 .. -j sin(3co/ | a3-jTr) 
/v “ oO}L/ 

^ d- - i^) 


( 102 ) 


Thus each component of the curriait has a ])hasc dilTerence of 
90° (lagging) with respect to E M V. harmonic to which it is due, 
and, therefore, the wave form of the curn^nt diffej-s from that of the 
impr(\ssed 1^] ]\J F. Tl will be observed, howe\er, that the reactance 
due to a givioi harmonic* is dir(*c(h" proportional to the order of that 
harmonic ; hemee the, current componi*nts due to the higher har- 
mcjnics wdll be ver}" much smaller than those in the case of a circuit 
containing only resistance. Accordingly, in an inductive circuit 
.mpplied with a non -sinusoidal E M.F. the current wave form shows 
less distortion than the K.M.F. wave form, and the current in such a 
circuit more nearly approaches a shie curve than does the current in 
a circuit containing resistance. 

Example. an induotivo coil, of incluctnnco 0*08 henry and negligible 

rcsiatoncc, bo connected to a circuit of wlncli the K.M.F. follow’^ the law — 

6 100 sin 314f + 25 sin 942f + 10 sin 1570«. 
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Tlien tlj« current (i) in llio circuit is given by 

100 25 

• “ 314 x'O^OS (3141- 5,r) + sin (9421 -in) 

— 4 sin(314^ ~ ^tt) 0-33 sin (942/ - iTr) + 0-08 siri( 1570/ --|7i) 

The current curve is shown in Fig. 183. On comparhig this with the current 
curve in Fig. 182 a marked dilfcronce in wave .shape will bo noted, t^ie curve 
of Fig. 183 showing considerably loss distortion than the current curve in 
Fig. 182. 


Relation between impressed E.M.F. and current for series circuits 
containing resistance and inductance. Let tlic imxiressed E.M.F. 
be represented by the equation 

e = A\„sin(co< + aj) f i!?3„sin(3fo< + a^) h E^„,sm(rHol H Og) 
Then the current (i) in the circuit is given by 


1 — 


A’, 


A’ 


■y/(R^ +aiU:^) 


sin(3ee/ + 03-7-3) + 


V 

_ _____ 

25ay^lJ) 


sin (5a)l -f a^-q^) 


(103) 


whore q>i{-== tan tan ^ SfoLlIi)^ tair^ TkoHR) 

are the phase ditferences betwwn the E.M.Fs. and ciirronts duo to 
the rospootive harmonics. 

Observe that those phase difforoncos have difToront nuignitud(‘s. 

Relation between impressed E.M.F. and curtent for circuits 
containing capacity. If an E.M.F. reiucscntcd by the oc^uation 

e = A\„,sin(co/ -I- Ui) + A'^,„sin(: 3 col ~l 03) -)- sin (ino/ | aj 
be applied to a oondensor of capacity f ' farads, the cliarging current 
will be given by the equation 

i = ojCE^^^ sin (o)t \- Itt) -\ *^coCE^^,^sin{^^ 0 )t ) f /3 | Itt) 

[- :ycx)CE.,„sin(oa)t 1 f- i^r) . . . . (104) 


Therefore, in this ease, the ani))lilud(‘s yf the eurndits dfle to 
the high(‘r harmonics are incrt*as(‘d and th(‘ cuiTent wave will show 
more diiJtortion than the E.M.F. wave. Thus the ('tfect of capacity 
on w^ave distortion is exactly the reverse to tliat of inductance. 

Example. Let a condenser having a capacity of 1.27*5 microfarads bo 
connected to a circuit of which the F.M.F. follows tlio law' — 


e — 100 sin 314/ + 25 .sin 942/ -f 10 sin 1570/. 

The current (/) in the condenser is given by 

1 = 314 X. 127-5 X 10« X 100sin(314' ^tt) 042 X 127-5 
X 10 ® X 25sin(942/ + \tz) + 1570 X 127-5 X lO*® 

X 10sin(1570/ + in) 

= 4 8m(314/ + in) + 3 sin (042/ + J::) -f 2 sin (1570/ + Jtc) 
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The current curve is shown in Fig. 184. This curve should be compared 
with the current curve in Fig. 183, as the capacitive reactance and the 
inductive reactance for those examples have been chosen so as to give the 
same maximum value of the fundamental in each case. 

Relation between impressed E.M.F. and current for series circuits 
containing resistance, inductance, and capacity. In the general 
case of a scrics-conncctcd circuit containing resistance*, inductance, 
and capacity, the current resulting from an impressed E.M.F. 
of com'Jilcx wave form (which is rejircscnted by the equation 
e = Ej^„^ sin((o« + aj) + . . . ) is given by 

E 


h 

I- 


_ 

V\J^-+ (S(oL- 1 /licoCy] 
F 

___ 

V[R- 4 - - J /rwjCyi 


sin(3e)/ h a^- (fs) 

sin (00)1 (i^ - (p^) 


(104) 


wh(M’e 


<Pi 


tan"’ 


/o)L 1 \ 
\ If ~ foCR; 




/.3roL 

1 


tan*^ 


” i^afCR 


tan ’ 1 

/ 5(t)L 

1 

<Po - 


' 5coCR 


)■ 

) 


are the phase* difT(>?i’enc(*s b(*tween the E.M.Fs. and currents for the 
respective harmonies. 

The amplitude (/„,„) of any harmonic, say the nth, is equal to 


/ 


« 7 // 


vVf- i 




1 /moCy^J 


and its pliasc diff(*r(*nce (9^^,), ^vith resjx'ct to the E.M.F. producing 
it, is 

/ no)L 1 

7„ - yf- - 

Resonance due to harmonics. When tlie angle ((^„) is zero 
(i.e. when ?io)L = 1 jnoC) resonance occurs with respect to this 
particular harmonic. Under resonance conditions considerable 
voltages may be jiroduccd at the terminals of the condenser and 
the inductive resistance, although the amplitude of the E.M.F. 
due to this harmonic may be relatively small. For example, if 
the E.M.F. wave of a 50-cycle alternator contains a 13th harmonic 
which has an amplitude equal to 1 per cent of the fundamental, 
and this alternator is connected to a series circuit containing an 
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inductive resistance {R~50.y L = 0-12H.) and a condenser 
(C = O-5/i F.), resonance occurs with the 13th harmonic (since 
ncoL = 13 X 277 X rO X 0-12 = 490, and 1 /)ia>G •= 10®/(13 X 277 
X 50 X 0-5) = 490). The maximum value of the current 

due to this harmonic is given by 

J _ __ 0 . 009 ^ 

^13m - U - lOOR “ 100 X 5 “ ^ 

0 

and the voltage across the terminals of the condenser due to this 
current is equal to 

0-002^i„ X 101-7(13 X 277 X 50 X 0*5)2 = 0-98^i^. 

Similarly the voltage at the terminals of the inductive resistance 
is equal to 

0-002^1^ + (13 X 277 X 50 X 0*12)2] ^ 0*98i?i^. 

The actual voltages may b<* much higher and will depend on the 
relative amplitudes of the fundamental and other harmonics. 

Pressure -rises due to these causes may occur in practice under 
certain conditions. For instance, Avhen an alternator is conn(*cted 
to unloaded cables the capacity of the latter is in series with the 
inductance of the former, and the conditions may be favourable 
for obtaining resonance with a particular harmonic. 

Experimental method of ascertaining presence of any particular 
harmonic in E.M.F. wave. The propt^ty of resonance may be 
utilized to ascertain the order of the hai monies in*a comj^lcx E.M.F. 
wave. For this purpose an oscillograph (p. 444), a variable induc- 
tance, and a condenser of variable capacity arc required. The 
inductance, condenser, a variable non-inductive resistance and a 
fixed non-inductive resistance, or shunt, for the oscillograph are 
connected in series and the combination is connected to the source 
of E.M.F. to be tested ; the oscillograph being connected to show 
the wave form of tlie voltage across the fixed non-inductive resis- 
tance. The inductance and capacity are adjusted successivtdy to 
values w^hieh will give resonance conditions for the Ist, 3rd, 5th, 
7th, etc., harmonics, and a record of the wave form is obtained by 
the oscillograph. From the shape of the latter the presence, or 
absence, of a given harmonic can be detected by inspection. 

For example, if a particular harmonic is present, the wave form 
will show this harmonic with a relatively large amplitude, as under 
resonance conditions any other harmonics will have only a very 
small amplitude. Thus if the 5th harmonic is present, the current 
wave form under resonance conditions will show a wave of quintuple 
frequency superimposed upon a wave of fimdamental frequency. 
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Fig. 185 shows a typical set of wave forms obtained by this method. 
An examination of these shows that the E.M.F. wave form contains 
5th, 7th, 11th, 13th, 15th, and 17th harmonics. 



Fig. 185. — Oscillograms showing (a) the lO.M.F. Wave Form* of a 
Given Alternator, and the Wave Forms of Current {b to A) 1^ ^ Special 
Resonant Circuit supfilicd by this Alternator, the Constants of the 
Circuit being Adjusted to give, successively, Re.sonance Conditions for 
the 3rd (wave form 6), 5th (c), 7th (d), 1 1th (r), 13th (/), 15th (g), and 
17th (h) Harmonics 

Notb. The following ilatn give tlio values of indurtunce (b) and caivacity (C) in the 
resonant circuit for the several current wave tonus ; also the values of the non-Uuluctive 
shunt (/O to which the oscillograidi vibrator was connected. 


Wove form 

b 

mi 


t 

f 

g 

h 

Zrfhenry) 

0-059 



0-059 


0-059 

0-059 

C(//F.) . 

18-9 

KSjM 


1-4 

1-0 

0-76 

0-59 

A (ohms) . 

0-5 



5 

15 

20 

35 




20— (3343) 
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B.M.5. value ot a complex wave. Let the wave be represented by 
e = sin(ft)< + Oi) + Earn sin(3<o< + 03 ) + sin((w< + a 6 )+- ■ ■ • 
Then if the Il.M.S. value of this wave be denoted by E, we have 

1 r” 

jE* = - / I sin{a>t + aj + ^ 3 „ sin(3tt>< + Ug) 

O 

+ sm(5co/ + ttg) + . . . dot 


1 

- I \E, 


+ E^^^ An^(6ioi + Us) + . . . 

+ 2 Ei^Ea^ sin(w< + 0 ^) sin(3<o< + «;,) 
+ 2E,^E,^ sin (co/ -f Oi ) sin (Sfo^ - 1 a^) 1 


Now, 

and 



(nojt + an)dcot — In ; 
hin (cot + aj) sin + an)dojt — 0 ; 


. . .\(ko'. 


provided that n Is an integer greater than unity. 

Hence ^vhon the above int(‘gral is evaluated, all U'rins involving 
the product of quantities having different frequencies become zero, 
so that 

^ ^ I X I- X Itt) F (E,J Kin) \ ...\ 

- + E^J 4- A’3„,== -j- . . .) 

anAE^0-lQlV(E^J + E^J \ E^„,^ ^ . . .) . . (105) 


Examples. The R.M.S. values of tlie E.IVJ.F. and current waves ot 
Figs. 182— 1 80 can now be obtained. 

(1) E.M.F. wave^ Fig. 182, p. 3(M‘. 

e = lUO bin 314/ f 25 sin 942/ f- 10 sin 1570/ 
which may bo written — 

c = 100 sin (Dt + 25 bin 3a)/ h 10 sin 5a)/, 
where o) — 314. 

Hence, 

= 100, = 25, 10 

Therefore, 

E = 0-707V(100* + + lO^) = 73-2. 

R.M.S. value of fundamental (A\) - 70*7. 

(2) Current wave. Fig. 182. 

i = 4 sin 314a)/ + sin 925/ -j- 0-4 sin 1570/ 

Therefore, 

1 =. 0*707V(4* + 1* + 0-4*) = 2-93. 

K.M.S. value of fundamental = 0-707^4® == 2-83 
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(3) Current wavcy Fig. 183, p. 300. 

i -- 4 sin(314^ - J:t) H- 0-33 sin(942^ - ^tt) + 0-08 sin(1570t - Jtt) 

I _ 0-707^(4^ h 0-332 4 . 0-082) ^ 2-84 
R.M.S. value of %mdamental — 0-707 ~ 2-83. 

(4) Current wave. Fig. 184, p. 300. 

i = 4 sin(314/ + Att) + 3 sin(942^ 1 U) H 2 &in(i570( + ^tt) 

I - 0-707 + 32 I- 22) 3-8 

R.M.S. Gallic of fundamental — 0-707 \/42 _ 2-83. 

(5) >^n electromotive force. 

e — 2000 sin at + 400 sin 3Lot 1 1 00 sin 

is connected to a circuit consisting of a resislanco of 10 ohms, a variable 
inductance, and a condenst‘r of 30// F. capacity, arranged in serit*s with a 
hot-wire ammeter. Find the value of the inductance which will give 
resonance with the triple frequency component of the pressure, and estimate 
the readings on the ammeter and on a liot-wire voltmeter connected across 
the supply w'hen resonaneo exists, m — 300. {L.l\ 1922.) 

For resonance to occur at trijile frequency w'c must have 

3o)L — 1 1'MoC. 

Substituting numerical values fc3r 0 an<l C, w'O obtain 
L ^ 10V(9 X 3002 X 30) - 0-0411 H. 


'rhe R.^I.S. value of the current is given by 


I - 0-707 


V[( 


+ (to/v- iA.>C)*i) 

-f 


( 

(v[A' 


-l/3a>6’n) 
[A'» + (r>ioL- l/5(AC’)‘j) ] 


^{3ioL 
K 


5m 


where <b‘noto the inaximiun values of the fundamental, triple, 

and quintuple fn'qiK'iicy components of the f)ressure. Substituting numerical 
values for tlieso and the otlier quantities, and noting that, for the given 
conditions, 3o)Ij- 1/3/oC 0 , 'Wo obtain 


7 0-707 


/400Y 

\ioJ 


/r/ __ 2000 

V L W [192"+'(300 ^0-0411 - 10»/ (300 X 3(7))2]/ 

i ( - -- - - —VI 

' V-\/lI0* + (.•> X 300 X 0-0411 - IO''/(-'> X 300 X 30) )»]/ J 


0-707 V(30-15= + 40» -|- 2-45*) 


• 31-7.') A. 

. 

Th« R.M.S. value of the supply pressure is given by 

E 0-707 -f 0-707 v/(2000> -f 400*+ 100*) 

=- 1445 V. 


Effect of wave distortion on measurements of inductance and 
capacity. Since alternating-current ammeters and voltmeters are 
calibrated to read R.M.S. values of current and pressure, respectively, 
the expression (105) deduced on p. 306 for tlip R.M.S. value of a 
complex wave enables the readings of the instruments connected in 
a circuit to be calculated when the “ constants ” of the circuit and 
the wave forms of current and pressure are kno'WTi. Conversely, 
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the “ constants ” of the circuit may be calculated from the instru- 
ment readings, but corn'ctions hfivc', in genc'ral, to be applied to 
take into account tho shapes of tJic curr(‘nt and pressure waves. 
In the sp(‘cial case of circuits containing pure resistances, howi‘Ver, 
the wave forms of ciirre'iit and imi)r(‘ssed lO.M.F. arc .iimilar, and 
therefore the ratio of tlie ll.M.S. values of tliese quantities will be 
constant whether tiiey iiave a sinusoidal or non-sinusoidal wave 
form. Hence the resistance of a non-inductive alternating-current 
circuit may be dct(‘rmined by nutans of the ammeter and voltmetcT 
method without a knowk'dge of the wave form.* In all other cases 
a knowledge of the F.M.F. wave form is nect‘ssary to obtain correct 
results. Thus, consider a purely inductive circuit having an 
inductance of L henries, and kd E and I denote, res[)(‘ctively, the 
R.M.S. values of impr(‘ssed F.M.F. and curn‘nt as read on 
instrum(‘nts (‘onnected in the circuit. Then 
E = ().707 -I 4- . . .) 


I 0-707 


\,,L 






2 I 1 A’ 2 I 


This expression invol\t‘S a knouk'dge of tlu‘ aln-olutc values of 
the am])Iitud(‘S of tlu' several harmonies in the F.M.F. wave'. In 
practice it is more convenient to d(*al uith the relative valu(\s of 
thes(' amplitudes, and accordingly the exim-ssion for L is moditiiil 
as follows — 

Multi])ly and (lividi* the right-hand side bv E, writing the 
denominator in th(‘ form 1 0-707 'v "1 4 ■• •)]’ 

thus 

/0-707 

~ I M .j':, 

_ ^ I((IW_± + ■! ; f'hm- \ • • •) 

0,1 aJ\ E,J • • • 

• 

* Tho value of tho resistanco obtained by this method may differ slightly 
from that obtained by a t<‘st using direct current, owing to possible eddy- 
currents in the conductors and the non-uniforra distribution of current over 
their cross-section when tho testing current is alternating. 
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^ 1/1+ I + ,1, -4^ . . A 

“ 0)7 V V M (K^.nlE,m? 4 {E.mlE.mV 1 ■ • •) / ^ ^ 

Now E lo)l is ^le apparent value of tht' inductanc-c obtained from 
the uncorrected values of the instrum('nt readings. Hence the 
quantity under the radical is the correction factor by whic'h the 
apparent induelanee must be mulli])lied to contain the true 
inductaRice. 

Similarly, in the case of a eireuit containing ])ure capacity 
(— 6' farads), let E and 1 denote' the Iv.lVI.S. Aaluc's of impressed 
E.M.F. and curremt as read on instruments connected hi the circuit 
Then 

E ()-707V(/^i„,= h ^3™- h E,,/ I . . .) 

/ 0-101 v\(o,('E„„y^ I {rx,yCE„s~ \ . 

0-101u>fW(E,J \ 0A’,,„,= I \ . . .) 

V\ he'll c'e 


1 


0'707e) 

/ 

/ 

'^ryE,„r 

f . . .) 

\ 

\(l-707e)y 

I 

\- 2.1/1 

'bin t • •/ 


(0-101^^(E, 

I/O*" T 4 


(oK \/ \ h 

^\m~ ' 1 )• 

'Im" i" 1 2.1 

/ - 1 
,i)n 1 

"i m 1 

■f.) 

' K 

1 1 ! I'hm)' 1 


^ • ■ 

V \ l 

' HI'h.nll'\,nY t- 

2^E,, 

mjE^niY + • 


ObserAc lliat the* i\Npression for the c’orre^etion fae tor differs from 
that for the prc'ceding case. 

Feir example, if the K M.F. wave contains 3rd and 5th harmonics, 
havingwampli tildes of 15^pc'r cemt and 10 jier cemt, respectively, of 
the fundamental, the correction factor for measurc'ments of induc- 
tance is equal to 


//} I t (E,JE,,,,y I (E,„JE ,„,yA 

Vv (I -I (E,„,IE,„r+ ) 


^ // (i -I- 

V \ 1 + ( I’oVi 






-- 0-985 


Hence the apparent value of the inductance, as obtained from 
the uncorrccted readings of ihe instruhicnts, is about per cent 
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higher than the true value. Thus the error introduced by not 
taking into account the wave form is relatively small. 

Similarly the correction factor for measurements of capacity with 
this E.M.F. wave form is equal to 



1 

I + 9 


) 



1 + 9 + 25(3V'o)V 


- 0-844 


Hence the apparent value of the capacity, as obtained from the 
uncorrected values of the instrument readings is 15-G per cent 
higher than the true value of the capacity. In this case the error 
introduced by not taking into aecount wave distortion is very large. 

Example. A current of 50 frequency containing first, third, and fifth 
harmonics of crest values 100, 15, 12 amperes, respectively, is sent through 
an ammeter and an inductive coil of negligibly small fosses. A voltmeter 
connected to the terminals shows 75 volls. What will be the current indicated 
on the ammeter, and what is the exact value of the inductance of the coil in 
henries ? (C. and G., 1918.) 

The R.M.S. current (/) is given by 

I - 0-707 + hm^) 

- 0-707 + 122) 

- 0-707 X 101-9 - 72 A. 

Let L — inductance of coil in henries and let represent the 

crest values of the first, third, and fifth harmonics of the K.M. k. wave. Then 
the R.M.S. value (75 volts) indicated by the voltmeter is given by 
E - 75 = 0-707 

But ^\m ~ EijYil(oL j ~ ^ E-^^j/oa)E. 

Hence E 0-707 

- 0-707caL 251, J) 

0-707caLJ,^ V [I + + 25(7, ^)2 J 

Substituting the numerical values given above, we have 

75 = 0-707 X 27r X 50 X L X 100 Vl^ X 9(015)2 + 25(0-12)2] 

L = 0-0027 H. ^ •« 

[Note. Apparent value of inductance ^ 75/(314 x 72) = 0-00331 H. J 

POWER IN SINGLE-PHASE CIRCUITS IN WHICH 
E.M.F. AND CURRENT ARE NGN-SINUSOIDAL 

Let the E.M.F. and current waves be represented by the 
equations 

e = E^„ sin (col + Oj) + E^^ sin(3co< + 03 ) 

- + ■S'sm sin(5col + Og) + . . . 

i = I in sin (col + ai-(pi) A- 1 9 m sin(3eol -f 03 - (ps) 

+ sin( 6 col + a* - 9 ) 3 ) + . . . 
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Then the instantaneous power (p) is given by 

p = ei = sin(<u< + a,) sin(a>< + ai - q>i) 

+ ^3m^3m sin(3<w< 4 03) sin(3w< + 03 - 93 ) ^ 

+ ^im^am sin(ft>/ + Oj) sin(3w< + Oj- 9^3) -f . . . 


+ ^amhm sin(3«)< + a^) sin(co< -f Oj - pi) 4 ... 
and the mean power (P) is given by 

P / ei dfot = — ! J Eiml-im sin (od + ai)sin((o/4-a| ~q>i) 

TT J 0 TT J o 


+ sin(3w/ 4 a^) 8in(3w< 4- «3 “ T’s) 4 • ■ • 

+ Ei,Js,^ 8in(co/ + Ui) sin(3e)< -| a^-q's) -\ . . . 

+ ^^^amhvi sin(3e)/ | a-^) .sin(o>/ 4- «! - Pi) -| • • • \d(ol 
Now the integral, taken between 0 and tt, of all products of 
different frequeneies is zero, and the integral of terms such as 


E^I„ (,in{a)t + a) .sin((()< 4 « - p) — cos p.* 


Hence the expression foi‘ the mean jiow’er reduces to 


eos (pi 4 IttE^,Js,„ eos P3 

7T 

“i t'OS 9?5 + • • •) 

=- I (fl + 9^3 + ^OS -| . . .) 

=- h\l^ COS 90/-I COS 903 + EJ^ COS 9-^i 4- . • . . (108) 

Thus the mean power due to distorted current and E.M.F. waves 
is equal to the sum of tlie mean ])owers due to the several harmonic 
components. 

Power factor of circuits in which current and E.M.F. are non- 
sinusoidal. In Chapter IV power factor was defined in two ways : 
(1 ) the ratio of the mean power to the ai)parent powder, or volt- 
amiX'res ; (2) tlie cosine of the angle of phase difference between 
impiTssed E.M.F. and current. The power factor determined 
according to the first definition is a definite quantity ^for any 
particular circuit, whether the supply E.M.F. is sinusoidal or 
non-sinusoidal. The second definition of power factor, however, 
requires further consideration when the E.M.F. and current waves 
are non-sinusoidal. Thus, with sinusoidal current and E.M.F. 


* Thus, y* sinfcoi 4 a) Bin(a)< -1 a-(p)d<ot = J f8in(o>f 4- a) Bm{(ot 

4- a) cos (p - coB(cot -ha) sin q) '\dctit = J " flin*(co/ -1- a ) cos <p dcot - J 
(sin (cot -f a) co8(cof H- a) sin ^)rfcot = Jtt cos q> 
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the pha^e difference, when the “ constants ” of the circuit are 
invariable, is constant at every instant, but with distorted waves 
the phase difference between the maximum values of E.M.F. and 
current is not necessarily the same as that between ^he zero values 
of these quantities, since the current and E.M.F. waves may be 
of different shapes. In these circumstances ambiguity may be 
avoided by employing the term “ phase difference ” (or angle of 
lag, or lead) only in connection with the equivalent sine waVes of 
current and h].M.F. (i.e. the sine waves having the same frequency 
and R.M.S. values as the distorted waves*). Hence, if cp^ is the 
phase difference between these (equivalent sine) waves, then cos (pp 
will represent the equivalent poweT factor of the circuit ; i.e. 

cos q)^ = P I Ely 

where P is the mean power (as measured by a wattmeter or 
calculated from equation ( 108 ) and E, I are the R.M.S. values of 
E.M.F. and current, respectively. 

DISTORTED E.M.F. AND CURRENl^ WAVES IN 
POLYPHASE CIRCUITS 

The method of treatment is in genc‘ral similar to that given 
above for single phase circuits, viz., each harmonic is treated 
separately, and the current or voltage harmonics for the several 
“ phases ” of the circuit are compound('(l geonu'tric/illy in th(* same 
manner as these quantities were compounded in the case of simple 
sine waves. 

Elxpressions for “phase” E.M.Fs. Considering th(‘ symmetrical 
three-i3hase system, let the “ phase ’’ E.M.Fs. be represented by 
the equations 

sin(a;/ -f aj + E^.^ + a^) 

+ + ^5) f" ■ ' ■ 

« 

«ii = sin((u< + Oi - In) + siii( 3 c(}< H- a, - 3 X In) 

' + sin( 5 w< + 05-5 X 577) + .. 

e,„ = sin(a>< + a, - in) + E^^ 8 in( 3 w< + 03-8 X ‘tt) 

-t- E^„ sin + Og - 5 X ,^7r) + ... 

These, upon simplification, become 

e, = sin ((at -f a, ) + E^^ 8 in( 3 co< + 03) 

+ E^r,, sin(5o>< + 05 ) -!-... . (109) 


See p. 16 for method of determining the equivalent sine wave. 



WAVE FORMS 


313 


sinM + «i - I'tt) + E^^ sin{3(y/ + a^) 

-j- E,^sm(5cot ^ ^5+ |7r)+. (110) 

+ ai - [tt) ^ 3^ sin(3w^ + 03) 

+ E,^sm{5(ot + a,+ \7T)+.. (Ill) 

= ^in(wt I- a^ + in) | E^^ sm(3co< + Og) 

^ E^^f^m{5cot + a^-l7r)-\ .(lllr?) 

Thus all harmonics of triple fr(‘qucii(*y as wf^ll as their multiples 
(i.o. the 0th, Ihth, 21st, etc.) are equal in all the phases of the 
circuit. Further, at any instant these F.AI.Fs. have the same 
direction (i.e. in a star-connected system tliey are all directed 
either away from, or towards, the m'utral 2)oint, and in a A- 
conneeted system they all act in the same direction around the 
circuit). Moreover, all harmonics whhh are not a multiple of 
three are disjJiaced 120° from on(‘ another, and can be dealt ^^ith 
in the usual manner. It is to be observeal, ]iow(‘vct, that these 
harmonies do not hav(‘ all the same phase rotation as the tunda- 
meiital ; the phase rotation for the «5th, llth, 17th, 23rd, 29th, 
etc., harmonics being op|vjsite to that of tiu* fundamental, and 
that for the 7th, 13th, lOtli, 25th, 31st, etc., harmonics b(‘ing the 
same as that of the fundamental. 

Expressions for ^ the ‘‘line’’ E.M.Fs. in a star-connected three- 
phase system. Having obtained the (equations to the “ ]ilias(' 
E.M.Fs. tht' equations to the “ line ” E.M.Fs. n^adil^’ follow, thus 

'’ill- fii-fn - -I a,)-sin(ct>< 4 

f £’3^|sin(:3fo< ! a3)-sin(3w< I «,)i 
( /]?5,„^sin(5w/ t a5)-siii(5f(j^ I | . . 

=- 2/i?i,„|c'os ][2(ro< f a,) -J tt] sin (4 x ‘i7T)\ 

, f 2fi'5„,|cos + aj)- ‘,77-],sin(4 X .',77-)| | 

= I J V'3cos(a)< + «! - J77) I 
1 - J^/:icOS(.'xo/ + 05 - §77 ) I I- . . . 

^ ^/^i I sin(<u< + a, - §77 + §77) 

+ jE'sn, sin{i)a)< + Oj - §77 + §77) + . . . | 

= -v/3 1 Ei„ sin(a)< + a, + §77) + sin {5cot 

+ a,-jl77) + . . .( . . (112) 

— ®ii~ ^'iii ~ ^im sin(co< + a, — §77) 

sin(6ct>< + 05 + J77) -i . . . I 


(113) 
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Vnfi = ein-Ci =- sin(a>t + % + fn) 

+ -^6m sin(5ft)< + Og - J-jt) + . . . I . (114) 

Thus in a star-conncctcd symmetrical three-pdiasc system no 
E.M.F. of triple frequency, or a multiple thereof, appea^ in the 
line pressures, notwithstanding that these E.M.Fs. may be present 
in the phase pressures. 

If, in the above equations of line E.M.Fs. we replace {col + Jtt) 
by cot\ which means that time is now reckoned from an instant 30° 
in advance of the previous zero, we have 

»’iii =• | ...|(112a) 

HI — \/'^ I sin((U<' — tti — gjr) 

-i? 5 „ 8 in(.W'-ag- ^7 t) I ...| . (113a) 

»’ni I -= VS 1 Rim sin ((of -a^- \tt) 

- ^5„, sin(.')to/'-a5- ^7r) + | • (114a) 

These equations are now similar to those for the phase E.M.Fs. 
except that ( 1 ) there are no third harmonic terms ; ( 2 ) the signs 
of the fifth harmonics are changed* ; and (3) the factor \/3 is 
introduced. 

R.M.S. values of phase” and «line” E.M.Fs. in a three-phase 
system. In a symmetrical three-phase syst(‘m the amplitude of 
any particular harmonic eomj)onent of the “ jXiase ” E.M.F. is 
the same for each phase of the circuit, so that vhen considering 
R.M.S. values we may denote the R.M.JS. value of the fundamental 
of the phase E.M.F. for each circuit by and the R M.S. values 
of the several harmonies by E^^ E^, E^, etc. 

Similarly, the R M.S. value of the fundamental of the line E.M.F. 
may be denoted by Fj, and the R.M.S. values of the several 
harmonics by F 5 , T^, etc. 

Then, from equations (112), (113), (114), 1 

Vi = V3 E„ Fg = V3 E„ F, - V3 Vu = 

^ 13 ~ A/3 ^13 

The R.M.S. value of the line voltage (F) of the system is therefore 
given by 

V'(V+ V5^+ + . . .) 

Similarly the R.M.S. ^value of the “ phase E.M.F. is given by 

E = + ^ 3 " -f- ^ 5 " ^ + . . •) 

* The seventh harmonics also have the minus sign. 
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Hence 


E V 


+ v,^ + 7,2 + 

-h AV + A’,2 + 


-:) 


jf f -F E,^ + . . . \ 

^ V -I- + Av + A’,2 + . . .) 

ysjL 1 + + (E,IE,r- + 


^ (EJE,y + (EJE,V 


/til / 77! \ •> 






Thus in the e«ase of distorted E.M.F. wave forms the value of the 
ratio of the “ line ” and “ phase ” F.M.Fs. is not the same as that 
(\/3) when the E.M.Fs. are sinusoidal. An exception occurs, how- 
ever, when the third harmonic and its multiples are not present in 
the phase E.M.Fs. 


Example, if tho phase J^].M.F. of a star- connected, three-phase alternator 
contains first, tliird, fifth, seventh, and ninth harmonics of amplitudes 100, 
13, 5, 1-5, 1, respectively, the ratio (line E.M.F. /pliase K.M.F.) is 
// 1 + (5/100)M^(_I-5/lO()P f , 

V\1 + (13/100)»+ (5/100)2+ (1.5/100)2+ (1/100)2/ 

- 1-717. 


If, liowever, the third and fifth harmonics are 30 per cent and 10 per cent, 
respectively, of tho fundamental, the ratio (line E.M.F. /phase E.M.F. ) is 

n K - ^ + (10/100)2 + (1 5/100)2 ^ 

V\1 (30/100)2 + (10/100)2 -f- (l-.'5/100)2 + (1/100)2/ 

- 1-732 X 0-9583 

- 1-G6. 

Ill the former case, which is taken from actual practice, the ratio of the 
“ line ” and “ phase ” E.M.Fs, is 0-87 per cent loss than tho value for sinu- 
soidal waves, while in the latter case, which represents excc.s8ive wave 
distortion, the ratio is 4- 15 per cent less than tho value for sinusoidal waves. 

Circulating current in delta-connected alternator in which E.M.F. 
wave is non-sinusoidal. Consider tho ease of an alternator in 
which the phase E.M.Fs. are symmetrical and rejiresented by the 
equations 

р, = A?i,„ 8in(m! 1- n,) + E^,^ sin( 3 a)< + 03) 

+ A?5„, sin( 5 w< + Os) + ► . . 
e„ ^ E^^ sin(w< + Oj - §7r) + E^„, sin( 3 «w< + 03) 

+ ^6m sin{ 5 (u< + Os 377) + . . 
e,„ = E-^n sin{«j< + «! - + E^,^ sin( 3 to« -1- 03) 

+ sin(5m< + < 7 r) -f . . . 

Then the resultant E.M.F. acting in the delta-connected armature 
winding is • 

с, -f e„ I- e,„ = sin (Scot -f 03) + ZE^„sin{ 9 cot + a,) 

+ 3 Ej 5 „ sin{15<o< -1- 0 , 5 ) + . . . 
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Hence R is the resistance per pliase and L the inductance per 
phase of the armature winding, the circulating current (?V) due to 
the resultant E.M.F. is 

. 3^3,,^ sin(tlco/ h Ota) , *^^^ 9/11 sin( 0 o>/ + Ug) 

• 9co2/,2) 

sinCl/jfo/ I «i5) 

■' ‘.W(m 225co-L^) ' 

A’a,,, sin (3a)/ -\- a,) E^,„ s\n(^o)l + a.,) 

t ihr-L^) ' -y/ilt- + 81w-L^) 

, I'hrym «ii ( > ^0>t j- His) 

' Vili~ + 22ofi>U"-) ■ • 

and its R.M.S. value is 

0-707 V [/^,„r/(/^- I I I 8ko-’L2) 

4 -f 225a>^r-) 4 ■ ■ - J 

Example. A Ihroe-phaao 50-cyelc altomator has a clolta-eomu'ctod arma- 
ture wmdine: for which tiio resistance and inductance })(*r phas<‘ arc 0 02.5 (). 
and 0-4 iriH. rcapcctivcly. The no-load K.M.F. wave form contains lliird, 
nintli, and fifteen! }i harmonics (ioejet lu'r -with others) whicli luive am])lilndes 
of 4 j)cr cent, 2 ])cr cent, and 1-5 jier cent of that of the fundamenlal. Calcu- 
late the circulating ciuTcnt at no-load whi'n the cx(*itation is such tliat tlu* 
amplitude of the lundamcnlul of tlie F.M. F. is S50 volts. 

The rf'actanc(' j)cr jihase {o)L) at 50 frcspa'iicy 

,314 \ 0-4 X 10-'* 01 20 (). 

Hence, for the 3rd, Ot)i, and 15th harmonics we have 

\)f0^L^ 0 142 0; 8loW 1-28 (). ; 22r>o)^L- 3-55 (), 

whence the values of the corresponding (impedance ])or ])hase)“ an* 

+ 9c/j 2Z2 0-1420 O ; i72 + 1 2800 () ; 

-f- 22rxo^L^ - 3-55 O. 

The maximum values, or amjilitudcs, of the JO.lM.Fs. du(* to tlu* 3rd, Otii, 
and 15th harmonics are 

~ 9-04 X 850 - 34 V. ; 0-02 x 8.50 17 \\ ; 

- 0 015 X 850 - 12-7 V. 

Hence 7^ - 0-707 V [(342/0-1426) H (172/1-28) -j (12-72/3-.55)] 04-8 A. 

Power in three-phase circuits in which the E.M.Fs. and currents 
are non-sinusoidal. The total power in a polyphase system in 
which the E.M.Fs. and currents are non-sinusoidal is equal to the 
algebraic sum of the power siqjplied by the sev(‘ral harmonic 
components of the current and E.M.F. Hence in tlie case of a 
three-phase, three-wire ^system with balanced loads we have 

P = y'S. VJi cos 9 ?! + cos 

“j“ -y/3. V •jl cos (pfj -f- ... . 


(156) 
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where Fj, Fj, Fj, . . . 7j, /j, . denote the line voltages and 

eurrents, respectively, due lo the sevt'ral harmonics. 

In the case of a four-wire sysU-m, the neutral wire provides a 
path for tli(‘ (‘ir»*iilaiion of curn^nts of ti ijile frequency and multqdes 
thereof. poA^er is therefore Driven hy 

P cos ]- ^3.V^IjCos (/ j J 9^5 

I cos (py I ... . . (157) 

whieli is grt‘at(H‘ thaii tliat in the corresponding thrc'e-wirc system 
1)\ th(* amount ot tin* ]K)\\(‘r due to the third harmonic and its 
nudtiplc's. 


IJARJMONK^ ANALYSIS 

General. 'I'iu* ^uvicf'ss of determining the magnitude, order, and 
phase of the sev(‘rai iiarnionies in a complex p('riodic curve* is called 
harmonic analysis. 'Lhe analysis may be effected by analytical, 
graphical, or mechanical methods, tin* me(‘linnical method involving 
th(* use of a special instrument call(‘d a '' harmonic analyser.” 

All methods of analysis are based upon J<\)uri(*r’s theorem, which 
states that an^ singl(‘-A aluc'd complex pi riodic function can be 
resolved into a serii's of simple harmonie curves, the first of which 
has a fn‘(iu(*ncy ecpial to that of the complex function. Thus, if 
7/^ denotes th(' magnitude of any ordinate at abscissa 6 of the 
compk'X curv^(‘, them, generally, 

Ve ^0 + I «i) d F,^^h\{20 | cu) 

A^3sin(30 + a,j) | ... 

vluM’e Fq, ^'onstants, and . . . an* 

the [)hase diffc'rencc'S of the harmonie components vith respi'ct to 
the eom]ilex wa\e. The constant Fq is I'l'quired only in cases 
where th(* mean value of the* ordinates for a cycle of the complex 
wav^^ is not zei’o. Hc*nce if the reference axis is so dra^vn that the 
mean valut* of the ordinates for a cycle is zero, the equation to th(* 
curve is given by 

yg = F’l .sin(0 a,) + sin(20 + Oj) 

-t- F^siniSO + Us) 1 (158) 

and, when onl 3 ' odd harmonies are present, we have 

yg = Fi sin (0 4 aj + 7 ’ 3 sm (30 03) 

+ Fg sin(50 4- Oj) + . . . . (I58a) 

This equation is representative of the complex K.M.F. and current 
waves which are mot with in alternating-current work. 
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The number of U^rms which may be necessary to express the 
function with absolute exactness depends upon the extent to which 
the complex curve deviates from a sine curve 

The number of tt^rms to be included in the analysis depends on 
^ the degree of accuracy desired. For commercial purposes analysis 
as far as the fifth harmonic is generally sufficient, as the principal 
harmonics which occur in alternating-current systems are the third 
and th(' fifth. In special cases it may be desirable to carry out the 
analysis so as to include harmonics of the 17th, or higher, orders. 
These higher harmonics occur prinei])cdly in generators and are 
diK' to magnetic pulsations ; their amplitude* is usually very small 
in comparison with that of the fundamental. 

Analytical methods oi analysis. With these methods the con- 
stants Fj, F3, . . . , and the phase angles a^, a.,, . . . , are obtained 
indirectly. Thus, since sin(0 -f a) sin 0 cos a -f- cos d sin a, each 
term of the series 

yo~^I\fiin{0 l-aj f F3sin(3P f a^) 

f F5sin(/)0H Ug) I ... 

can be expressed as the sum of a sine and cosine term. 

Effi'cting this transforjnation, we have — 

— Fi sin 0 cos | sin 30 cos 

t- F- sin 50 cos Ug -f . . . 
f Fi cos 0 sin | F.^ cos 30 sin 

+ Fg cos 50 sin Ug f . . . (1580) 

Substituting A^ for F^ cos A^ for F^ cos Ug, etc. ; for Fi sin a^, 
for F3 sin etc,, we have 
1/0 ~ sin 0 + .43 sin 30 | A^ sin 50 1 . . 

4- cos 0 + /^3 cos 30 i 2?5 cos 50 f- . . . . . (159) 

Hence Aj^ + F{^ cos^ \ F^^ sin^ -- F^^, 

Whence F^ -~= A/iA^^ -f B^^) 

Similarly F^ = i + ^5^) ^ 

Also x4i /Bi — Fi cos /F^ sin — cot 
Whence Oj ^ tan'^ ^lA^i 

Similarly Og - tan*^ B^jA^ ; 

Og -- tan-i^g/^g ; etc. 

The coefficients A^^ A^j A^, . . . , B^, B^, . . • , arc best 

evaluated by a summation, or integration, proc(*8S, and the labour 
may be shortened considerably by suitably selecting the ordinates 
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and grouping the terms as shown later. The summation process 
is based upon the following theorems of the integral calculus — 
rn 


i: 

/: 

/: 

j: 

f 


sin^ 0.^0 = \7T 

( 0 w h(‘n 7n 71 ) 

. (160) 

sin mO sin nO dO ^ 

( 0 w h(‘n m — 0,n - 0 ) * 

• (161) 

COS^ 0 dO — \7T 

( 0 w h(‘n 7n ^7i ) 

• (162) 

cos mO COS nO dO 

( 77 when 7n — 0, 71 ^ O) 

. (163) 

sill 7)i0 cos 7 l0 dO — 

0 . . . . 

• (164) 


when' 'tn and ii are any ])ositive integers. 

For instarK‘(‘, to (‘valuate multiply equation (159) throughout 
by sin 0 and integrate betv\(‘(‘n the limits 0 and tt,* thus 

{y^siuOyW J |.ljsin‘'^6 | 

I sin oO sin 6 -| . . . 

] cos 0 sin 0*1 cos W sin d 

1 (‘OS 50 sin 6 t . . .\d0 

^ 2 ^ ^ 1 

Hence 

1 

A^-^ 2 X — / (y^^sin d)dd 

^ o 

- 2 X mean value of sin 0 for the half period. 
Similarly, 

A^ - 2 X mean value of y^ sin 30 for the half period. 


= 2 X mean value of y^ cos 0 for the half ix'riod. 

X mean value of y^ cos 30 for the half period. * 


Method of summation with ungrouped terms. The mean value 
of yQ sin 0 may b(‘ obtained simply by dividing the half period into 
a number of equal parts (the number of parts depending upon the 
accuracy desired), by means of ordinates erected at equidistant 
intervals, the first ordinate being erected at abscissa zero ; 

♦ With wave forms in which tlie two half-waves are symmetrical, only one 
half of the wave need be considered in analysis. 
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multif\1ying each ordinatt^ by the sine of the angle corresponding 
to the abscissa ; adding the products and finally dividing the sum 
by the number of intervals. 

The mean value of the other products — y sin 30, y sin 50, etc. — 
is obtained in a similar manner, except that the ordinates are 
multiplied by sin 30, sin 50, etc., instead of sin 0. 

For example, if the half pcTiod is divided into six equal parts 
by ordinates erc'cted at abscissae 0°, 30°, 60°, 90°, 120°, 15C°, 180°, 
and the values of these ordinates are denoted by i/q, i/ao* 2/6o» 2 / 9 o» 
yi 20 . 2 / 150 - 2 / 180 - respectively, then 

^1 = 2 1 J {^30 sin 30 ° + 1/33 sin 60 ° + yjo DO ° + sin 120 ° 

H 2/160 sill 150° + yi3o sin li^0°) | 

Similarly 

^8 -= 2 1 H 2/30 sin 00° + 2/00 sin 180° + sin 270° 

-I 2/120 sin 360 ° + yiso sin 450 ° 

-I- 2/180 sin 540°) I 

^1 ^ 2 ^{)/ 3 oCos 30 ° + 2/60 008 60 ° + 2/90 i‘<>s 00° + 2/520 <-'osl20° 

yj 5 o cos 150° + yi8o cos 180°) | 

•^3 = 2 1 i( 2 / 3 o cos 90° + ^60 ens 180°+2/9o cos 270 + 2/523 cos 360° 
- 1 2 /i 50 cos 450 ° -I yi so cos 1 80 ° ) i 

On the assumption that all harmonics j^resent in the wave form 
have been ineludc'd in th(‘ analy^sis, a cheek upon the accuracy of 
the calculations may be obtaiiK‘d by the apj)li cation of the following 
rules* — 

(1) Ordinate' at 90° — y^Q = A^ - A^ A^- A^ -j- . . . 

(2) Ordinate at 0° — 2/o -\- . . . 

Example. Analysis of K.M.F. wave (Fig. 186) for odd harmonics up to, 
and including, the fifth. 

The half -period is div ded into twelve equal parts by ordinates erected at 
abscissas 0°, 15®, 30®, etc., the values of the ordinates being as follows — 

Abscissa 0® 15° 30® 45® (iO® 75® 90® 105® 120® 135® 150® 105® 180® 

Ordinate 0 24-5 51 84-2 126 171 191-5 180 152-3 119 82 41 0 

The calculations are best carried out in tabular form and are 
given in Table IX. 

♦ = Ai sin 90® -f sin(3 X 90)® + A^ sin(5 X 90)® . . . 

+ cos 90® + cos(3 X 90)® + B^qob{& X 90)®-f . . 

= A^ - A^ A-g — . . . 

yQ = A^ sin 0® + A^ sin 0® -f- A j sin 0® + . . . 

+ Bi cos 0® + cos 0® + Bf cos 0® + . . . 

= Bi B^ B^ + . - 



TABLE IX 

Analysis of E.M.F. curve up to fifth harmonic 
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Sumidation methods employing grouped terms. With theso 
jiK'tliods tlio A tand D cocllicients arc obtained by so choosing liu' 
number of ordinat(‘S that certain terms may be grou2K‘d together 
to enabJe tiie multiplication operations to be etfected upon an 
assemblage of terms instead of upon individual terms. By tln se 
means th(‘ labour involved in the summation is shortened con- 
siderably, but in certain eases eliiefly those in which tiie analysis 
includes only harmonics of low orders, and th(' numbin' of ordinaU'S 
is relatively small- the accuracy is not (‘qual to that of the longei 
methods in \\hich a r(‘latively larger number of ordinfites are 

employed. The accuracy of 
the shorU'r methods, how- 
evt‘r, is usually sufficient for 
eomnu'reial purjioses. 

In the method due to 
Rnngp and Thompson the 
number of internu'diatc* ordin- 
ates in the half -period of the 
wave to be analysed is chosen 
equal to the order of the 
highest harmonic required, 
and th(‘se ordinate's are treated 
in su])j)lemental })airs, the 
sum and dixTerence of I'ach 

0 30 60 QO 120 150 • 1 • lx -1 nil 

6 (degreei>) bc*ing d(‘t(*rmined. iiie 

Fto. iso Wavo Form of KM F. sums contain only A, or sine', 
analysed in Tables TX and XIT. coe*lliei(*nts and the diffe'rences 

contain only B, or cosine 
coefficients.* The' te'inis are tlu'ii grouped so as to avoid repetition 
of the multij)lieation ojXTations, sjie'cial groui)ings Ix'ing possible 

* Tims, 

ye + Viir-i)) ~ I ‘'bi 0 sin W 1 sin 50 ... 

' + ^^1 0 + 7^3 fos 30 -f 7^5 r*os 50 + . . . ] 

4- \Ai sill (tt - 0) 

4- sin 3(7r - 0) -}- A^ sin 5 (tc - 0) f- • • • 

-[- 7h cos(7r - 0) -1- 7?, cos 3(7r -0) 

4- Br, cos 5(7r -0)4. . . 1 
== 24, sin 0 4 24, .sin .30 -} 24 ^ sin gO f . . . 
yd-y(w- ) = 1 4 , sin 0 + Aj sin .30 4- ... -f cos 0 4 7^, cos 30 -f- . ] 

- [Ai sin(7r - 0) 4 A^ sin .3(7r - 0) H- . . 

+ co8(7u - 0) 4 Bg cos 3(7r - 0) -j- . . . ] 

- 2J3, cos 0 4- 27^^ cos .30 4- . . . 




WAVE FORMS 


323 


for tlu* tliird liarnionic* and its nuiltipk s. Tlu' manner in wln'cli the 
grouping is eflfeeted is best sIioami by considering a few tyjiical cases. 

/. Analysis of a j^eriodic curve for odd hamionics up /o, and 
including, the fifth. Ordinates are erected at abscissa' 30°, ()0°, 90°, 
120°, 150°. The sums and ditlcTcniccs of th(' ordinates of su2)ple- ' 
mental angles are det(‘rmined, the sums being denoted by a^, a^y 

^ 3 , . . . and the differences b}^ d^, f/g This portion of the 

analysis is best carri('d out by arranging the quantities in horizontal 
I’ows, thus 


Ordinates \ ‘ 

( 2/ i 50 

8ums (^30 -! yi5o)^"i 

DifTercnces - yijo) 


.Veo 

l/vio 

(I/go H 2/i2o) ~ 

(Z/«o — 2 /i2o) ^^2 


I/go 

//90 ^^3 


Th(‘ method of obtaining the grouping of tlu' tc'ims for the 
mult indication processes is b(‘st shoMn by (arr\ing out the sum- 
mation ac(‘ording to the j)revious iindhod. Thus, fiom p. 320, 
we hav(‘ 

-■^1 “■ 2| J(//3o hin 30 " I sin GO " -I »y„o.-iny0“ | /y, 53 sin 120° 
■| .V150 ^**' ^•**-* )\ 

- '/i5o) f>'iei0° I Oy^o I (/i„n) sin 120° 

- sin 30° I a 2 sin 60° -f sin 90^) 

^->3 2 { I Hin (3 X 30) ° + sin (3 X GO) " | //„o(3 X ilO) ° 

1 Z/i2o«»i(2 X 120)°-) ?y,5o'<i"('^ X InO)"]^ 

3 1 O/m + yiso) I (2/60 H 2 /i2o) ■'’i'l 

-f /y»o^»i 270“! 

• ~ 3(^1 sill 90° [ a., sin 180° f n, sin 270°) 

J(«, -rta) sii*00° 

where Cj— r/j - a.^. 

~ 2| J|?/3osin(5 x 30)° -| ycof''»(''> X G0)° 

+ 2/9o«i»(-'5 X 90)° -I «yi,,osin(5 X 120)° 

+ 2/iso«in(5 X 150)°] I 

i I (2/30 + 2 /i5o) sin 150° -f (ygp -f y^^l) sin 300° 

+ 2/80 sin 450 °{ 

:q= J(ai sin 30° - ^2 60° + Ug sin 90°) 
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-^1 ^ 2 ^ j! cos 30° A Vm oos 60 ° cos 90 ° 

t Z^i2o‘'«« ’20" I //isqCos 150°)| 

=■ J I (!/ 3 o - 2/uo) 30° -I (//go - y, 2 o) i‘os GO* 

+ 1/90 cos 90° I 
— J(r/^ cos 30° -} do cos G0°) 

^3 - 2|j(y3„cos(3 X 30)°+i/gocos(3 X 60)° f y9ocos(3x90)° 
I 2/i2oCO''^(3 X 120) -| //i5oCos(3 X 150) | 

- 3 1 (1/30 - l/iso) COS JK) ° -I (ygo - i/,,#) cos 1 80 ° | 

--- i c/a cos 180° 

— ~ 3 ^2 

-So “= 2|J{iC3oCos(5 X 30°) H ?/6 oCos( 5 X 60°)-| ?/goCOs(r) X 90°) 
-I 1/120 cos(5 X 120°) -1 f/,5oOOs(5 X 150°)^ 

=-■' 3 I (1/30 - l/i 5 o) cos 150° + (ygo - y^g) cos 300° | 


Observe tliat the same iwodiicts are involved in tlie coeiiieients 
of botli the first and fifth harmonics. Hence, if the products are 
arranged alternat(‘ly in two vertical columns (s(*<f Table X), one- 
third of the sum ot the totals of th(' columns gives the coefficient 
for the first hai’inonie, or fundamental, and one-third of the differenee 
of the totals of the columns gives the eoeffieient for the fifth harmonic. 
Observe also that ternis a^, a.^, may be grouped togidher and treated 
as a single term (Cj) in obtaining tlie products for ilu* third 
harmonics. 

II. Arial^csis of a curve for odd Jmrmouirs iq) to, and 

including, the eleventh. ]n this case we can obtain special groupings 
for both third and ninth liarmonics. • 

Thus,* dtmoting tlu' eleven equidistant intermediate ordinates 
(erected at abscissae 15°, 30°, 45°, etc.) by 

taking the sums and difTi*rencca of ordinates at supplemcmtal 
angles, as above, we have 



2/15° 

2/30° 

2/45° 

2/60“ 

UiL' 


2/i65* 

2/i50° 


2/i20° 

2/i05‘ 

Sum 

«l 

^2 

«3 

dx 


Difference 

d. 

d. 

(^3 


d. 



TABLE X 

Schedule for analysis of periodic curve up to fifth Iiarmonic 



Equation to curve-y = F, sin (6 - Uj) + A sm (30 ^ 03 ) + A {od 
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Now Uu^ coefficients for the third liannonics arc given by 

^'^3 — i(^^i 45° I Og + ^3 135° h sin 180° 

+ sin 225° -[ sin 270°)^ 

- l{a^ sin 45° -| -sin 90° -| (f.j sin 45° -\ 0 -a^ siy 45 

- OgsinOO") 

-- l j {»1 I «3 - "j) «*'• 45“ -1 (d., - (/o) sin !)()“! 

(r^ sin 45° -\ sin 00°) 
vvlK'nw, - -I a^ - r/5), and Co -- («2-f^G) 

^^3 - J e( )s 45 ° I “I cos 135° | c/4(*osl80° 

I ^5 cos 225° I r^«e()s270°) 

- J(r/j cos 45 ° 4 0 - f/3 cos 45° - tf^ cos 45"^ 4 0) 

''OS </,| 

- <-os4r>''-f/i) 

The eo(‘fhcicnts for th(' ninth liarnionie U'diu o to 
‘49“ UK I ".I {f72-«6)silllK)“^ 

- 4(^1 Hill 4r>°-r2,sin !)()") 

-/?9 - I I f/5)c«.s4r>“-(/,, ^ 

(•08 45“-./,) 

H('ne(* the eoefileients for the third and ninth harmonies can l)e 
evaluated together. 

Similarly, the eoeflieicmts for the first and eh^venth harmonies 
can be evaluated together, us w(*ll as those for the fifth and seventh 
harmonies. Thus 

^1 ~ J(«isinl5° I ^2 sin 30° | r/3si!/ 45°4 f/4sinfi0° 

' 4 sin 75° 4 r/gsin00°) 

^11 — 6 (^^1 15 ° - Ug sin 30 ° I" ^3 «in 45 ° -u^ sin (iO ° 

4 Ug sin 75° - Ug sin 00°) 

cos 15° + ^2 30° -| c/3 cos 45° j f/4 cos 00° 

, +d,voH75^) 

^11 = J(“ ^1 ^2 cos 30° - ^3 cos 45° 4- cos 00° 

-dgcos 75°) 
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= J(</i sin 75 sin 30° - ag sin 45 ° - ^^4 sin (30 ® 

1- Wg sin 15° + flfg sin 00°) 

~ f, 75° - Mg 30 - f/3 sin 45° j r/^ sin 60° 

+ sin 15° - tfg sin 00°) 

/^5 — J (r/^ cos 75 ° - f/g cos 30 " - <1^ cos 45 ° \ r/j cos 60 ° 

^ -f/3CosJ5°) 

7?7 — J(-'/iCos75° -r/2Cos3()° [ r/3Cos45° 1 r/, cos 60° 
I f/jCoslf)") 

The schedule' is th(‘rcf(jrc arranged according lo Tahlt' A’f. 


Example. Analysis of tlio K.lVl.K. (*ur\o i;i\on in JSrt for otlil 

harnioiiics up to, and iiwliulint^, ilio ol('v<‘nl}i. 

Tin* values of llie ordinal(>s at ab.seiss.e 15®, lid®, . , . are as follow — 
Abscissa ir>® .‘lO® 45° fiO'* 75® }M)® 105® 120® 135® 150® 165® 

Ordinate 21-5 51 812 126 171 101-5 180 152-3 110 82 41 


Onlinates 


H’alviny sums and difference's of ordinate's of su))pl4'nu<ii(al an^^lt's, we bave 
21-5 5J 81-2 126 171 101-5 

41 82 no 152-3 ISO 

Sums 65-5( a,)133{ a.) 203-2( cj 27S 3( r/,)35l{ n5)101-5( aj 

Difference's i6-5( ^/,) 31 ( (L) 31 8{- e/j) -26-3{ f/,)-0( e/J 

Croupin^^ feir Ihirel barmonie* 


65-5 f 203-2 - 351 


• 82-3 


('2 aa-rt,, 133- 101-5 -58-5 

e/i dj-e/a e/^ -16-5 4 ‘14-8 (- H 1"*3 


The remaining calculations art' give'u in Table XII. 

HI. Anahjsis of a periodic enrre for odd harmotVicfi up to, and 
inclufling, the scvintee 4 )th . hi this cast* s])('cial groupings are 
obtained for tJic third, ninth, and fiftccntli harmonics. ^ 

S('ventc(‘n ccpiidistant int(*rincdiat(* ordinates art* crt'ctcd at 
abscissa* 10°, 20°, etc. 

The sums and difTt'rcnces tif tirdinates at supplemt'iital angles are 
obtained and talmlatt'd thus — 

2 /io’ 2/20" 2/30’ 2/40 Vm .'/to 2 / so" 2/90" 

2/1 70 ' 22160" 2/150 ■ 2 / 140 '’ 2 /i 3 o 2/i2tr .Viio® 2/100' 2/90“ 

Sums Uj ffg O3 a^ a 9 

Differences ‘ do dg dg d-j dg 



TABLE XI 

Schedule for analysis of periodic curve up to eleventh harmonic 






of ^ 





curve— y = F,-iin(0 + a,) + F, sin(39 + a,) + E, 8in(5e + Oj) + E, Bm(70 + a,) + Ejsm(90 -f- 

+ Ensin(110 ^ a„). 



TABLE XII 

Analysis of E.M.F. curve up to eleventh harmonic 



a, = tan-> - 13-82/166-5 = - 4 S°. Oj = tan-‘ 6-4 19-45 =161-8°. Uj = tan'* 7-13/4-6 =57-2°. 

a, = tan-» - 2*’55/ - 1-05 = 247-6°. a, = tan'i 2-35,0-05 = 88-8°. a,i= tan'* 0-48/0-1 = 78-2°. 

Equation to curve— e = 167 sin(e - 4-8°) + 20-5 sin(30 + 161-8°) + 8-9 sin(50 + 57-2°) - 2-76sin(70 + 67-6°) 

+ 2-35sin(9e -r 88-8°) 4- 0-49sin(lie + 78-2°). 
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The woefficicnts for the third, ninth, and fifteenth harmonics 
reduce to the following expressions — 

-"^3 - 0 I (^1 + “ ^^ 7 ) 30° -|- (^2 -f- «4 - «8) 

+ (as -a„) sin 96° I 

— *, (Oj bin 30° + Tj sin (H)° + C 3 sin 90°) 
whcTPfi-irt, I (ii-a.j),C2 (Ui I «4-^'8) ^ K-o'd) 

-^9 "= M I («1 - «J + «0 - «7 + "o) '''« I =- ‘ '■4 wn 

where C 4 - (ni -«3 ( a^~a^ \ a^) 

^ 15 - 'l(«i I M 5 -ff?) bin 30°- (fl 2 ) a, -ttg) bin 60° 

-+ {«4-«»)'''1‘90°| 

— (fj sin 30°- sill OO"" | (•3sin90°) 

yij ' I {'^i ~ ~ ^^ 7 ) ^ ('^2 ~ 'U ~ ^») c**'' 60" - f/g I 

_ l(i/ieoh30"4 sr2eos(K)°-(7g) 
where - K - ^5 - d^), and - ('h-(h-d^) 

-^9 \(~dz \ di-d^ I (/g) <7 j 

■®i 5 ~ 1 f<?7)e()s30° I (d^-d^-dg) eos 60°-dg| 

J (!/2 t'os 60' - dg - gi cos 30 ) 
lienee tiie groujiings for these hainionicb are 


'J’hird and fifteenth 
harmonics 

Ninth harmonic 


For iSine terms. 

I «5-«7 ~ '•1 

<h I «4-«8 = ^2 
/^3 ~ ^^9 ^3 

«l-«3 I I 


F«r (’osiiK' terms. 

^2 — ^4 — dg — ^2 

— ^2 h ^4 “ ^6 t ^8 
- <73 


The schedule is arranged according to Table XlTl. 

IV. Analyses for harmonics higher than the seventeenth. F an 
analysis is to include the 23rd harmonic, special giouinngs can be 
obtained for the 3rd, 9lh, 15th, and 21st harmonics ; while, if the 
29th harmonic is to be included, special groupings can b(^ obtained 
for the 3rd, 5th, 9th, 15th, 21st, 25th, and 27th harmonics. 

In general, as the analysis is extended to include still higher 
harmonics, the number of harmonics foi wliich special groupings 
of the terms may be obtained, increases. 

The determination cof the “ grouping coeflficients ” (c, gf) and4ihe 
preparation of schedules for these cases are effected by methods 
similar to those already given. 
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MAGNETIZATION OF IRON BY AETKKNATING CURRENTS 

Effeu.3^due to alternating magnetization. Tlie magnetization of 
iron by alternating current pn^duees phenomena wliieli are absent 
when the iron is magnetized by direct current. In tlie latter case, 
assuming a closed magn(‘tie (dreuit, a givcui steady current in the 
magnetizing coil results in a definite flux in the iron, and hysteresis 
manifests itself only wh(*n ehang(‘s o(‘cur in tlic magnetizing current, 
the rt'sulting flux due to a given current bidng then dependent 
upon whetluT this current is gn^attu- or less than the previous 
current . 

With a sti‘ady magmdizing current (?'), the impressed E.M. F'. 
(e) at tilt* t(*rminals of tht* magntdizing coil is gi\en by v — illy 
where R is the rt'sistanee of the coil. But, with a varying current, 
the impressed E.M.F. contains a component which balances the 
E.M.E. induced in tlie coil by tht* \ariaiions of tin* flux. Moreover, 
the changes in tlie flux also induce E M.Es in the iron core and set 
up eddy currents therein. Tht* eddy currents cause a loss of energy — 
which is expendt^d in heating the ct)re —and produce a magn(*tic 
reaction tending to damp out the variations t)f the flux. An 
adtlitional loss t)f (*nergy, tlue to liysteresis, ot‘curs in the irtm core 
during each cyck* of magni'tizatitm, and is expended in heating the 
core. Further, both liysteresis and eddy currents cause a phase 
displacement between the magnt'tizing currt*nt and the flux. Hence 
with alternating magnetization the current (maximum value) 
required to produce a given flux (maximum value*) is larger than 
that required when the flux is non-alk*rnating. 

Thfrefore when iron magnetized by alternating c urrent, both 
the* current in the coil and the potential diflercnce at its terminals 
will have higher maximum values, for a givc*n maximum value of 
the flux, than those when the magnetization is produced by steady 
current. Also, due to the varying permeability of the iron, and 
hysteresis, the wave-form of the current is distorted and is no 
longer of similar shape to that of the impressed E.M.F. 

[Note. The distortion becomes greater as the magnetic saturation 
inerteses ; it is affected similarly by the hysteresis loss. ] 

The wave -form of the current may be easily obtained when the 
hysteresis loop of the iron is available and the wave-form of the 
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flux is* known ; the method is a graphical one and is described 
later (p. 333). 

Flux wave-form. The wave-form of the flux can be obtained 
when that of the impressed E.M.F. is Imown, pL^ovided that the 
voltage drop du(‘ to the resistance of the magnetizing coil is 
n(‘gligible. Thus, if v denotes the impresvsed E.M.F., i the current, 
R the resistance of the jnagiu'tizing coil, and c the E.M.F. induced 
in the latter due to the variations of tht‘ flux, we have 

V — -(e iR) 

and, when iR is negligible^ - -e. 

Now e — (N X 10 whe^rc' N demotes the* number of 

turns in the* rnagiu'tizing coil, and deuiotes the value of the flux 
at the instant /. He‘nce 

^ 10« r 10‘< r 

= ^ Je.dt- ^ Jv.dl .... (1G5) 


Thus the' curve* e)btaine‘(l by the* iiite*gratie)n of the* wave-form 
of the im])re‘sse'd E.M F. re*])re*se‘nts the* \\a ve*-fe)rin e)f the flux. 

If the im])re*ssed E.M.F. is sinusoidal, i.e*. v r^^^sinm/. 


r 

(I) 


X 10« 




r . 

I sin ojf . (It — - 


Vm X 10» 




X KF 
Nco 


sill {o)t 


(ICO) 


Thus the flux is sinuse)ielal anel lags 90" with re*spe*e‘t to the 
impressed E.M.F. 

The maximum value (O,,,) of the flux is giv'e*n by 

(Dm = X n)^/Nco - V2 . F X 10«/277-/A^ 

F X 10«/4-44/i\r .... (107) 


where* V de*ne)tes the K.M.8. value of the ynpressed E.M.F., •and/ 
the fre*e|uency. 

If the impressed E.M.F, is non-sinusoidal, and only odd harmonies 
are pivsent, le‘t denote* the* mean value of the E.M.F. during 
the half -period (= IT seconds) between two successive zero 
values. Then 


F 

. Jo IT 

rn' 

/ v.di=^\TV^ 

J 0 


and 
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r\T 

Now / V . dt represents, under the eonditions stated, the 

. " r 

maximum value ^ of llie indefinite integral I v . dlj and therefore 

if the value of the definite integral is substituted in 

equation (165), the resulting expression represents 

the maximum change (AO)^ in the fiux during a half -period, 
i.e. (A‘3>),rt ~ ( Since the E.M.V. wave-form is 
assumed to eontain only odd harmonies, then only odd harmonies 
are 2 )resent in the flux wave-form, and the positive and negative 
half-waves are identical in shape. Hence, if <!>„, denotes the 
maximum value, or am])Iitudc, of the flux wave, then the maximum 
change in the flux during a half-period is (‘qual to twice tlu‘ 
amplitude and is given by (A<l>)„j - 

Substituting the above' value for (Ad>)^,, \vv leave' 


20,, {\TV,,)m^lN 

Whenee O,,- TVa^ X 10 V W 

.... (lOTa) 

sinee T ^ 1 //. 

Hence for a give'n frceitieney (/) anel numbeu’ e)f turns (N), the 
maximum value of the ilux de'pe'iul-. e)i\ly iqKai the mean value of 
the* impre‘sse‘el E.M.F. Conversely, the* me'an E.M.E. inelue'cel in a 
ce)il by an alterna\ing flux de'jeeiids emly u^eon the maximum value 
of the flux - the fre'ejuency and number of turns being constant - 
and is unafTe*cte‘el by the sha])o e)f the wave-ferm of the flux. 

Denoting the* foim factor — i.e. the* ratie) (R.M.S. value* /mean 
value*)- -of the E.M.F. wave by 4^, we have 

Vav =- r/Av 

where V is the R.lVl.S. value of the impre‘sse‘el E.M.h". 

Hence 0,„ - F X .... (1676) 

If the E.M.F. in sinu^enelal, kf — 1*1 1, and the* expre'.^siem (1676) 
reduces to (167), i.e. * 

<D,, -- V X 108/4-44/A^ 

Wave-form of the magnetizing current. I'he wave-fe)rm of the 
magnetizing current is deduced as follows — 

Assuming the hysteresis looji and the wave-form of the flux, or 
flux density, to have been plotted in rectangular co-ordinates, 
select a convenient number of points, say twelve, on the flux 
curve and determine the magnetizing current for each point from 
the corresponding points on the hysteresis loop (Fig. 187). Plot 
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till' curi’ents ao obtained to the aaine abscissaj aa the Hux curve', 
and draw a curve through the points. Thus, in Fig. 187, the 
flux-density curve, 7i, has been plotted to the same ordinate scale 
as the hysteresis looj) (which has been plotted fn terms of flux 
density, B, and magnetizing current, 7) By arranging these 
curves side by side, thi seli'cted points, 1-12, on the flux curve are 
projected across to thi' hysteresis loop, and the corresponding 
values of currents are marked off as points l'-12' on the res^jective 
ordinates of the flux curve. 

A similar mi'thod can be used to determine thi* wave form ol 



Fic. 187 Mrtliocl ef Doterniinin^i; Wave Foiiii of Map^neliziri^ 
Current 


the flux corresponding to a given wave-form of current Fig. 188 
gives the wave-form of the flux when the magnetizing current 
follows a sine law and the hysteresis loop is the same as that |](iven 
in Fig. 187. • 

Wav6-form of induced E.M.F. When the shape of the flux 
curve is known, the wave-form of the induced E M.F. may be 
readily obtained since each point on the E.M.F. wave is pro])ortional 
to the differential coeffleient of the corresponding point on the 
flux wave. 

[Note. The differential coeffleient of any point on the flux 
wave may be determined either graphically, by drawing the tan- 
gent at that point and calculating its value, or analytically, by 
calculating the quantity AO/Af.l 
Referring to Fig. 187 we observe that when the flux is sinusoidal 


\mperes. 
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tho magnetizing einTent \v ave-forni is distorted. Moivov er, although 
the maximum ordinate* of the eurrent wave coincid(*s A\ith the 
maximum value of the flux, the zero values of current oecur earlier 
than those of the' flux. This non-ceuneidence of the zero values of 
current and flux is due to hysteresis.* 

We also observe that the half-waves of current are similar and 
symmetrical. Th(*re‘fore only oeld harmonics are pres(*nt in the 
current'* wave. 

Analysis of current wave-form. If the current wave is analysed 
into its liarmonies the results will show the presence of a funda- 
mental, and third, fifth, and higher liarmonies ; the harmonics 
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high(*r than the fifth being small in comparison with the third and 
fifth haiTiionies and tlu* fundamental. For example, tlu* analysis 
of the curi(*nt w^ave in Fig, 187 gives the following rt'sult — 

? ~ 2-707 sin(^ f ()’ 3 ^) - Ml sin(30 + 10-3°) + 0-255 sin 
(50 - 48-2) - 0-1 sin (7(9 - 59-3°) 4 0-085 sin (9(1 - 83-2'’) 

-0-054 sin (1 10 4 82-6)° 

In Fig. 189 tht‘ fundamental of the cuin-nt wave of Fig. 187 is 
denot«*d by and the highc-r harmonies are grou])('d together in tlu* 
curve marked /g. 

Equivalent exciting current. The power nec(*Rsary to carry the 
iron through a cycle of magnetization is given by tlu* product of 
the impressed F.M.F. and the fundamental of the current curve 
(since, with sinusoidal E.M.F. and non-sinusoidal eurrent, only the 
fundamental of the current wave has a frequency (*qual to that of 
the E.M.F. ), and this jiower is equal to the hysteresis loss. The 

* If hysteresis wore absent, or negligible, tho current wave-form would 
be in phaso with the flux wavo-form, but the former M^ould still show dis- 
tortion duo to the variation of permeability of the iron with variation of 
magnetizing current. 
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fundaniV'iital of the curr(*ni wave may Uiert'forc be resolved into 
power and waitlc‘ss components with respect to the impressed 
E.M.F. wave. These components are shown in Fig. 189 })y the 
curves and 

The wattless component, of the fundamental of th(j current 
wave, when compounded with thci curve, representing the third, 
liftli, and higluT harmonies (which ai*e wattless with respect to a 
sinusoidal F.M.F.) gives the curve marked which reprosonts the 
total wattless com])onent of the current wave «and is the true 



Fid. ISO.— Coiiipunonts of Magnetizing and Fxciting Currents 
Explanation and data of curves - 
i, non-siinisoidal luaKiictizinp: current, Fig. 187 
ij, fiiiidain<‘n(.il of (0 equation Jj 2-7 sin (f) f- n 3°) 
loi hifilier harmonics grouped together 
«iPt l^wer component of - equation ijP = 0-4‘.i7 i os 0 
ij// , wattless conijKment of equation = 2 h72 sin 0 
nr, total wattlch.s comiMineiit of current wave 
iir', equivalent sine curve for ur -equation in' — '2 1) sin 0 
/, equivalent exciting current — eiiualion ^ ~ - ‘d-JG sin (0 + 9 3°) 

magnetizing current. This curve, may be rcjilaccd by an 
equivalent sine wave, ij, having an fl.M.S. value equal to 
Compounding the sine curve ij with tlu' power component of 
the fundaTiiental of the current wave, we obtain the sine curve /, 
which represents the equivalent sinusoidal current necessary to 
carry t{).o iron through a magnetic cycle. This current, since it is 
compounded from the true magnetizing current and the power 
component of the current supplying the hysteresis loss, is called 
the exciting current, and the angle by which it leads the flux is 
called the Tiysteretic angle of advance, a. 

The vector diagram representing these conditions is given in 
Fig. 190, in which the vector represents the flux, OIo the 

exciting current, 01^ the magnetizing current, and 01 j, the power 
component of the exciting current supplying the losses. Hence 

lo = + V). 
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Now the R.M.S. value of the exciting current may be Obtained 
from the reading of an ammett*r eonnect-ed in tlie circuit of the 
magnetizing winding, and if the hysteresis loss is (huioU^d by 
watts, the K.M.S. value of the power component of the fundamental 
of the current wave is equal to PhjE, where E demotes tlu' H.M.S. 
value of the E.M.F. induced in the magnetizing winding. 

Wheyiee I. - VUo- {l\IEf] 

Thus th(' R.M.S. value of the magnetizing current may be 
obtained when the (‘xeiting current, the hysU'ri'sis loss, and the 
E.M.E. induc(‘d in the magnetizing winding are known. If the 
pressure droj) in the winding is small 
in comparison with the im])ress(‘d 
E.M.F., then the induced E.M.F. 
ma^^ be takem as (‘qual to th(‘ 
impress('d E.M.F. 

Effect of hysteresis and magnetic 
saturation on the “ constants ” of an 
iron-cored choking coil. Th(‘ general 
effect of hj^stiTcsis and magmdic 
saturation is to cause tin i)o wer-f act or 
of any iron-cored coil to b(' higlun* 
than that calculaU'd from the n^sist- 
aiice and iiiducta1ic(‘ of tlu^ magmdizing 
winding l^hus, with sinusoidal im- 
pressed E.M.F. and non-sinusoidal 
exciting current, the jiower component of the fundamental of 
thc‘ exciting cunvnt supplit\s the lossc's, whicli, in the ])rt‘sent 
case, include the I^R loss in the magnetizing winding and the 
hysteresis lo.ss (with whicli should be included the (‘tidy-current 
loss, if any) in the iron core. If P, dt'iioles tht‘ iron loss(‘S, tlu! 
total loss, P, is given by 

P - l\"+ PE, 

where I is the exciting current and H th(‘ r(‘sistance of the mag- 
netizing winding. Dividing throughout by P, we have 

PjP =:PJP + R 

The quantity PjP represents the effective resistance Rgff of the 
choking coil, and includes the true resistance (P) of the winding 
and the apparent resistance (P^jP) due to tJie lossc's in the iron 
core. The effective resistance also includes the apparent resistance 
due to any eddy currents in the conductors. 

22 — ( 5245 ) 



Fks. ItX). V(‘(*tc)r J)ingrnni 
Shownifi: Kflrc*! ot H^st(‘n‘sis 



338 


ALTERNATING CURRENTS 


If E ‘Hlonotc'S the iiiiprc'ssod the effective impedance 

(/jfff) of the ch(jkiiig coil is by 

-- KH 

Henc‘e the effective reactance^ is given by 

Now th(‘ non-sinusoiflal (‘xciling current (7) is larger than th(‘ 
sinusoidal Jiiagrudizing current Aviiicli vould be recpiinul to juoduee 
the same flux, and tluuvfore both the eff(‘ctive reactance and the 
effectiv(' impc'dance of the choking coil a7*(' smaller than the 
calculated \alu(*.s obtained from tlu‘ r(‘sistanc(‘ and inductance of 
th(‘ magiK'lizing vinding. 



F'kj. i()l. ProdiK t ion of 
K(l(ly ('iirn'iits in Solid 
(Viiv 




Kn. 15)2 L.mniu t ion of CV)i (‘S 
Snb|<‘c‘t<'d lo Vlti'rnat nifjj Flii\ 


H(*n('c, sinc(' tlu' ])o\ver factor is given by ^i-iu-lli vi* rchi.Mcinoo/ 
effective impedance), it follows that, du(‘ to iron losses and magnetic 
saturation the actual ])ow(T-factor of thi' (‘lioking coil will be higher 
than tlial calculat(‘d from the resistance and inductance' of tlu' 
magnetizing winding. 

Biddy currents. When a solid iron or metal core is placed 
longitudinally in an alteunating magnetic Ik'ld, the lines of force 
cut the.' eore raelially, the motion e)f the flux be'ing towards the 
centre* of the core w'he*n the magne'tizing force is decreasing, and 
vice versd when the magne'tizing force is ine'reasing. Hence, 
E.M.Fs. are ineluced in the core, and the*se P].M.Fs. give rise te) 
currents which circulate in the eore in a direction parallel and 
e)ppositi' te) that of the current in the* magnetizing solenoid (sff 
Fig. 191). These circulating currents are* called eddy currents, and 
cause heating of the core. 

The energy, which is dissipated in the form of heat, is obtained 
by electromagnetic induction from the circuit supplying current to 
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tho magiu'tiziiig solonoad. Moreover, the eireiilating •eurrents 
|)rodue(‘ a iiiagiudo-inotive foree which acts in o])})osilioii to that 
producing magn<dization, and thcn-efore tlu' Ilux due to a given 
current in the scflenoid is smaller than that which would bi‘ obtaiiu'd 
if tile core Avere renu)V(‘d or r(‘placed by oru' of noii'inagiKdio 
material. 

Hence whtui large* masses of iron such as the* cores of trans- 
forrne*!'?'} and alternating-curr(‘nt machine's, e)r heavy ee)nelue*te)rs — 
are subjccteel tei alternating magne'tic lields, me'ansmust be*aelopte*d 


a 


Vm. 103 Fin. 101 

T’«‘rtainin<r 1o IIk' Calc illation of F<My (‘nrri'nts in W iri's anil Plalrs 

to n‘elue*(* the e*de^y curre'iits te> sue*h value's that the resulting heating 
and loss eif e*ncrgy is not el(*trime*ntal te) tlie e*t}ie*i(‘ne‘y anel e)])(*ration. 

The me)st e*fTe‘ctive* means eif re‘elue-ing the e'eldy e urre'nt loss is tei 
laniinaie the mate*rial subje*e*te‘el te) the* alteTuating flux, the* lamina- 
tiems being paralle*! to the* elire*e*tie)n e)f the* inagne'tie* lines e)f force. 
Feir exam])le*, the ce)re e)f Fig. 191 Avoulel be e‘e)nsti‘ucte*e] e*ither of 
irein wiivs e)f small diame*t(*r, or e»f thin ire)n shee'ts, as indicate'd at 
A and B, Fig. 192, re*sj)e‘e'tive‘ly. In each e-aso tlc' inelivielual wiivs 
or laminatie)ns must be* lightly insulate*el from e)ne anotlu'r by a 
thin*ce)ating of insuhiting varnisli, as, if the* laminatiems are in 
electrical contaet, the e*ddy current le)ss Avill be ])ractie*iilly the* 
same as Avith a se)liel core. 

Calculation of eddy-current loss. The h s^s elue te) e dely-curre nts 
in wires and laminations may be ealculate'el easily Avhen the* flux is 
uniformly distributed over the cross se*ction e)f the material. 

I. Eddy-current loss in round wires. CJonside*r an cleme*ntary 
coaxial annulus of radius a: cm. and Avidth e/.rcm., in the cre)ss 
section of the wire (Fig. 193). Tiien if d cm. denote*s the external 
diamck'r of the wire, the maximum value of the flux density 
(assumed to bo uniform threiughout the cross section of the wire), 
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the flux- linked with the annulus is and the R.M.S. value 

(Ey.) of the indu(*('d E.M.F. is given by 
Ey^ — 4kffB^,jrx- X 10 ^ volts, 

where hf is the fonn-faetor or tlie flux wave and / is the frequency. 

The direction of the induced K.M.F. is along the mean ]1erimeter 
of tlu* annulus, and for uiiit length (1 cm.) of Avirc the resistance 
in tlu' j)ath of curnuit is 

r — ^TTXpjdx, 

where p denotes th(‘ s])eciflc resistance of the material in ohm-cm. 
units. 

Hence th(' loss, in watts, in this elemiuitary ring due to the 
eiirnuit circulating in it is 

P, E;^lr - E^^dxj^TTXp 

- (4kfjB,,,7TX‘^ X 10 ^y-dxj^TTXp 

- (^rrkypBJu-^ X 10 ^^)dx Ip 


Whence th(' loss in watts per cm. k^ngth of wire is 

_ Trkypnjd^ 
p ^ S X 10^® 

Therefore lli(‘ loss in watts |)er cubic cm. of the wire is 

/’ PnKW^) 

X 10 '«//> 

- 1 - j_ /rf / 

- ■ p X 10«\ 1(K) !(M)0/ 

and the loss pi'r kilogram of I'ort' is 
'' 10 ■’ 


(1G8) 


s (dnip) (■< m 


where cr is the density of the wire in grammes ]x^r cubic cm. 

//. Eddy-current loss in thin plates. In this case, the thickness, 
d, of the plate is assumed to be very small in comparison with the 
width, i.e. the dimension parallel to the direction in which the 
eddy currents circulate. The eddy currents may therefore be 
considered to flow ]^arallel to the surfaces of the plate and will 
have opposite directions on either side of the centre line as 
indicated in Fig. 194. 
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Consider two parallel elementary layers, AB, CD, in a ^late at 
distances x cm. on either side of the centre line 00, Fig. 194. Tx't 
the thickness of each element b<‘ dx cm. and its length perpendicular 
to the paper be f cm. Then the flux enclosc'd pc'r cm. kuigth of th(‘ 
central portion of the plate (shown shaded in Fig. 194) bounded by 
the elements is 

X 1) = 2.. . B„, 

H ence the F.M.F. (Ej.) induced in the cireuit forni(‘d by the 
elementvS (^vhich is equivalent to an tfleclrie circuit of oiu' turn) is 

^ 4:kffB„^ . 2.r x 10 ® volts. 

Now if th(' thickness of Ihe plate is very small in com])arison with 
the width, the huigth of the ekunentary circuit A BCD may be 
considered as equal to twice the distane(‘ b(flw(‘(‘n tlu* transverse 
boundary plaiu's, and the resistance of this ciFcuit ])('r cm. length 
and depth of the* plate* is 

r — 2pl{dx X l)ohms. 

Hence the' loss, in w^atts, diK* to the cijculating curn*nt in this 
circuit is 

KJ/lr - EMxtZp 
- {4Av/7?,„ . 2u- X 10 

and the total loss, in watts, ])er cm. length and dc])th of plate (i.e 
for a voliniu* <3 cubic (‘in.) is 

1 4 

J o '^P 

Therebm' the eddy current loss, in watts, pi‘r cubic cm. of the 
plate is 

/’ - X 10 ‘O . . . (170) 

and tile loss per kilograyi is 

(■* lio 

Elxample. Calculate the cddy-current loss in watts jior kg. uf alloyed 
iron plate for Avhich 1 ho thickness is 0*5 mm., the specilic rcsistanro is 
60 X 10 ® ohms per cm. cube, the density is 7-5 grn. |X'r cubic cm., and the 
maximum value of the sinusoidal flux density is 13,000 lines ^icr square cm. 
at a frequency of 60 cycles ])t*r second. 

From the data we have 

• 

<r 7-3 / — 50 

p ^ 30 X 10 « kf =- 1 11 

= 0-05 13,000 
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rionce, sL»Usfitii( intr in equation (171), 

/i 4 / 1()« r,() ^ Ml - 13000 \2 

3 . 7-5 .50 .. 10^ V 1<>0 ^ ■ 1000 ) 

0-l()2W. • 

Notk. In ])rjicti(*o th'i oildy-furreiit loss is always in (‘vocss of that ralcu- 
Ja((*(l by tlij above irietliod, the disc*r(*f)ancy boinf^ (Jiie to a iiutnbor of causes, 
siicb as iriip(‘rfc<*t insulalion between tlie ])]ates, iif)n uniform distriljiilion of 
the IhiN. Ihrouj'boul tli' cross si'Ction of th(‘ core due to difterenees in the 
length of till ma^'ii'^tie ])ath for diifi'n'iit portions of the core, non-pniforrn 
iU.stribnt ion of tin Hnx throughout Ih' cross section of individual plates due 
to the effect of eddy currents (see i). 310). 

Effect of eddy currents on flux distribution in iron cores. Tho 

K.M.l’’ (/i* J iTi(lu(\‘d in an of th(* voros of Figs. 11)3, 11)4, 

by th(‘ altcTiialions of thi‘ (sinusoidal) 
flux jnay h(‘ rt‘])j(\st‘nt(‘d by a vector, 
O/i/,, Fig. 11)5, lagging 1)0^ \v if h rcspt'ci 
to tli(‘ A^(‘( tor, Oly, which ju'prcscnts 
the c(pii valinil (sinust)idal) inagntdizing 
curR'iit. Thi' circulating, or eddy, cur- 
nnit diu‘ to the lO.M.F., may be 
re])r(‘sented by a veador, f)/^, lagging 
7 ' with r(‘sp(‘ct to OEj. owing to tln^ 
induet anee of the i)ath of the eddy 
current. 

ISh>w' wieni 1ht‘ eot*(' is eoneeiitrk* 
with the niagtudizing winding, the ])ath 
of this (‘ddy eurnuit is eone(*ntrie wdth 
that of the eurrinit in the magnetizing 
winding. Therefore the rc'sultant mag- 
mdo-inotive fore(‘, to Avhieh the flux in the core is due, is (‘qual to 
th^' vc'ctor sum of tilt' M.M.Fs. due to the eiirrt'tit in tht' magnetizing 
winding and the eddy current in the core. The eompoiient M.M.Fs. 
are re])res 'ntt'd by OA, OB in Fig. 11)5, tht' resultant M.M.F. is 
repn'seiited by 0(\ and tli(‘ tlux in the eort' •(which is in phase’wdth 
the resultant M.M.F.) is representi'd by In general, the 

resultant M.M.F. will be smaller than that dut' to the magnetizing 
current, and tlu'n'fore th(' iH'sultant flux will not be in ])hase with 
the magnetizing current, and will be smaller than the flux which 
would be obtained if tht'rc were no eddy eurri'nts, other conditions 
remaining iinalti'red. 

When the effi'cts of all the eddy eiirri'iits in the core are con- 
sidered — which requires analytical treatment and is given later — 
the results show that, exee])t in the eases of very thin wirv's and 
plates, the flux distribution over the cross section of the core is not 
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uniform; the flux tending to concentrate towards the .surface, 
or outer layers, of tin* jAates, or wires, forming the* core. The 
eddy currents, therefore', produce a magnetic screening (‘fleet on 
the central portions of tlie j)late. H(‘nc(‘, with con's constructed 
of thick plates, a large ]){‘re(‘ntage of tlu' cro‘^s-scction would be 
rendc'red magnetically ineflectiva' by eddy curn'iits, and then'fore 
the average' value of the flux density in the con' may be vt'ry 
difl(‘r(mt from the com- 
puted valiK' on tiu' 
assumption efl uniform 
flux distribution. 

The curves of Tig. IflO 
show, for a particular 
brand of iron, that to 
obtain a]iproximate uni- 
form distribution of flux 
throughout tlu' cross sec- 
tion of the plate, tlu' 
thickiu'ss should not 
exce('d about 0-5 mm. 

(0-014 in.) wlu'ii the f re-, 
quency is 50 c>cles p('r 
second, and about 0-35 
mm. (0-01 LU.) wh(*n the 
fn'quency is 100 cycles 
pc'r second. 

Calculation of flux distribution in iron core-plates in which eddy currents 
circulate. Tho calculation, Ihou^^h irivolv^iri^ the solution of m diftcrential 
equation, is I'lliM-lctl by the application of elementary ])rinc]pli‘s. 'riius, tbe^ 
ehanpe in fliiv density over tlu' cross-seetion of a eorc'-plati* is relateil to tlic 
c-lian^e, witb respect to tbe cross-section, of M.M F. dui^ to eddy currents, 
and the latter is pro]>ortioiial lo tbe ebaiic^e in tlie F.M.F. induei'd in tbe plate. 
In the calculations wo sliall assume that tin* Hu\ m the core varies sinusoidally 
withres])ect to time ; that the individual core ]ilati*s an* insulated from on<* 
another, and that the tbrekness of I'aeh jibite is .small iii eoiiijiarison witli 
tho width of tlie [ilate. • 

Then, eonsiderin*^ a simple plate of thickness hem., ltd two ek'niontary 
parallel layers, each of tliiekness cfx, he chosen in the eross-seetion at distances 
.r cm. from tho ct'iitre line, as represented in Fi^'. 1114, p. 3.39. Let 
denote tlie maximum value of tho flux density (assumed to bo uniform''') 
over these layers, and maximum value of tho flux enclosed in unit 

width of plate by the inner surfaces, AB, CD, of the layers. Hence the 
maximum value of tho F.M.F. induced in unit width of plate at a distance .r 
from the centre lino (i.o. along the inner surfaces) is given by 

X 10-“ -= 27r/<r>„j. X 10 “. 

* This assumption is justlflablG If the thickness dx is very small in comparison with <5. 



Fir;. 19fl. Distribution of Flux Ih-nsilv 
ovt'r Cross Sect ion of Iron Plates ol V'arious 
Tlii<*kness( s. Dotted Curv-es Show Jfliase 
J>isj>laeem('nt of Flux Disisity in Space 
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Similarly, llio indiwed E.M.F. at a distance {x + dx) from the centre line 
(i.e. along the outer surfaces) is given by 

^^mix + (tx) ~~ "i" ^ 


Whoiico 

^'v,x-^mU + <ix) ~ 27r/(2if„j. rfr) X 10 “ 4nfA,„^dx X 10 


ff if p tlenolos the speeific resistivity of the plate, the resistance of tll^ circuit 
formed by the elementary layers, per unit width and depth of plate, is equal 
to 2pjdx. Hence the eddy current eirculatmg in this ciicuit is given bj'’ 

■^7nx ~ ^7nJrl i^P 1^^^) I ^P‘ r 


The magneto motive force (maximum value) due to this current is equal 
to 0-47r/„j^, and this represents the increment in magneto -motive force due 
to eddy currents for tlie elementary layers under consideration. Therefore 
the iiicreinent in flux density for the elementary layers is given by 


^^^rnx /<(^-47r/„,j) -= {(h2n E„^jilp)dx 
where fi is the permeability. 

Expressing dH^^^ and dK^^j. in symbolic notation, and taking the flux 
density ns the quantity of r<‘ference, we liave 


dr 




-aT - 


X 10 «) 


(a) 


Substituting for dK^^^^jdx from equation (/i), w(‘ have 


10“)] 


- ~ ) 2( W 

J V niJ ..... 

(y) 

where c- 


-t: / fn 

^ ~ W^/ U)p 

(172) 


The solution of the differential equation (y) is 


where 6 ' 2 and6\ are comjilex constants. In the prc'Sent case tliese constants 
have ecjunl values, since *he flux density has the same value, but is of op]iosite 
sign, at points on ojiposite sides of, and equidistant from, the centre line of 
the jilatc. AVhenco „ • 


. 1} 


mx 


reV -Jl) 


Denoting the flux dimsity at the surface layers of the plate (for which x 
has the value ^d) by we have 


Whence 


or 


■RmS - ? (e 

_ cf'V-j2 g-xcV-j2 
I £-idcx^-j2 
gzc\/-j2 g xcy/-yl 
?mc=?mS giScV-j2 + e-ldcV-ja 



MAGNETIZATION OF IRON 


345 


cx — TT, or whon x 


For cvainj)l(‘, if p 


1000 ,/ 


which ultimately reduces to* 

D jD 4- ^ cos r.r ~ i F gin cx im^w 

(fhV _|. £ Jo' ) _j (thV _ E ) sin > <)c 

cosh cx cos cx —j sinh cx sin cx 
• ^”5 ciosli Jr5r cos Idc - j smh i(>c sin 

The denominator of this oxf^rossion represents a complex nnmb(*r having a 
constant value for given conditions. Tlie numerator is c(pial to unity when 
X — 0, and bt‘comes equal to the denominator Mdien x Ar^. For values of 
X intermediate botweeii (> and Id the numerator represents a conqilex numlier 
having a value intermediate between unity and the value of the denominator 
Hence tlie equation (173) to the flux density at any jioint m the cross-section 
of the plate is of the form 

- •?*,»«( I a I Jb) 

where + O 1- jb represeiMs the value of the quotient in eipiation (173). 

3'tierefore at any instant the flux densities at iliifi'rent ])ortions of tlie cross 
section of the plate not only differ m magnitudt* but also have a space dis- 
placement with respect to one another, i.e. th(*se flux (haisitii's liave diffenait 
directions (in s])ace) with respect t^) the direction of the flux density at the 
surface layers (which coincides with that of the magnet i/jug ampcTc-turns). 
A reversal in dinsdion (i.c. a space displacianent of 1S()°) occurs when 

cx — TT, or when x ^ For example, if p 10 p 1000,/ 50, 

^ V j/t 

then X - 0-2235 cm. Hence, for these conditions, the flux density at the* 
centn* of a jilate 4-47 mm. thick has a ilirection oi^posite to that of the flux 
density at the surface lay(*r.s. Tlie manner m wliich tlie magnitude and 
apace displacement of the fftix density varit‘S ov(T the cross section of a 
similar ])lato 5 mm. thick is s]io\vii in the -woiked example which follows. 

Example. Calculation of flux distribution in an iron plate 5 mm. thick 
when subject f'd to an alt(*rnating magnetization of 50 fn'qiKUicy. Sjiecific 
resistance - 10 oI^fu jicr cm. cube ; permeability - 1000 (assumed to l>o 
constant ). 

From equation (172) the space displacement between the flux dc-nsities at 
centre and surface la\^(‘rs is 

0 \ '< 0-.> \ ,,ri “ i-adians 201 

10^ 'V 10 

Hence it will be convenient to calculate the flux densities at space inttn-vals 
coiT('sponding to displacements of Jtt radians, or 30°. i e. values of c.r in 
equation (173u) will 1^ taken at intervals of In rndaiiis. 

Tlie evaluation of equation (173a) is effectf'd with th( aid of table.s of 
hyperbolic functions and presents no difficulties. The valur-s of co.sh (\r, 
sinh cq^ cos cx, sin cx required for tlie ealculatious an' given in Table XIV. 

Since co.sli 3-51 l()-^2 ; cos 201° —0-033 

sinh 3-51 10-78; sin 201° - -0-350 

the denominator of equation (173a) reduces to 

16 82 X {-0 933) \ jl6 78 x 0 359 -15 7 | j6 02 

• The reduction deiiends upon the theorems — 

(a) . . . ’= = c* . e r - J sin a-) 

()?).•• = f B= e ^ = fc“-^ (cos T 4- j Sill .T 

I’he steps in the reduction of the exponent x\^ - j2 are — 
rv(0 - j2) = VfO - j2^) = 

« {X 

. = x\/2icos In - j sin Itu) 

- ar(l - jl). 


3-51 i-adians 
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TliG v»luGs of the numerators and quotients arc calculated in the usual 
manner and tlie results are pven in tabular form in Table Xl\^ and are 
])lotte<l ill Fir?. lOTor, from whieli it will be observed tliat the central portion 
of the plate for a distance of about l-.i mm. on each side of tho centre line, 
is almost entirely ineffective. 

It is of interest to calculate the flux which is transmitted per cm. width 
]jlate when the flux density at the .surface (i.e. is 1 3,fl(U) line.s })0r sc 

cm., and thence deduce the thickness of plate reiiuirt d to transmit thi. 
at a uniform flux density of J.S.flOO lines jier sifuan* cm. (i.e. on tho assump 
of no eddy currents). 

The calculation may be efU'cti'd cpiite easily liy dividinj? the cross-stx.*tion of 
tho plate into narrow strijis and determining for <‘ach stri]) the component 




Fro. H)7. Distribution of Flux Density ovi'r (^’oss Si'ction of 
Iron I’hite inin. '^riiick 


of the mean flux density in the direction parallel to tlii' axis of magnet i/.at ion 
Probably the simpk^st method is to plot the ratio and 0 in ])olar 

co-ordinates, as in Fig. ItlT/i, ilivule this into twiMity parts by radii-vtsflores 
spaced 10° apart, draw tho mid-])oint radii vectores, and mi'usnro their 
projections on tin* axis of reference (which is v^ertical in Fig 197/i). Thus the 
first mid-point radius-vector is drawn at an angle of from the* vertical 
(corresponding to a |)oint in the cross-.st‘ction of the folate distant [2-5(5/201 ) ] 

0 0622 rnm. from the surface), and the rinnaining radii-vectores are drawn at 
angles of *10° from ono another (corresponding to suec(*ssive points 0- 1244 rnm. 
apart in the cross section of the ]>late along the direction perpendicular to the 
surface of the plate). TIk* values of tho ])rojections, taken in order and 
expressed as a percentage of arc 02, 74, 52-6, 43-5, 02, 22-1, 13-7, 7-2, 2, 

“1*5, - 3-6. -- 5, - 5-8, - 6-2, -- 6-4, — 6-6, - 6-6, - 0-4, - 6-2, - 5-6 ; and their 
algebraic sum is 270-2. 

Whence the average flux density over tho cross-section of tho plate is 
(13,000 X 270-2/2000 - ) 181.7 lines ]>er square <*m., and tho flux transmitted 
per cm. of width is (18y> X 0-.5 x I ) 907 lines. 

Hence the thickness of plate required to transmit this flux at a uniform 
flux density of 13,000 lines per square cm. (i.o. on the assumption of no 
eddy -currents) is (007/13000 —) 0-0698 cm., or about two-thirds of a milli- 
metre, which is only 14 per cent of the thickness of the 5 mm. plate. 
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111 consequence of the non-uniforrn distribution of the flux in thvk lamina- 
tions, the maximum value of the flux density may be considerably higher 
than the value calculated on the assum})tioiL of uniform flux distribution 
Therefore the eddy-current loss in such plates will be higher than that 
calculated from equation (171). 


. ' Effect o£ frequency and wave-form on hysteresis and eddy-current « 
losses in iron cores. of frequency on hysterems loss. Kxjieri- 

luental results of hysteresis tests, by the “ ballistic " method, on 
magnAic materials show that tlie hysteresis loss in a giv(‘n material 
is pro])ortional to lu'arly th(‘ l Oth jiower of tJu* flux dtmsity. Thus 
th(‘ energy expend(‘d ])(‘r eiibie cm. of niatt'rial per magiudic cycle 
is exprt'ssed hy 

IV, 

where is a coeflicuqit the ahIik' of \\hi('h (h'pemls ui)ou lli(‘ (juality 
of th(* iron and th(' units in Mhieh W, tind art' ('X])r('ss(‘d. For 
iron laminations such as an* usi'd in (‘h'ctricfd machinery, the value 
of r/ varies fiom O OOl to 0*003 Aihen ]y , and arc ('xprt'sst'd in 
C.ChS. units. 

Assuming th(' hysteresis looj) to Ix' lh(‘ sanu' ^vith alternating 
magni'tization as when dett'rmined ballistically, tlu' hysteresis loss, 
with alternating magm'tization, Avill be proportional to th(‘ first 
power of the frecjuency and to the l-Otli ])owi'r of the flux density. 
Th(‘ proportionality of hysteresis loss and fri'([U(‘ney at constant 
flux density ho^ls only for low frecpieneies, as, for frecpiencies of 
the order of 100 cycles pc'r second and iibovi', tlu' width of the 
hysbu’esis loop, corn'sponding to a givt*n maximum flux density, 
inc-reast's with incivasing frc'quency, and, therefoix', th(‘ hystvrc'sis 
loss p(*r magnetic ('ycle becomes larger as tin* frccpK'ncy increases. 

Bfffct of wave-form of impressed K.M.F. on hysteresis loss. For 
low frequencu's thi' liysti'resis loss per cubic' cm. is givc'ii by 

Now the* flux density is given by (!>,,, 'J, where A is the mag- 
netic cross-section of ^ the core. Also B '< 10”/(4/:y/iV), 

where E is the H.M.S* value' of the E.M.F. induced in the mag- 
nc'tizing winding, I'f the' form-factor of this E.M.F., / the frequency, 
and N the numi)er of turns in the magnetizing winding. Wlu'iice 

1\ - rif\K X 10«/(4Xv/AA)Ji*« 


/(A^xio«)Y-® n 


( 174 ) 


Hence, if the resistance of the magrietizing*w'inding is negligible, 
and the impressed E.M.F. and frequency are constant, the hysteresis 
loss is inversely proportional to the l-Gth power of the form-factor 
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of the impressed E.M.F. Therefore the hysteresis loss with peaked 
E.M.F. waves will be lower than that with flat-topped E.M.F. 
waves of the same R.M.S. value. 

The following valu(‘s indicatt' the extent to viiieh the form- 
^ factor of the im])r(‘ssed E.M.F. afleets th(‘ hysteresis loss — 


Form -factor. 

1-0 

Ml 

1L> 

i;i 

11 

Kclativo hysteresis loss 
(coiistanl E.M.F. (li.M S. 
value) and fr(‘qLi(‘n(“y) 

M8 

10 

0-88 

0-78 

009 


The edihj-curreni loss in a given ])late or A\ir(‘ has b(‘(‘n sliown to 
be ])roportional to the sejuares of the Ilux density, fi-c'quene}^ and 
form fac'tor. Thus 

P,- 

Substituting for P,,, in terms of the induec'd E.IM.F., frecpK'iiey, ete., 
we hav(‘ 

1\ £[k,,f.E X U)^l(U,fNA)\^ 

- X ]()V(4iVM)J-2 . . . . (175) 

lienee, in a given magnetic* eon* magneli/.(‘d by alternating 
current the eddy-eurrent loss is proportional to tlfb square of tlie 
impressed JO.M.F. (R.M.S. value*) and is independent of the frecpieney 
and wave-form of tlu* latter. This statement, however, holds only 
for eases where the flux density is uniformly distributi'd ovc'r the 
eross-seetion of the core (e.g. wlien the* honinations are very thin 
and the frequency is low). 

The total loss in a magnetic core magnetized by alternating curr(*nt 
is, th(‘refore, dependent upon the form factor of the impressed 
E.M.F., when the fn'queney and R.M.S. value of impressed E.M F. 
are constant. 

When .the impressed E.M.F. is constant and the frequency is 
varied, the total loss decrease's as the frequency iner(*ases, since the 
eddy-current loss is constant and the liysteresis loss decreases with 
increasing frequency. But when the flux, or flux density, is 
constant and the frequency is varied, the total iron loss increases 
as the frequency increases, since the hysteresis loss varies directly 
as the frequency and the eddy-current loss varies as the square of the 
frequency, the form-factor of the impressed E.M.F. being assumed 
to be constant. 

In practice the total iron loss is usually expressed in the form of 



MAGNETIZATION OF IRON 


349 


curves which show the loss (in watts per Ib., or kg.) at various 
flux densities and constant freqiKuuy. Ty])ical curves arc given 
in Fig. 198. 

Calculation oi magnetizing and exciting currents for an iron-cored 
magnetic circuit with alternating flux. Case /, iji which the distort- 
'^'^0 hysteresis and magnetic saturation on the ware-form of the 

magnetizing current is ignored. If both flux and magnetizing current 
an* siiftisoidal, the calculation of tlu* ampen* turns, or ])iagne1izing 



Fifi. 108. -Specific Iron l.oss for O'Ul S in. (()• l.j iniii.) All(\\e(l Iron 
Lain mat ions 

current, requir(*d to inoduee a given flux is veiy sim])le. The 
procedure is the same as that when the magnc'tization is produced 
by direct current exc(‘])t that, with alternating magnetization, the 
maximum value of tlu* flux, or flux density , is usually given (or is 
obtained by calculation), and th(* K.M.S. value* of the magnetizing 
current to produce this flux has to be* determiiu'd. 

Fct' example, if the i;iagne*tization, eir B-lf c urve elc'tcrmined by 
the ballistic method for a magiu*tic mate*rial, shows that Fc,„^amperc* 
turns jier cm. of magnetic Ic'ngth are ne*c.*ssaj'y to obtain a flux 
density equal to then, with alternating (sinuseiidal) magne*tiza- 
tion and the same flux de*nsity (^naxhnum value in this case*), the 
maximum value* of the ampere-turns will be equal to Fcm> 

R.M.S. value of the ampere-turns will be equal to Fcjnl\/2. 

Hence, if I is the length (in cm.) of a magnetic ciremit formed of 
this material, then, if the flux density B^, is th?* same at all parts of 
the circuit, the magnetizing current will be given by 

Im=lF,JW2.N). 
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If th(^ ]nagtu‘tic circuit consists of a number of parts having 
different cross-s(‘ctions and magnetization curves, th(^ problem is 
treatc'd by determining tin* am])ere-turns r(eqnir(‘d for each part of 
the circuit and adding these to obtain the tota^ amj)ere turns. 
Thus, if 1 2, I3, . . . demote the several magnetic lengtlv?, Eicm> 
^\cm^ ampere turns per cm. r(‘C|uijvd to obtain the 

napiisitc flux demsith's, corr(‘sponding to a giv(‘n flux, in the several 
parts of th(‘ circaiit, tluai th(‘ magnetizing current is givim b^^ 


' N^/: 




u\ 




The exciting ciirnent may be determined wh(‘n tht‘ losses in the 
iron core and magnetizing winding are kne)wn. Thus, if F demotes 
the total losse's and E the irnpreNsseal tlie* pe)\\cr eoniponemt 

of the ('X(*iting eairrcnt is given by F jE, anel, thei'etore, the 

exeating current is giveai by 

In - V(Ir^ I 

Example. A closed magnetic circuit is built up of 0*35 mm. laminations 
and consists of (wo core's which arc magnetically connected by yoki's. Tin* 
magnetic crosy-section of each eor<* is 100 square cm., and that of each yoke 
IS 108 square cm. The magnetic length of eacli core is 20 cm., and that of 
ooeh yoke is 11 cm. Karh core is wound with a magnc'tizing coil having 75 
turns and a I'l'sistanci' of O-I.S (). 'I'lii' two coils ore connc'cti'd in stM'ics and 
c\citc<l from a .jO cycle circuit to give' a iiiaxiriium thix of 1-2 10** magnetic 

iiiK'sin th(' cores and yokes. (*alculatc th<‘ cxi'iting eiiri’mit. 


Data of till* magnetic properties of the laminations are - 


Maximum flux density ) (lines j)(*r square cm.) 


Magnetizing ampere tui’iis j>cr cm. of Icnglli 

(/■'» ,) _ j _• _• 

(’ore loss at 50 frequency (watts j)cr lb.). 


9 

'riio flux density (maximum value) in each core is (1-2 1 ()' 710 <) ) 12,000 

lines poi square ein., and that in eaeh joke is (1-2 lO'/lOS ) 11,100 
lines ])er square cm. 

Henee th(‘ magnetizing am[iere turns (maxim urn value) required are 
equal to 

2 X 11 '< 3 0 f 2 X 20 X C 320, 
and the R.M.S. value of the magnetizing eurn iit is 
320/(1,50 X V“) 103.5A. 

The weight of lamim^tions in the two cores is 

2 X 20 X 100 X ()-28/2-543 — 6S-3 lb., 

and tliat in the two yokes is 

2 X 11 X 108 X 0-28/2-543 -- 40-5 lb. 


11,100 I2,0t»() 

:m) 0 

0-70 O-SS 
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WIhmicc' tlie total iron loss is 

()-8S (>S-:{ j 4()-r> Ol)-S waits. 

Tlie K.M.F. indufod in I la* inaifiiot i/inj^ coils is 

4-44 V \ '2 10^ .")() 2 To 400 \'. 

TIonco a first ajiproxiniation to tlic exciting cnrri'iit is ^i\i*n 

I (DO-S/lOO)^ I ^ 1 o-ooT^) I o.T^a', 

and tlio anisic liy which this ciirn*ul leads tla* lhi\ is equal to tan ^ 0-2*27 / 1 -o^lo 
or S°. 

Since llic pressure droji in the inaLOiet iy iiio <*oils tlur* to tlu* i'\eitinj^ eurreiit 
is 1-002 2 0 is 0-oli \\, and Ij.is a phas<* ditl(“r«*nc(“ ot Sl‘ witli r(*s])ect 

to tile indiic*ed K.M.F. in these coils, the iinjiressed is pi’aclicallN t*qiial 

to tlie indiict*il 10 M.l’\ and tlu* ^ir«^l approximation to the exi-itin^ curri'iit 
is siifticiently ac<*niate lor practic«il piirjioses. 

II, in trhirli the distortion of tin wan -form of t hr tnaf/nftizing 
current is considered . Tf tlio loa^rudic circuit is a siinjiU' otic 
( i.c. the magnetic cro-js-s 'ctioii and inatioial is t}i(‘ saini' throiigliout 
th(‘ circuit ) tiu' mai^iictizing current coiTcspondinf^ to a ^iven nuixi- 
muni sinusoidal flux may l)(‘ didiuanirK'd wifliout diflicuhy when 
lli(‘ h^Tsttuvsis loop for the i^ivtoi ma^nctit* conditions is available. 
1'h(' procedure is similar to that ^^iven on ]>. 333 for the dtdi'rmination 
of the A\ave-form of magnetizing curnmt. 

Having d(‘t(‘rmim‘d th(‘ \vav(‘-form of the cuj'r(*nt necessary to 
carry tlu* magmdization tiirough a cyele, tlu* H.M.S. vtdiu* ot this 
cuiTcnl is <lt‘(luc(Ml, togctluu- A\ith tiu‘ K..M.S. \alu(‘s of th(‘ mag- 
ludizing and ]io\ver comj^ommts. To th(‘ power comjxauuit is 
add(‘d tlu‘ compoiu'ni of th(‘ su])])ly currtuit which suppli(‘S the 
(‘(Id^^-cuiTi'nt loss. 1'hc (‘xciting (*uiT(‘nt is lhe‘n obtaint'd from the 
I’csultant power comjtommt and tin* magtK'tizing compoiKMit. 

This melhotl of ])roccdurt* b(‘com(\s too in \( lived wluui comjili^x 
magnetic cii'cuits have to be calculait'd, jis tin tspiividcnl hystert'sis 
loo]) for th(* coTn])lcli* magnt'tu* circuit Avould have' to lx* deduced 
bcfor(‘ the A\av(‘-form of the currtmt could be* d'dcrmiiK'd. Moi-('ovei\ 
even for simple magnetic circtiits, th(‘ above* tncthod is too tixlious 
for jiractical i)iirj)os(‘s. A shorter ]iU‘thod, liowevc'r, is available 
w'hicrf, although not po}?si‘ssiTig the same* accuracy as the ])n‘C(‘ding 
nudhod, nevei’theli'ss ])osscss(*s sufliciemt accui’acy for ])vactical 
))ur])oses and, moreeivcT, takes into account w^aA^e-form distortion 
due to magnetic saturation. 

For this inedhod, magnetization curves eorres])onding to alter- 
nating magnetizatie)!! are reMjuired, and AAhen such curves are 
available the medhod of ]^rocedure in calculating the magnetizing 
current is siniilar to that for a magnetic cii'cuij. excited Avith direct 
current . 

The magnet izatiein curves are obtained experimentally on a 
samifle of the material by measuring the* e'xciting eurreuit and the 
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])owcr sappli(‘(l to the magnetizing winding at various impressed 
voltage's and c onstant frequeney. The flux and flux dc'nsity in the 
specimen are ealeulated from the induced tlie number of 

turns in the magnetizing winding, and the magnetic cross-section 
of the si)ecimen. Tlic' power su])pli('d, when corrected, for the 
r^Ji loss in the' magnc'tizing winding, reprc'sc'iits the hysteresis and 
c'ddy-currc'nt lossc's in the spc'cimc'ii. Jf tlic' exciting current is 
split up into power and wattless components, the latter re); resc'iits 
the equivak'iit magnetizing eurrc'nt and takes into account the 
eflc'cts of hysteresis and eddy currents. 

The magnetizing ampere turns per em. of magnetic Ic'ngth 
(^10 • cm) calculated from the wattU'Ss (/„,) of the 

c'xc'iting current, the number of turns (N) in the magnc'tizing 
wdnding and the mean length of magnc'tie ])atli (/). Thus 

F -= NI II 

If the* exciting current is dcmotc'd by hystc'resis and eddy- 

euiTcnt losses by and the im])r(‘ssc‘d by E, then thc' ])ower 

component of the* exciting c'urrent w'hicdi sup])lic‘s the hysteresis 
and eddy-current lossc's is given by EJE^ and the wattlc'ss 

com[)onent is givc'n by 

~ V) - Vlh^ - 

Whc'iic'e the magnc'tizing ampc're turns |)c'r ^em. of magnc'tie 
length arc* 

where denotes the exciting ampt'rc* turns pc'i* cm. of magnetic 
path, and F^, . the ampere* turns per em. of magnetic Ic'iigth for 
supplying the hystc'resis and c'ddy-eurrents ; thc'se ampere turns 
having a phase differenee of 90° with respect to the magnetizing 
ampere turns. 

If curves are ])lotted, showing the relationship bi'tween the 
maximum flux density, and and Fj^ . wx* have available 

a simple mc'ans for obtaining the* two c'om])onc*nts of the* exciting 
ampere turns. 
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COMMIOR(’1AL MJCASlllUNC INSTRrME>TS 

(ammeters, voltmeters, avattmeters, matt-hour 
meters) 

Types of instruments. Iji commcTcial altcmatin^-eum'iit measuro- 
incnts th(‘ principal electrical (piaiitities conecM'necl are : eurri'iit, 
potc'iitial difference, jiowc^r, (‘iier^y, ])o\v(*r-faetor, and frequency. 
Accordingly, eoinmereial alt(‘rnating-enrrent measuring instruments 
eompriwse ammet(‘rs, volt met (M‘s, Avaltmettns, (‘uergy (or watt-hour) 
metei's (also called “ sup])ly ” and hons(‘-s(‘rv ie(‘ ” nudc'rs), 
])(nv(‘r-faetor indicators, and frecjiK'iiey indicators. Otlua* ty[)(‘H of 
instriiinents may be re(piir(‘d for special ])ur])oses ; for exam])le, 
in (‘l(*etrie povv'cr stations an instruuK'ut (called a synehroseopc') 
is requir('d for indicating tlu^ instant of phase eoineid(‘nee of tlie 
E.M.Fs. of altiTnatiiig-eurrent generators A\}iieJi are to be connected 
in parallel. Again, in eabvl(‘ t(‘sting at high voltages it is desirable 
to b(' abl<‘ to ineasur(‘ the ])eak, or inaxiinum. \alue of tlu^ applkal 
voltage. 

Por laboiatory t(‘sting, instrniu(‘nts ar(‘ r(‘((uirc‘d for chdeeting 
and JiK'asiiring emrents of small magnitiid(‘s, for mt'asuring the 
])has(' diff(>renees betM"(‘en currents and K Al.Es., etc., while for 
investigating transient and periodic phenonuma, and for determining 
wave-forms, an instruiiH'jit (called an oscillograph) is requiF’C'd, 
which will indicate and give a rec'ord of iTistantaiU'ous valiu's eff 
current and E.lNl.E. 

Classification and principles of operation. (\)mm( reial mc^asuring 
instruments arc* classified according to both the quantity mc^asured 
by tke instrument and* the* prine‘iple of operatie)n. Tlirec general 
])rineiple*s of operation are available* : (1) (’lectroinagm*tic, w^hieh 

utilizes the magnetic effects of ('leetrie currents ; (2) e‘le*etro-thermic, 
which utilizes the heating effect ; (3) electrostatic, whicli utilizes 
the fore'cs between (‘l(‘ctrically charg(*d conductors. 

Electromagnetic instruments may be* subdivided according to 
the nature of the movable system and the method b^^ wliicli the 
deflecting, or operating, torque is produced. The sub-elass(*s are ; 
(a) moving-iron instruments, (6) eleetro-dynaniic, or dynamometer, 
instruments, (c) induction instruments. 

In moving-iron instruments the movable systc*m consists of one 
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or more |)ioces of specially-shaped soft iron, which are so pivoted as 
to be acted upon by the magnetic field produced by the current, or 
currents, in one or more fixed coils. 

In electro-dynamic instruments the operating torcl^ue is due to the 
interaction of the magnetic fields produced by currents in /i system 
of fixed and movable coils. The movable system of these instru- 
ments consists of one or more coils, which are so pivoted as to 
move in the magiK'tic field produced by the fixed coils. The oiurrents 
in both fixed and movable coils are obtained from a common 
source. 

In md action instruments the movable system consists of a pivoted 
non-magnetic conducting disc or drum, a portion of which moves 
in the magnetic field produced by an electromagnet, or a system 
of electromagnets, excited with altonating current. I'lie magnetic 
field induces currents in the movable disc, or drum, and the niagn(‘tic 
reaction of the induced currents and the alternating magnetic field 
produces the operating torque. 

Electro-thermic instruments may be subdivided into two distinct 
types : {a) the ‘‘ expansion type (commonly called “ hot-wire,'’ 
or “ hot-strip ” instruments) in which the operation depends upon 
the linear expansion of a wire, or strip, heated by a current ; 
(b) the “ thermo-couple ” type (commonly called “ thermo ” 
instruments), in which one or more thermo-cou23les are hccated, 
either directly or indirectly, by the current to be /aeasured, and the 
thermo-E.M.F. ib caused to operate a direct-current instrument 
of the permanent -magnet moving-coil type. 

Application of operating principles : relative advantages and 
disadvantages. The electromagnetic principle of operation may be 
employed for all kinds of comuu^rcial and laboratory instruments ; 
it is, moreover, the only operating princij^le which can be employed 
for energy meters, power-factor indicators, frequency indicators, 
and synchroscopes. 

The electro-dynamic form of construction k applicable to all classes 
of measuring instruments, as well as to synchroscopes, galvano- 
meters, and oscillographs. Wcdl-designed electro-dynamic measur- 
ing instruments possess the advantage that the instrument readings 
are practically independent of the wave-form and frequency* of 
the current passing through the instrument. The instruments can 
therefore be used on either alternating- or direct-current circuits 
without re-calibration. 

The moving-iron form of construction is applicable to ammeters, 

♦ This statement applies only to frequencies within the range adopted in 
electric lighting and power supply systems. 
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voltmeters, power-factor meters, frequency meters, synchroscopes, 
and galvanometers. With measuring instruments, however, the 
etfocts of hysteresis and eddy-currents in the iron elements will 
cause the instrument readings to be affected by the wave-form and 
frequency of the operating current, but by suitable design the (‘irors 
due to these causes may be made almost negligible for commercial 
frequencies and wave-forms. Moving-iron instruments are, in 
general^ inferior to electro-dynamic instruimuils with r(\sp('ct to 
accuracy and ])ower consumption, but their first cost is hnver 
than that of eitlu'r electro-dynamic or induction instruments of 
similar range and size. 

It is important to note that, unless th(' ('Ic'ctromagiK'tic portion 
of the mechanism of elcctro-dynamic and moving-iron instrunu'nts 
is magnetically shiedded, tlie indications ar(‘ liabl(‘ to be seriously 
affected by (external magnetic fadds, du(', for (*xampl(', to heavy 
currents in neighbouring (‘onductors. 

The induction form of construction is applicable to ammeb'rs, 
voltmeters, wattmeters, (UK'rgy nu'tcu’s, and fi*e(piency nudiu’s. 
Induction measuring instruments are mor(‘ susc(‘ptil)le to errors 
due to frcqiKuicy and A\ave-form tlian other forms of measuring 
instruments, and, in consequence, their application is limited to 
circuits of constant fn'quency. These instrununts an' us(‘d j:)i'in- 
cipally on switchboards, and are almost immune from the c'ffects 
of externa] magu?tic fields. 

Induction watt-hour meters have entindy supcrsedt‘d the electro- 
dynamic form for the measurement of c'uergy on commercial 
electric lighting and powder circuits. 

The electro-thermic principle is applicable to current-nu'asuring 
instruments ; it has been appli(*d to oscillograpJis of the hot-wire 
type and to galvanom(d('rs of th(‘ thermo-el(*i*trk* tA [)e. Ek'ctro- 
thermie amnietc'rs and voltmeters ])ossess the ad\antagi‘ that th(* 
instrument readings are imhqxmdent of tlu' wave-foi’m and fn'qucmcy 
of the*current passing tlliougli the instrument ; th(‘y can, therefore, 
be used on either alt('rnating- or direct-current circuits. Tlie 
instruments, how('ver, possess the disadvantages of sluggishness, 
relatively high powaT consumption (particularly in the “ expansion 
type of instrument), and liability to damage wdth small overloads. 

The electrostatic principle is usually confined to instruments for 
measuring potential difference, although the principle has recently 
been applied to oscillographs. Electrostatic ^voltmeters possess 
two important advantages over other types of alternating-current 
voltmeters, viz. (1) the power-consumption is negligible; (2) 
the instruments can be constructed for direct connection to 
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high-voltage circuits. Electrostatic voltmeters also possess the 
advantage that the instrument readings are independent of 
frequency and wave-form. 

AMMETERS AND VOLTMETERS 

General requirements. The indications of alternating-current 
ammeters and voltmeters must re])resent the R.M.S. values of the 
current, or j)otential difference, respectively, applied to the^instru- 
ments. The scale divisions, therefore, must be proportional to the 
mean squared values of the corresponding currents or jjotential 
differences. Hence, in the cas(‘ of an ammeter or a voltmeter, tlu* 
mean defli'cting torque corresponding to a given deflection of the 
pointer must be ];)roportional to the mean s([uared value of the 
current or potential diffenmce a])plied to the instrument. 

Moreover, if the readings are to be correct when tht* instruments 
are used on both direct- and alternating-current ciT'cuits, the torque 
must be uninfliKuiced by both the frequency and^^lu* wave-form of 
the applied current or pottmtial difference. 

Hot-wire ammeters and voltmeters. In these instruments the 
deflection of the pointer is x>roduce‘d by the linear i‘X])ansi()n of a 
wire, or strip, heated by the current (or a definite fraction tlu'reof) 
to be nu'asured. Under ideal conditions tht‘ expansion is pro- 
portional to the square of the current, and if the angular deflections 
of the pointer an* proportional to the expansion, 4he scale divisions 
will follow a parabolic, or square, law. Moreover, in such a case the 
instrumt'iit will read correctly with direct and alternating currents. 
But in practice a numb ‘r of variable factors (‘liter into the ri'lation- 
ship bc'tween expansion and current, and the sc*ale divisions have to 
be determined by calibration. If, however, an instrument is 
calibrated with direct curnmt it will read correctly with alternat- 
ing current ]irovided that during a p ‘riod, or half-period, the 
temperature of the wire remains sensibly constant. 

A commercial instruTiK'iit must be c(;jmpact, and therefore a 
relatively short hot wire must be employed, the use of which 
requires a magnifying device to obtain a suitable deflection of the 
pointer corr(‘sponding to the small change in the actual length of 
the wire. A magnifying device, which has a large application in 
modern instruments, utilizes the principl(‘ that a small change in 
length of a wire stretched between fixed supports is accompanied 
by a relatively large change in sag. 

Theory of sag magnifying device. If a fine wire is stretched between two 
fixed points. A, B (Fig. 199a), and is maintained taut by a transverse wire 
under tension applied to tho mid-point (7, then the sag, (5^,, is given by 
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where denotes tlio length of wire between the supports and I th? distance 
between the supports. If the length of the wire inerenses by a small 
amount A» the new sag <^ 1 , is given by 

'5, 

- JV(V + 

- V(JA/.„ + V) 

since the term may be neglected. 

AVh(‘nco the inerense in sag eoiTe.spon<ling to tlje expansion A is 

-I (176) 

Obs'i’ve that for given conditioii.s the increaso in sag will 1 h' the greater the 
sinaller the initial sag, and that in the extreme ease, where the initial sag is 
zero, the increase in sag is ])roportional to the square root of tlie ex})ansion. 



For example, if the original length and sag are 15 cm. and 0*1 em. respec- 
tively, the increase in .sag when tin' length of the wire increases by 0-025 cm. is 

<5i-<5o tViL X X i-' + o-i2)]-o-i 

O-34-t cm. 

lienee the incnuise in sag is (0-344 /0-025 ) 13-76 times tla* increase' in 

length. 

If, howev<'r, the initial .sag were 0-2 em. and the oilu'r i-onditions are 
unaltered, the increase in sag would be | 0-025 15 i 0-2^*)- 0-2 ] 

0-277 em., and the magnifieation factor (i.e. change m sag/cliange m length) 
would he only (0-277/0-025 ) 11-1. 

The ])rinciple may be extended as shown in h’lg. 1995, in whu-h a lateral 
imll is now applied to the mid-point of tJie transverse wire, the ends of which 
are attached to the mid-point, C', of the hot wire and to a fixed support, V. 
Then ^ (5^', are the sags of the tran.sverse wire eorrcs])on»ling to tho 
sags re.speetively of tlie hot wore, is the initial distance l)etw’’een the 

jjoints C and D, and Lj^ the length of the transverse wire lietwi'cn these jioints, 
w'o have 

'V - A/Uii.)'- 

Whence <V-V - L\/{(lf>.)‘*-(4«i)*+ 

- IV (V* + - <5o) - K-i. - <5o)“) J - '5/ 

Substituting for (5^ - from equation (176), and reducing, wo obtain 

V= + <5<,) (VH A/-.„+*VJ-'l) 

-JAif}]-5„ .... (176a) 

For example, if the initial length and sag of the hot wire are 15 cm. and 
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0-1 cm. fg, above, fJio initial sag of the transverse wire is 0-3 cm., and the 
distance between tlio points 6\ Fig. 1096, is 10 cm., tlie change in sag of 
iliis wire due to un increase in length of 0*025 cm. in the length of the hot 
wire is 

'V + i X 0-344(10 - 0-344) ]-0-i 

- 1*03 cm. 

0 

[Note. 0*344 is the change in .sag of the hot wire due to its expansion.] 

Hence the change in tlie sag of the transverse wire is (I 03/0*025 -=) 41*2 
tinu's the increase m the length of the hot wire. 

The above metl)ods of magnitieation involve a n'latively high initfal stress 
in the hot wire wls'ii a large magnification is recpiired (i.c. when the initial 
sag is very small ). 

The tension, 7\ in the hot wire can be ea.sily calculated. Thus, if a is the 
inclination of the wire to the line joining its points of support, F, the force 
a])plied to the ])oint of attachnnait of auxiliary wire (Fig. 109«), then, taking 
moments about oik* of the points of .support and neglecting tlu* weight of the 
hot wire, wo have 

I FI - T cos a 

Whence 7’ -= 1 J'7(5 q cos a), 

or, if the .sag is small, 

T - 

For examjjle, for th<‘ above conditions (i.e. I ~ 15 cm., - 0*1 cm. ) 

T - 15/01) - 75F, 

and if F lb. ( - 0 grammes approx.) T ^ IJlb., which, with a wire 
0 01 in. in diameter, ro.sults in a stre.ss of [1*5/(0*785 X 0*0H) _ ] 19,1001b. 
per sq. in. 

Construction of hot-wire instrument (expansion type). The 

tiiochanism* of a typical hot-wiro amnu'U'r or voltmeter of the 
expansion tyjje, in which the double sag princi 2 )le is utilized as a 
multiplying clevicc, i.s shown diagrammatically in Fig. 200u. The 
hot-Avire, A, is u.sually of platinuni-iridium (formerly platinum- 
silver was employed) and is stretched bi' tween supports whieh are 
fix('d to a metallic base-plate, i?, having approximattdy the same 
coefficient of expansion as the hot-wire, in ord(‘r that changes of 
air tcunperature shall not affect the indications of the instrument. 

The magnifying device consists of (l),a fine phosphor-bronze 
wire, O, stretched betwe^en the hot-wire. Ay and an insulati'd 
pillar fixed to the base-plate ; (2) a silk fibre, D, which is attached 
to C near its mid-point, lapped round a small grooved pulley, Ey 
fixed to th(^ spindle carrying the poinb^r, and is maintained in 
tension by a spring, F. The silk fibre is clampi'd to the pulley to 
prevent slipping. Hence any change in length of the hot-wire 

* The term mechanism applied to instrurnenta refers to the arrangement 
for producing and controlling the motion of the pointer. It includes all the 
essential parts necessary to jiroduce this result, but does not include the 
base, cover, scale, or any other accessories, such as series resistances or shunts, 
the function of wliich is to make the readings agree with the scale markings. 
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relatively to the base-i:)late causes an angular movemctit of the 
spindle and a deflection of the pointcT. 

The spindle also carries a light alum ini mu damping disc, G, 
which moves in the narrow air gap of a hors('-shoe magiK't, H, fixed 
to the base of th(‘ instrument. 

The functions of this device are somewhat difT('r(‘iit from those 
of the damping device emplo 3 a'd with other ty])cs of instruments, 
as in idle presiuit case the moving system, utidcT norimd conditions, 



approaches its final position slowly. But in the (‘vent of a sudden 
change of current in th(' hot wire or vibration of the system due to 
mechanical shock, the inertia of the moving parts, if unchecked, 
would set u]) additional stresses in the hot wire which might cause 
fracture of the latter. » The damping device tends to check sudden 
movements of the moving system and prevents excessive stresses 
in the hot wire due to the above causes. 

Ammeter ranges up to 5 A. are obtained either by varying the 
diameter of the hot-wire or by dividing the wire into a number of 
sections coimected in parallel. For example, for a range of 0*5 A. 
the ware has a diameter of 0*005 in., and the whole current traverses 
the wire ; but for a range of 5 A. the wire has a diameter of 0*01 in. 
and it is divided electrically into four sections, which are connected 
in parallel as shown at (b) in Fig. 200, so that the current in each 
section is one-fourth of the current being measured. 
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For cu»ronts exceeding 5 A. the wire lias a diameter of about 
0*01 in. and is connected in parallel with a non-induetivc shunt 
e(mtained in the case of the instrument. At radio fn^queneies, 
however, the shunt would introduce errors, and for tllese fr(*quencics 
a special form of hot-strip instrunumt is emj)loyed. In this instru- 
ment the curri'ni to bc‘ measur(‘d j)asses through a number of narrow 
and thin strips of a material having a high specific r(‘sistane(\ 
The strips are arrangf'd symmetrically with r(‘sp(‘ct to one ai^othor 
and the terminals (sec Fig. 200c), and arc adjusU^d to have equal 
effective inductances and resistances. The distribution of current 
in the strips will, thendorc*. b(‘ independent of frc'quency, and the 
linear ex])ansion of oik' strij) will be a measun* of th(' curnait in the 
circuit. This expansion is indicated by a point(T and scab' in a 
manner similar to that adopb'd in the hot -wire instrument. In 
order that the (‘ffectivc resistance' of the strips shall be the same 
at high and low fn'qu(‘nci(‘s, the material must bc' thin and must 
have* a high specific resistance. 

Voltmeter ranges iq) to about 400 \^ are' obtained by the use' of 
a fine virei (having a diame'tc'r e)f abeait 0*0015 in.) anel a non- 
indue*tive serie'S re'sistance, the curre'iit re'cpiired for full-scale 
deflection being abeait 0*25 A. Hemce' the power expe'Tuie'el in the 
instrumemt at full-se*ale de'fle'ction is directly pro])ortie)nal to the 
range'. 

The principal advantages of hot-wire instrume'uth are : (1) they 
Ctan be' iise'el ejn direct- anel alte'rnating-curre'ut cire*iiits without 
rc-calibratie)n ; (2) the readings are unaffee-teel by fre'epie'iicy, 

wave-form, or e'xternal magiu'tic fields, ddie'ir disadvantage's have' 
alre'ady beeai noted (p. 355). 

Form ol scale. An npproxiniatiun to tlio foriri of .scale »)f a liol-wiro 
instniinont can l)o obtained by assuiniiig tliat llie mean temperature of the 
liot wire during a brief interval of time is pro^iortional to tlu' nu'an squared 
value of the current during tliat period. Tlie elianges in the length of the 
wire and tlie .sag can then bo calculated, but tJie.se will not bo strie*tly jiro- 
portional to tho change in temjicraturo owing tortho tension in the iHre. 
The manner in which tho tension utTect.s tht* <*hange in tho length of tho 
wire with change of tcmyieraturo cun bo calculated easily when tlie wire i.s 
stressed within its ela.stic limit. Thus, if is the length of wire between 
the supports corresponding to the initial tcmjicrature, 0, and a tension T ; 

A. the length of wire corresponding to a temjierature 0^, and a tension ; 
and Lq is the unstrctchcd length of tlio wire at it.s initial temyieraturo ; tlien 
tho extension duo to the ten.sion T is Hence, if tho stress is within 

the elastic limit, wo have 

extension /unstretched length -= stress /modulus of elasticity 



where a is tho cross-section of the wire and | tho modulus of elasticity. 
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Whonco Lq = LqI{\ + Tja^) 

Similarly if Lq" is the iinatretched longtli of the wire at tlie tempcratiiro 0j, 
we fiavo 

*/ - (h„ + A)/(l -I- TJai) 

But Lfj" - L^'{1 H- a(0i - 0)). where a is the coeflicieiit of linear exi)onsion 
for the wire. 

llrnoo A)/(l i-TJai)-=LJl | «(0,-0)1/(H r/a^) 

Whonco' A - j[i f- - i[ 

[LJ{T + aSmknl^iT, | af) t T,-T\ 

where k is a eonstaut involving the proportionality between (current)® and 
teiup('raf ure rise. 

If this expression for A is substituted in equation (170) or (170«), we 
obtain an equation connecting ~ (or and the current in terms 

of the tensions Ty aiitl known quantities, sii<*h as /j, a, h. 

Now the increase in sag or is directlj'' ])roportional to 

the deflection, 0, of the [lointer. Hence, for tlii' single-sag form of magni- 
fication (Fig. lJh)a), we have 

0 - k' {kam\ I at) I- T, - T] + ] - <5„| . (177) 

and for the double sag form of multiplication (Fig. 1006), we liave 

0 - k" 

[Vj<5o'- - kalHT, + a$) -1- 'I\ - T] - W, + <5„) 

I 'V])[ - V ] ■ (177a) 

To d(‘tcrmine the form of .scale from these equations it is beat to assume 
values for 0 and to solve for A’/®, as the ten.sion 1\ is then known from data 
of the sags and the tensions in the hot wire at zc'ro and full-scale deflections, 
these tensions being determined from the known tensions in the silk fibro 
due to the tension -spring. 

Example of hot-wire instrument. A hot-wire voltmeter of the type shown 
in h^ig. 200o, having a maximum scale reading of 200 V., lias a platinum 
indium hot wire 0-002 in. (0-0508 mm.) in diameter, for which Young’s 
modulus of elasticity is 1’36 X 10* kg. per era.® and the coefficient of linear 
expansion, per l^C., is 9 X 10"*. 

The^dLstanee between tho supports A, B, Fig. 1996, is 16-25 cm., the initial 
length of the liot wire is 16-3 cm. and tho initial sag is 0-5 cm. The point of 
attachment, C (Fig. 1996), of the phosphor-bronze transverse wire is distant 
10-05 cm. from the end A of the hot wire. The transverse wire has a length 
of 9-8 cm. and an initial sag of 0-4 cm. The increase in sag of tlie transverse 
wire corresponding to the full-scale deflection is 0*4 cm., and tho corresponding 
increase in the sag of tho hot wire is 0-1 cm. 

Tho silk fibre is attached to the transverse wire at a point 5*7 cm. from the 
point Cy and the initial tension in the fibre is 0*7 gramme, the corresponding 
tension in the hot wire being 32 gm. The calculated tension in the hot wire 
at full-scale deflection is 13*16 gm. ^ 

The operating current for the full-scale deflection of 87*5® is 0-24 A, and 
tho corresponding temperature of the hot wire is about 150° C. The operating 
currents corresponding to intermediate deflections are given, together with 
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the scale «roadings, in the accompanying tabic, from which data the form of 
scale can bo obtained. 


Scale reading (volts) . 0 50 75 100 12B 150 175 200 

Donoctioii (degrees) . 0 5 13 24 37 52 (59 87*5 

Operating current (amp.) 0 0*00 O-OO 0-12 0*15 0-18 (^‘21 0-24 


The resistance of the hot wire is 17-8 O. (hot ), and the value of the non- 
inductive resistance connected in series with it is ^15-2 O., 
giving a total resistance of 833 (). 

Hence tlie power expended in the instrument at full- 
scale is (2002/833 — ) 48 W. 

Thermo-couple ammeters and galvanometers. In these 

instruments the heating etTe<*t of the cimrent is utilized 
iiulireetly to deflect the ])ointer. Tlio meehanisTU of the 
ammeter eonsi.sfs essentially of : (1) a moving coil of fino 
copper wire which carries a ))ointer and is pivoted in the 
magnetic field of a permanent magnet, the ends of the coil 
being connected to a thermo-cou]>le ; (2) a healer, of the 
resistance typo, which is lo<*ated close to the thermo-couplo 
and through which passes tho current to be measured, or 
a definite fraction thereof. In the case of the galvano- 
meter (wliich is of the reflecting typ(‘) the coil consists of 
a single turn and is susjiendcHl by a quartz fibre. Tho 
princi]jlo of the construction is shown in Fig. 201. 

Tn the pivoted instrument the pivots arc arranged inside 
tho moving coil to allow tho thcrmo-coufile and hcati'r to 
be mounted at the end of tho coil remote from the pointer. 
The control consists of a flat sjural sfirjng and tho dairqi- 
ing is electromagnetic, as in the orclinary typo of direct 
current moving-coil instrument. 

The heater consists either of a short filament of wire or 
a grid (having an area of about 0*2 sq. cm.) of platinized 
mica, according to the range of tho instrument. 

Ammeter ranges from 10 mA. to lOOmA. are obtainecl 
by heaters of diflerent resistances, but higher ranges arc 
, obtained by shunting tlio heater with non-inductive shunts. 

In Ihe galvanometer the sensitivity, with a given heater, 
Fia. 201. be varied by altering tho distance between the thermo- 

Principle of coufile and the heater. 

Thermo - couple power taken at full-scale deflection by an unshunted 

Galvanomi‘ter instrument is very small (abput 0-015 watt), aifll the 
instrument will withstand safely an overload of about three 
times the normal current. 

Due to the small dimensions of the heaters, tho unshunted instrument and 
tho galvanometer possess extremely small self-inductance and cajiacity. 
They are, therefore, particularly suitable for high-frequency measurements. 
Moreover, the deflections are practically proportional to tho mean squared 
value of the current passing tlirough the heater, and are independent of 
wave -form and frequency. 

The instruments are standardized and calibrated on a direct -current 
circuit with the aid of standard direct-current instruments. 

Form of scale. In an ideal instrument the whole of the heat produced by 
the current passing tlirough the heater is radiated to the thermo-junction, 
and the temperature of the latter is proportional to the square of this current. 
Now the E.M.F. of a thermo-junction is proportional to its temperature, 
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and thorefore the current in the moving coil of tlie indicator \»ill be pro- 
portional to the square of tho current in the heater. Hence, since for a 
permanent magnet moving-coil instrument the deflection is proportional to 
the current in tho moving coil, the deflection in the case of tho thermo- 
ammeter will bo* proportional to tho square of iho current in the heater. 
Conversely, tho current (/) in the heater is jiroportional to tho square-root 
of tlie deflection (0) of tho indicator, i.e. / — where k is a constant. • 

Thus tho scale must bt' divided according to a square law. For oxainj)le, if 
the full-scale deflection is 70° and corresponds to a current of 120 niA., the 
intennediato scale divisions and tho corresponding dotlcctions are as follow — 

Current (mA.) 120 100 80 GO 40 20 0 

70 X current 2/ 1202) 70 48 G 31 1 17-5 7-78 1-945 0 

In tho practical forms of instrument as manufaeturt-d by the Cambridgo 
Instrument (^o. the design is such that tlu' above ideal conditions are 
a])proached very closely, and th(‘ scales of these instnmumts follow a .square 
law. 

Thermo-electric ammeters and galvanometers with independent thermo- 
junctions. Instead of tlio si>ccial construction, desenbed above, m which 
the thermo-coupli' and heater form an integral ])art of tlu* instrument, these 
parts may be constructi'd as a .separate unit and may then used in con- 
Junetion with an ordinary dii’ect-currcait movmg-coil galvanometer, milli- 
voltnieter, or micro-nnirneti'r. fn this case a greater t h(*rmo-(*lectric E.M.F 
has usually to b<‘ provided by the th('rmo-junction, and either a number of 
llierrno-coupIe.s are connected in series and lieated by a common Jieater, 
or a single thermo-cou])le is eiiqiloyed and tho tinnpiTature of tho heater is 
raised to about 200° C., bot^Ji lieater and therino-eoufile bt-ing (mclost^d in a 
highly -exhausted glass bulb. With these iiulep'^-ndeni thermo-j unctions 
currents exceeding 1 A. may lu* measured wdthout tlie u.se of .shunts. 

Moving-iron Ammeters and voltmeters. A variety of forms of 
tlu'.se iii.strum(*nts are in conHiK'rcial u.se, all of which may be 
divided into two groii]is, viz, (1 ) tho.se in \\hi(*li tlie dt'flt^ting torque 
is due to the magnetic attraction of tho moving-iron element either 
by the fixed coil carrying th(‘ current to be measured, or by a 
fixed iron element located thennn ; (2) those in which the deflecting 
torque is due to the magnetic repvhion betwei'ii the moving-iron 
ebniK'nt and a fixt'd iron (*lement, both of which are locak'd inside 
a fixed coil and are similarly magnetized. 

The controlling torqjue may be due either to a flat spiral spring 
or to the action of gravity on a weighted lever attached to the 
moving systmn. 

Air damping is employed universally, two forms of which arc in 
common use : (1) an air dashpot, consisting of a fixed curved 

cylinder in which moves a loosely-fitting piston carried by tho 
moving system ; (2) an air chamber, consisting of a practically 
closed chamber, fixed concentrically with respect to the spindle of 
the instrument, and a vane (attached to the spindle) which moves 
in the chamber with very small clearances. 

Construction. Figs. 202, 203 show the principles of construction 
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of two forms of instruments. In both cases the fixed or mag- 
netizing coil, A, carries the current to be measure‘d. It is wound 
with relativ(‘ly few turns of thick wire for an ammeti^r and a large 
number of turns of thin wire for a voltmeter, the number of amperc- 
^ turns being approximately constant in a given instrument for 
all ranges. 



Attraction and Repulsion Forms of Moving Iron Ammeters and 
Voltmeters 


In the instrument operating on the attraction principle (Fig. 202) 
the coil is of flat shape and is fixed with its magnetic axis parallel 
to the base of the instrument. 

The moving-iron element consists of a few discs, of soft iron, 
which are fixed to a swindle, D, pivoted in jewelled bearings. The 
spindle also carries a pointt»r, P, a balance weight, a controlling 
weight, W 2 , and a damping piston, E, which moves in a curved 
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fixed cylinder, F. The special shape of the moving-iroM discs is 
for the purpose of obtaining a scale of suitable form. 

In the repulsion form of instrument (Fig. 203) the coil, Ay is cylin- 
drical and is fijfed with its magnetic axis perpendicular to the base 
of the instrument. The moving-iron element, B, is a small bar or 
rod of soft iron fixed parallel to, and at a small distance from, the 
spindle, \vhk*h also carries tlu‘ pointi‘r, P, and damping vane, E, 
and is pivoted in jewelled bearings. The fixed iron element, C', is 
supported by a non-magnctic framework which carries the damping 
chamber and bearings and forms a clamp for the coil. 

Consid(‘rable variations in the shape and arrangement of the 
moving and fixc'd iron ebmumts are ])ossiblc and are to be found 
in commercial instniiiKmts. For example, the fixed iron element 
may Ix' a tongue-sha]^ed piec(‘ of thin soft slu'et iron bent into 
cylindrical form and mounted concentric wuth tlu* spindle. The 
moving iron J)iay consist of a small ]>i{'ce of similar sh('ct iron bent 
to form a cylindric segment and flx(‘d to th(‘ sjhndle so as to move 
concentrically wdth rcsp(‘ct to the fixed iron tongue. The fixed 
and moving irons are so arranged that when the ])ointer is on zero 
the moving iron is ])arallel to the broad(*st ])art of the surrounding 
Iron tongue, and that as.^he movement is d(‘flected it moves tow^ards 
th(* narrow’cst part of the tongue. The form of scale depends upon 
the shape of the fixed iron tongue, and by varying the latter a 
variety of scale^ forms arc ])ossible. 

The iiistnimcmts may be effectively shielded from the influence 
of external magnetic fields by (uielosing the working parts, ex(*ept 
tile pointer, in a lainiiiat(*d iron cylinder with laminati'd iron end 
covei’s. More geru'rally, how(*ver, the complete instrument is 
enclosed in a cast-iron case wdiich usually gives sufllcient shielding 
for jiractical ])ijr])oses. 

An interesting form of moAung-iron ammeter (recently developed 
by Crompton & Co. for switch i>anels of the cubicle type) is shown 
in Fig. 204, a unique, feature being that the operating forces are 
produced by the current in a conductor external to the instrument. 
The instrument, therefore, has no internal electrical parts or con- 
nections, and no terminals. It is designed for mounting on the 
shect-stccl panel of the cubicle, wdth the dial in a horizontal posi- 
tion and projecting from the front of the panel. The body of the 
instrument projects into the interior of the cubicle, and one of the 
connecting cables in the cubicle is passed through the space C, 
Fig. 264. 

The essential parts of the instrument comprise : (1 ) a laminated- 
iron magnetic circuit Ay B, which is provided with an air gap, D, 
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shaped to accommodate the moving-iron elements, E^, ^2 i (2) a 
pivoted moving system consisting of two specially shaped elements, 
Eij E 2 i of soft iron, a pointer P, control spring, and damping 
vane. ^ 

The magnetization of the magnetic circuit is produced J^y cur- 
rent in a single conductor located in the space Cy and the rear 
portion, P, of the magnetic circuit is removable in order that this 
conductor may be conveniently placed in position. The magnetic 
circuit is so proportioned tliat a minimum range of 50 amp. can 



Fir, 204 -CromptonS Form of 11 on Xminetei, in wliu li 

Opoiating Toiquo is Produced by Current m an Extoinal Conductor 
(Horizontul Edgewise Pat lei n) 

be obtain(‘d with a single conductor in the space C. ifigh(‘r ranges 
are obtained by changing the control spring. 

The action of the instrument is very siyiple. Thus wherii the 
magnetic circuit, P, is excited, the iron ehunents, tend 

to move to positions bridging the air gaps, P, and so diminishing 
the reluctance of the magnetic circuit. The form of scale depends 
upon the shape of these elements relative to the air gaps D. 

Ranges of ammeters and voltmeters. For a given moving-iron 
instrument the ampere-tunis necessary to produce full-scale deflec- 
tion are constant. Hence the ranges of ammeters arc altered by 
changing the number* of turns and size of conductor in the mag- 
netizing coil. Obviously the maximum range is reached when the 
coil is wound with one turn. This range is of the order of 300 A., 
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but it varies with different instruments. In the construction of 
the coils for ranges of 100 A. and above, the conductors must be 
laminated in order to avoid errors due to eddy currents. 

With voltmet^s the range may be altered by changing the number 
of turns, but with a given instrument tlie range may be increased 
by connecting a resistance in series with it. Hence the same coil- 
winding specification may be cmyjloyed for a number of ranges. 

Con.^^tions determining value of series resistance. Considerations 
of si)ace and temperature rise necessitate the coil being wound 
with copper wire, and the size of the conductor must b(' so chosen 
that the pressure drop across the coil at full-scale deflection is only 
a small fraction of the potential difference at the terminals of the 
instrument. A non-inductive resistance, the value of which is 
several tinies that of the coil, is connected in seri(*s. This resistance 
is wound of a material, such as constantan or mang.anin, having a 
negligible tempe^rature coefficient of resistivity, in ordt^r that the 
instrumojit readings shall be practically unaffected by normal 
variations of tempcTature. [On account of this feature the non- 
inductive s('ri(\s resistance^ is often called a “ swam])ing ” resistance. ] 
Mon‘over, under th(^s(‘ conditions the impedance of the instrument 
will change very little wj,^h normal variations in frequency, wave- 
form, and position of the moving system. 

The change of impedance, at constant frequency, with change of 
position of the njoving system is due to the change* of inductance of 
the magnetizing coil in consequence of the change in yiosition of the 
moving-iron element with respect to the coil. The inductance 
increase's as the* dc*flection incT(*ases, and the change of inductance 
corresponding to a full-scale deflection may be of the order of 
5 per cent (or more, or less, according to design) of tin* inductance 
when the moving system is in its zero position. As is shown later 
(p. 372), the rati' of change of inductance with position of the 
moving system is related to the torque. 

Tbi' change of impedance with change of frequency may be 
approximately compensated by connecting a condenser of suitable 
capacity in parallel with the non-inductive “ swamping ” resistance, 
as shown on p. 373. 

Data of moving-iron instruments. (1) A oommoroial moving-iron volnneter 
of the type shown in P'ig. 202 has a range of 120 volts. The operating coil is 
wound with 3000 turns of JNo. 35 S.W.G. copper wire (diameter — 0-0084 in.), 
tlie resistance being 140 ohms at 20° C., and the series resistance — of Eureka 
(constantan) wire — has a resistance of 1060 ohms, giving a total resistance 
for the instrument of 1200 olims at 20° C. 

The inductance of the operating coil is 0-141 H. with the moving system 
in its zero position, and 0-1533 H. when the moving system is deflected to 
the full scale position. The inductances corresponding to intermediate 
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positions ^of the moving system are given in the following table, together 
with data from which tlie form of scale can be determined. 


Scale reading (volts) 

0 

40 

60 

80 

100 

120 

1 )cflccl ion (degrees ) 

0 

11-7 

29 

47-1 

61 

75 

Inductance (henries) 

0-141 

0-142 

0-1455 

0-1 495 

0-1517 

0-1533 


The following calculated data refer to the operation of the instrument 
when used on a oO-cycle, 100-volt, circuit of sinusoidal wave-form. 

Power loss in instrument 100^/1200 - 8-33 W. 

Reactance of instrument - 314 X 0-1517 ^ 47*6 0. 

Ratio : reactance /resistance - 47-6/1200 — 0*0397 

Impedance of uistrument at 20° C. - y/( 1200“ -f- 47-6“) - 1200-9 0 

Power factor - 1200/1200-9 0-99885 

Operating eui-rent at 20° 0. ~ 100/1200-9 — 0-083237 A. 

Ratio • operating current at 100 V., .50 frecpiency ^ 9988“ 
operating current at 100 V., Z(‘ro fr(‘quency 
Power expended in operating coil at 20° C. 140 X 0-083^ 0-97 W. 

Resistance of instrument at 50° 1060 + 1 40 [1 h (.50 - 20) x 0-0039 ] 

-1216-5 0. 

Thus the frequency and teinjicrature error's are negligiblefor practical purpos *s 

(2) A conuru'rcial nvoving-iron ammeter, for a rang(' of 10 amp. and of the 
ty])e shown in Fig. 202, has the operating coil wound with 29 turns of No. 14 
S.W.O. co|)p('r wire (diameter — 0-08 in. ), tlu* resistance of which at a 
temperature of 20° C' is 0-015 O. 

The inductances of the in.strument with the moving system in a number 
of positions are given in the following table, together with the corresponding 
scale markings and angular deflections- 


Scale reading (amp. ) 

0 

2 

4 

6 

8 

10 

Deflection (degrees) 

0 

6 

16 

36 

56 

73 

Inductance (//H. ) . 

16-4 


16-6 

17-1 

18-1 

19-7 


The follow’ing calculated data refer to tho operation of the irjstriiment, at 
full-.scale reading (10 A.), on an altemat ing-current circuit of 50 frequency 
and sinusoidal wave-form — 

Power loss 1-5 W. 

Reactance 0-006 O. 

Imjicdance - 0-0161 O. 

Theory of moving-iron ammeters and voltmeters. With all forms o{ these 
instruments tho instantaneous force acting upon^the moving system is pro- 
portional to the product of two magnetic field strengths (viz. the field strengths 
of tho fixed and moving elements), both of which are due to the same current. 
Hence, if the iron elements are free from magnetic saturation tho instantaneous 
deflecting force will 1x3 proportional to the square of the in.stantaneous value 
of the current in the magnetizing coil, and, therefore, the mean deflecting 
force will bo proportional to tho mean squared value of the current taken 
1 fT' 

over a period, i.e. F ~ — j ki^dty where F denotes tho mean force acting 

upon the moving system, T, the period, and fc, a constant, connecting magnetic 
force and current in mj^netizing coU. 

Again, if tlie iron elements were entirely free from hysteresis and eddy 
currents, tho mean deflecting force, corresponding to a given current in the 
magnetizing coil, would have the same value whether the current were steady 


ow^cr lat-tor 
Pressure drop — 0-15 V. 
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or alternating (provided that the mean square value of the currant was the 
same in the two eases). 

When, however, the effects of hysteresis and eddy eurrents are considered, 
the m(*nn deflecting force, corresponding to a given H.M.S. value of current. 
Will vary witli bofli the frequency and wave form of tlie current. 

Consider first the effvets of hystiresisy ami, for simplicity, an instrument in 
which the moving-iron cloment is attracted by a fixed coil cariying a current. 
Tlion, if B denotes the flux density in the iron element due to a current i in 
tlie coil, tho instantaneous forco will be proj>ortional to ?/?, and the mean force 


1 fT 

taken over a period of tho current will bo given by F — / kiB dt. 

^ ^ J o 

Now if tho iron pos.sesses hysteresis, (ho wave-form of the flux density 
Will have a 1inu‘ jiliase displaeeiru'nt with respect to the current wave-form 
(seo Fig. 188, ]). .‘Ilia), and therefore the 
force will bfM'ome negative (i.e. th' 
moving iron will lie re]>elled) iluring a 
jjorl ion of each lialf-period. Heiiet*, tin* 
mean deflecting force taken over a period 
will b(* smaller tlian that for the corre- 
sponding ease wlieii the iron is free from 
hysten'sis. 

Again, witli ciUTcnts of different wav^e- 
furms, bill of the .same li.M.S. value, the 
coiTesponding hysleri'sis loops for the 
moving iron cloment will vary in si/e, 
and tho wave- forms of tin* tlux tlensity 
will be dissimilar. Tt(‘ne<% tho value of 
the mean didlectiug force ttihen over a 
period will vary with the current wave- 
foriii, and will have a lower value for 
peaked wave-forms than for flat-topped 
wave-forms ^ 

'riie rfficts of eddy currents in tho 
moving-iron ^lenient cause a further 
])hase displaeimumt bidween the* flux 
density aiul tho magneti/.iiig current, 
and also a dimiiiulion of flux den.sity. 

Kenc'c, for given conditions, the mean 
force acting iqion the eliMnent will be .smaller than that for the ease 
when edily currents are absent. Moreover, since the eddy currents vary 
diriH-tly as tin* frecpicsiey, the* mean force corresponding to a magnetizing 
current of given K.M.iS. value and wave-form will dc'crea ^e as the frecpiency 
iiuToasi's. 

Similar effects will be ]iroduced by c'ddy currimts in the magnetizing coil 
and c-'dier .solid mt‘tal adjacent thereto. 

Ihit, with careful ilesign, the use of high-rc\sistaiico material for tho coil 
supjiorts and adjacent parts, and tho use of alloyed iron having a low 
hysteresis and eddy-curront lo.ss, tho changes in the mean deflecting forco 
with change in frecpiency ami wave-form may, cs])ecially with ammeters, 
be made very small, so that ov4*r the eomriiercial range of frec{uoncy in electric 
pow(‘r plants tho errors duo to those causes are almost negligible. 

Form of scalo. Tho form of scale of a moving-iron instrument depends 
upon tho law of variation of tho deflecting forco with variation of current 
and jiosition of the moving system, as well as, to some extent, upon the 
system of control. ^ 

Tho law of variation of deflecting force with })o.sition of moving system 
can be investigated theoretically in cases whore the iron elements are of 
simple shape and aiie free from magnetic saturation, hysteresis, or eddy 
currents, but even in these cases the investigations are only approximately 



Fi(4. 2().‘). -Pertaining 1 o Theory 
of IVIov ing-iroii lustriimcnt 
(.\t tract mil Form) 


24— (5245) 
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correct oii account of the assumptions which must be made to obtain a 
simple treatment. 

Thus in the attraction form of instrument shown in Fip. 202, tlio essential 
elomcMits of wliieh arc rnprestmled in Fip. 205, the moving element may be 
regarderl as a soft -iron magnetic needle, pivoted eccentrie/tlly in the magnetio 
field due to the current in the magnetizing coil, if this field is assumed to 
1)0 uniform and of strength II corresponding to a current 7, then ho mag- 
netization of the needle, when deflected (X° from its zero position, will be 




Forms of Scale for Moving-iron Instrument (Attraction Form) 
a, (.Iravity Control ; 6, S|iring Control 


proportional to H sin {0 | a), where a is tho eomplemont of the angle 
between tlie axis of the magnetic field and the axis of tho needle in the zero 
position of the moving system. Henco the deflecting torquo will bo pro- 
portional to 7/* sin {0 -|- a) cos {0 + a), or to sin 2(0 + a), and may be 
expressed by sin 2(0 H- a). If tho control is duo to gravity, the 

controlling torque is given by ^ Arg sin 0. Therefore, for equilibrium. w*-j 
must have or 

sin 2(0 a) — sin 0 
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Whence • 

I ^ k^/\mnO|&\n2{Q F a)J . . (178) 

where A:, Atj, A;,, are constants. 

If the control is^liie to a Hat spiral spriin;, - A-jO, and, for equilihriinn, 
wo must now have 


A*ji“ hill '1{0 + a) A'nO. 


Whence 

I hn)] . . (178«) 

Curves connect inj' I and 0 for selected values of r/, and for the particular 
cases wflen A* and k' arc both equal to unity, are ^iven in Fig. 20(1, arnl a 
comparison of the scales is given in Fig. 207. 

With the rvpulftion insinitntut^ Fig. 20S, W(* will assume that the two 
similarly magnetized elements are identical and that their distance ajiart is 
always small in comparison with their length, so that the magnetic force 
between them may bo considered as being due to adjacent poles only. Then 
if //j, 7/^, are the ])ol(* strengths corrt'spoiiding to a iMirrent, 7, in the mag- 
netizing coil the force between the elements is F 
distance apart of adjacent ])oles. If r is tlu' 
distance of each of these* poles from the axis, a 
the angular displacement for the zero fiosition of 
the moving systc m (see Fig. 208), and 0 the angu- 
lar dellection corresfionding to tlie curnMit 7, 
then d 2r sin A(0 + a), and 

F /7^77,/[2rsiu 1 a) 

- d <i)f 

since both IF are proportional to the current. 

Hence, the deflecting torque is given by 

- I’’** cos J(l9 + a) 

-- A’^'72 cos J (0 I a)/sin2 J(0 j 208.- P«‘rtaining to 

Theory of IMoving-iron 

The controlling torcpie is givc’ii by the same Instrument 

ex])ressions as in the preceding case. (Repulsion Form) 

Therefore, for equilibrium, we have, with 
gravity control. 


/Ii?7,/f/2, where d is the 



Whence 


With sjiring control, we have 


sin2^(0 la) 

7 A; sin (1(0 -f a) /- — — — x 
*•' 'Vcos ](0 f a) 

. we have 


Whence 


^,^,roM(0 + a) 

I ^'sini(0 + a) V— — 


(179) 


(179a) 


Curves connecting 7 and 0 for selected values of a and for tlie particular 
cases when k and k' are both unity are given in Fig. 209, and a comparison 
of the scales is given in Fig. 210, which should bo compared with Fig. 207. 
It should be observed, however, that the actual scales of repulsion instruments 
are not so open in the lower portion as those shown in J^ig. 210- -owing chiefly 
to friction and the demagnetizing effect of the poles upon each other. More- 
over, explained on p. 365, the scale shape may be varied by specially 
shaping the elements or by fixing the spindle eccentric with the magnetic 
axis of the fixed coil. ' 
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Rolatioif betweoD torquo and dL/d{a -f- d). The chanf^e of inductance of 
the inagnoti/iiig coil due to tlio deflection of the moving system will bo 
investigat(‘d for the siinplifled form of instrument (Fig. 205) operating on 
the at ti action ])rjnciple. 

The inductanco of the magnetizing coil is ])roportional*'lo the flux linked 
with the coil per ainjiere of magnetizing current, i e. the inductance is pro- 
port ional to the permeance of the magnetic circuit . The magnetic ckcuit con- 
sists partly of air and jiartly of iron, the magnetic length and cross-section of tho 




Forms of ScaU' for Moving-iron Instrument (Rejnilsion Form) 
a, (gravity Control ; 6, Spring Control 


latter being vaiiahle ; but the reluctance of the iron ])ortion is always small 
in comparison with that of the air portion of the*' circuit. Hence, tho circuit 
may be considered as the equivalent of two magnetic paths in parallel, tho 
reluctance of on^ }Hilh being constant and that of the other (iron) path 
being variable, ’'riie TM*rmcance of the circuit is then given by y? — -f 
denoti' tho jiermeances of tho air and iron paths respectively. 

If tne paths of the magnetic lines through the moving-iron element aro 
assumed to be straight, as rcjiresnitcd in Fig. 205, the iiermeance of this 
portion of tho magnetic circuit corre.spondiiig to a deflection 0 from tho 
zero position of tho moving system is given by 


^ cos(a -h 0) 
" * 6 /cos (a 0) 


-cos2(a + 0) 
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whore Z, h are the dimensions marked in Fig. 205, d is the thicIcTiess of tlio 
moving iron and is the permeability. 

Hence, for a deflection 0, the mduetuiiee of Ihe magnetizing roil is given 
bv . 


L — -h k^^g^ + AtjA-,! I 4- eos 2(0 + a)] 

Whence 

dLld{6 + a) - 2k sin 2(0 h a) 

- - k- sin 2(0 \ a) 

Now ■'tlie e^pres.sion for tlu‘ lorcpie (p 270) is A'l/- sin 2(0 -i a), 

wliifli, wlien substitulion is made lor sin 2(0 1 a) from the preceding 
('qualion (tlio minus sign being ignored), reduces to 




dL _ 

r/(0 1 a) 


(180) 


wh('ro (he eonslnnt includes the constants and A’r,. 

Tli(M-efore the loripie is ]n-o])ortional 
to llu' product of llio current/ and tho 
rafo of changfj of inductance of the 
magnetizing cv)il witli respect to tho 
doflectioix corrcsjmndmg to this c‘ur* 
riMit . 

Compensation for frequency error in 
voltmeters. "I’he etlcct of changes in 
Iroquency upon t he readings of movmg- 
iron voltmeters as ordinarilj^ arranged 
witli a non-inductive resistance m 
seri(\s with the fixed coil — results 
in an error which inert'as'^s as tlu' frcqicMicN increase's, the error being diio 
to till' change of itn^iedance of the instrument with change of frequency. 

'riio error may bo com])ensat<*d by connecting a eoiuk'nst'r m ])ara11el with 
th(' st'ries resistance of the instrument, as shown in J^’ig. 211, the enjiacity 
being of such value that tho nunan-ical vahu' of the impedance of tho circuit 
i.s constant for all frequencies. Thus, if L, R tlenote the inducianee (which 
should correspond to the normal, or other, scale reading at which comjiensa- 
tioii is desired) and resistance, respectively, of tlu* fixed coil ; L\, the non- 
inductive series resistance, and the capacity to bo connected in parallel 
with the latter, the mqiedance of the circuit is given symbolically by 


L R 


R, 


c 


Fic. 211.- (‘oniK'ct ions for Method 
of Fonqx'usating Ki(*(pi(‘ncy Krror 
in Movmg-iron Voltmeter 


Z 72 -b jo)L -h — 


I 


\\R^ -f 


R V 


Ri 


1 -h cn^C 




1 4- o)'^( 




Tf tho instrument is to read accurately at all frequencies, wi' must have- 


Z 


e. 7? 4- ^1 


= 72 -[- 72j 


R + 


Ri 




4- jto 


(^-1 




The conditions to bo fulfilled are, therefore, 
' 1 4 - 

= 0 , 
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or L - C7V/(I -h 

- 

when condition (i) is imposed. 

Obviously, condition (i) cannot be satisfied rigorously, but it can be satisfied 
approximately if Iho term is very small in comjiarison with unity, 

ie. if (oL is very small in comparison with Under those conditions tlie 

capacity required to compensato iho frcqu'^iicy error is 

C (181) 

In commercial moving-iron instruments, however, the reactance {(oL) at 
50 frequency is of the order of from 5 to 10 per cent of the series resistance 
and therefore the relationship given by equation (181) does not hold. 
But if an instrument is required to give accurati' indications on an alternating- 
current circuit of a particular frequency as well as on a direct-current circuit, 
tlie condition to bo satisfied is that the numerical valiK' of the ini])edance of 
the instrument at this frequency shall be equal to the resistance, i.o. 


R f- 7^1 




_vi 

I I J 


Difficulties arise in the solution of this eejuation for (\ as the fourth power 
of this quantity is involved. 

If, however, the resistance (Z?) of the oxieratirig coil is small in comparison 
with that of the seri(*s resistance (/?i), a close approximation to complete 
conniensation is obtained when 





V 

4 - 


I- 


the solution of which gives 


_ YI 


J^\-2 - { o>LIR,n - 1 ) 


(I81rt) 


Example. A moving-iron voltmeter witli a inaximiim scale reading of 
100 volts has a resistance of 2000 ohm.s and an inductance of 0’45 henry. 
The working coil is wound with 200 ohms of copper and the remainder of the 
circuit is a non-inductive resistance in series with it. With wliat capacity 
must this non-inductive resistance be shunted in oril(*r that the instrument 
shall reail correctly on continuous-current circuits and on alternating-current 
circuits of frequency 50 ? {L.U. 1924.) » ' 

To fulfil the specified conditions the impedance of the instriunent at 50 
frequency must equal 2000 ohm.s. Since 

0)LIRy -- 314 X 0-45/1800 0 078() 


the capacity of the condenser mu.st be calculatcMl from equation (I81a). 
Substituting appropriate values for m, 7v, 77^, we obtain 


106 V 0-4.'5(V [2- (314 X 0-45/1800)2]-!) 

18002- (314 X 0-45)2 


- 0-0576 //F. 


As an extension of the problem wo will calculate the error, at maximum 
scale reading, when the compensated instrument is used on an alternating- 
current circuit of 50 frequency, assuming that the instrument reads correctly 
on a direct -current circuit. 
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Tho true impedance of the compensated instrument is 

• ^ 1 I 1 ^ <u26’VfiV 

Substituting ai)proprinto values for to, C\ wo have 

1 + - 1 + (314 X 0 0576 x 10 « x 1800)=* - 1-00106; 

/f*i/(l 1800/1 00106 1798 1; 

f 0 0576 x 10 « x ISOOVI OOIOG 0 1864; 

^ m[L-CR^^I{\ f 82-8. 

Whence Z - 1998 1 h j82 8 

and Z 2000 olims. 

Heneo the instnitnent is (-orrectly eoniiiens.ih'd for 50 frotjueney with a 
condenser of tlie above value conneeled in paialh-l with the s('i ii-s lesistanee. 

As a further extension of tho problem it will bo of iii((*iest to work out 
the error of tho uneornpensated inslniment on a eireint of 50 frequency, 
assuming thc» instrument to read correctly on a direct curient circuit. 

"I’ho inqiedaueo of tho instrument is now 
Z “ 7? -}- -^1 ~f 
~ 2000 f jl41 5 
Whence Z 2005 ohms. 

If the scale divisions at the part of tlu* scab' with which w(' are concerned 
are projioi tional to th(» current in the instrument, tlu'u tlie reading at 50 
frequency w’lll be 100 \ 20O0/2005 - 09 75. llenc(‘ tho eiror is J of 1 per 
cent (low). 

Electro-dynaimc ammeters and voltmeters. All tlictro-dynamic 
instrumt'nts depend for their action upon tht* dynaiuie forc(‘ between 
adjacent (onduetors, or coils, carrying t‘lectrie curnoits. Tht^ 
application of this ]n-inci])le to nu'asuring instrunit-nts is due to 
Kelvin and Siemens, and thtdr instrunumts -tlu' current-balance 
and the electro-d^mamomtder — are of the non-d(‘fle(‘tional, or zero 
type. 

Construction. Tn tleflectional electro -dynamic amnuders and 
voltmeters the moving coil is wound with line wire and is mounted 
on a spindk* wliich carries the j)oiiiler, control springs, and damping 
vane or piston. This i*oil is usually pivotcxl within a pair of coaxial 
fixed coils (Fig. 2l2a), which, in an ammeter, are wound with thick 
wire, and are connected in parallel with the moving coil. In a 
voltmeter the fix(*d coils are wound with thin wire and are connected 
in series with the moving coil and a non-inductive resistance. 

With an alk^native form of construction a single fixed coil is 
cmfiloycd, which is arranged inside the moving coil (Fig. 2l2b). 

In general, no iron is employed in the magnetic circuits of the 
coils, but instruments have bt'on constructed in which a laminated- 
iron magnetic circjiit for the operating coils forms an essential part 
of the instrument. 



376 


ALTERNATING CURRENTS 


The cdfitrolling force is supplied by a pair of flat spiral springs, 
which also act as the leading-in connections for the moving coil. 

The damping is generally pneumatic, as in moving-iron 
instruments, but eddy-current damping is cmiuoyed by some 
manufacturers. * 

Shielding. Electro-dynamic instruments in wliieli iron doe^ not 
form an essential part of the operating nu'clianism may be efTeetiv(‘ly 
shielded from the effects of external magnetic fields by enelosing 



212. — Forms of Flcclio-dynainic histinmcnts 
(f/) Intoinal Movnif' Coil ; (?>) F\toriitil Moviiif.; (’oil 


[.1, fi\o(l coils ; /?, moving <oi] ; /), daiiir>ing clumber iinl \.inos , P, junntcr , 

.S’, control springs] 

Noti . — Illustralions of the mechanism of actual instrumc'nts aic gi\cii in Figs 2.12 

the mechanism (except the tij) of the pointer) in a laminati^d iron 
hollow cylindtT with closed ends. When using such instruments 
on direct-current circuits, the currtmt through the instrument 
should be rev(»rsed and the mean of the two readings taken. In 
this manner th(' effect of the magnetic condition of th(‘ shield on 
the instrument readings is eliminated. 

Theory of electro-dsmamic ammeters and voltmeters. With mstrumonts in 
which the moving roil is circular and is pivoted centrally in a short fixed 
solenoid or coil, as in Fig. 212rt, the torque acting upon the moving coil 
can bo easily calculated if the flux density is assumed to be constant through- 
out the space occupied by the moving coil. Denoting this flux density by 
Bj the current in the moving coil by /j, the force acting upon an element, of 
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length nlaj subtending an angle da with respect to the centre the coil. 
Fig 21.3, is given by dF — k^BI^ rda sin a, where is a constant involving 
the syste’Ti of units, and a denotes the angular position of the element with 
respect to the pivotal axis of the coil. Hence, the torque due to the element 
is given by 

d dF r sin a sin(^ + 0) kiBT^ da sin^ a sin(/i + 0), , 

wliere 0 is the angular dofloetion of the eoil from its zero ])osition, and ft is 
th(» angle betwt'eii tlio plane eoTitainiiig tlie zero position of the moving coil 

and the plane which contains tlie _ 

jiivotal# axis and is per]jendieiiler to 
the flux. Therefore the torque for tho 
whole coil of }} , turns is 




0) r 

o 


a . da , tt/ - sin {() \ 0) 


*/ o 


iida Tr/4. 


Now is (Mpial to the flux (<I>) 

linked witli the moving eoil wlu‘ii its 
magnet jc axis eoineides with that of 
till' lixc'd eoil (i.e. when (/7 | 0) 0 

and (/i I 0) - 7z) and if denotes 
the mutual inductance under these 
conditions, fl) " Ik‘*/a 2 - 

Therefore tlu* toi’ipu' is given by 


A, I 0) 


(182) 



wlu're k, l\ JO 

This (‘quation may be expri'ssed in 
anotli(‘r torm. 33ius, on the assiirnjition 
of uniform flux density throughout tho 
s])aee occupied by the* moving coil, the 
mutual inductance of the coils eorre- 
spondmg to a deflection 0 is 

•’VJ I 0 ) 

since, when ft -f 0 0, 

of change of mutual induet anee with re.speet to th(' didlecrion is 


Fiu. 21.3.— Pertaining to Theory 
of Fl(*etro-dvnami<' Instrument 


- ip + 0), 

the mutual induct anee - Wliencc tlio raio 


dM, 


{ft \ 0) 




d eos {ft T 0) 


- 


» d{ft + 0) . d{ft + 0) 

Therefore (‘quation (1S2) may be written in the form 


0 ) 




dI\L 


_ [PjJ) 

d(/l+ 0) 


(182a) 


which shows that tho torque is proportional to tho product of the rate of 
cliangt' of mutual inductaneo with dofleetion and the currents in the fixed 
and moving coils. 

If tho coils carry alternating currents, and eddy-current effects aro negligible 
(i.e. tho flux is proportional to and in phase with' the current in the fixed 
coil), tho instantaneous torque corresponding to the instantaneous values, 
»!» of the currents in tho fixed and moving coils will be given by 

^dUnst) = (.P + 0). 
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Wlionco thfi mean value of the torque during a period is 

y J* ^2-^M 4" ^ 2 

Therefore, for tlie assumed conditions and the case when - ij f, the 
mean torque acting upon the moving coil is proportional to the mean squared 
value of the current passing through tlie instriunent, and is independent of 
frequency and wave -form. 

Form of scalo. If the control is duo to flat spiral springs, the controlling 
torque is proportional to the angle of deflection, 0, and for equilibrium we 
have 

or /j/g sin (/? + 0) = k.JD. 

Whence /,/, - | I- 0) 

or, if the moving coil is connected in series witJi the fixed coil, i.e./j /> - /, 

we have 

^ -" V^(/ +-0) 

_ i,, ! 0 

+ ( 183 “) 

Curves connecting / and 0 for S'4eeted values of /?, and for the case when 



Fia. 21+ Fru. lM.5 

Form of Scale for Fleet ro-dynarnic i\mmoter 


k' — 1-0, arc given in Fig. 21+. The scales corresponding to these values 
of ft are given in Fig. 215. 

Conditions for instrument readings to be unaffected by frequency and wave- 
form. The principal conditions are : ( 1 ) the currents in the fixofl and moving 
coils muS“t either bo equal or have a constant common ratio ; (2) eddy currents 
in the coil supports and conductors must be reduced to a minimum ; (.‘1) the 
reactance of the instrument, when ii.sed as a voltmeter, must be very small 
relatively to its resistance, and the latter must bo const ant at all temperatures. 

With voltmeters these qpnditions are satisfied by (i) connecting the fixc'd and 
moving coils in series ; (ii) designing these coils for a ))ressure drop which is 
only a small fraction of the range of the instrument ; and (iii) connecting in 
series with them a non-inductive resistance having a zero temperature- 
resistivity coefficient. 
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With atntnrlcrt for ranges above about 250 inA. the moving coiT catiiioi be 
connected in series with the fixed coil (on account of the control springs being 
unsuitable for emrents above about 250 mA.). Thcroforo the moving coil 
must bo coniiectcc^oither in parallel with the fixed coils (Fig. 216a), or across 
a shunt which is connected in series with the fixed coils (Fig. 2165). In both 
cases the ratio of the currents in the fixed and moving coils must be unaffected 
by variations of cither frequency or temperature. 

In the instrument with a shunted moving coil (Fig. 2165), the sliunt is 
designed for a ndatively large Y)ressure drop (about 0-.> V. in a 5 A. instru- 
ment) aiid only a fraction of this pressure is utilized for operating the moving 
coil, a fion-iiiductive resistance being connected in senes with the latter. 
Both shunt and non-inductive scries re.sistance are constructed of materials 
having zero temperature-resistivity coclTicients. For extreme accuracy the 



Ff(I. 21(5 -Allcrnalive Methods of Connecting Fi\('d and Moving 
(\)ils in Fleet rodynami(‘ Ammcti'r 

shunt should be adjusted to have th(‘ same ratio of resist anci* to indiictanco 
as tho inovmg-coil circuit. ' 

With tho instrumi'nt in which the moving coil is connected in paralli'l with 
the fixed coils (Fig. 216a) the conditions which must be fulfilled an* : (1) tlu* 
ratio (resistance /reactance) must liavo tho same* valuo for each branch; 
(2) tho percentage* change of resistance with iemjieraturo must bo the same 
for the two branches. 

To satisfy tho first condition wo must have 
coL^Jfi^^ or /yj / Jvj 

where L,^ are tho effective inductances of the fixed- and moving-coil 
circuits, respect iv(*ly, and 1?^, the resistances of those circuits. 

Now 

t M, h_ ^_M, 

where denote the true self-inductances of tho fixed- and moving-coil 

circuits, and M denotes their mutual inductanci*. 

Hence for tlu* ratio to bo constant when zjz M must be either 

zero or constant. Alternatively, if ilf is variable, Ij^ and /y,,j must be equal. 

Wfth all deflectional instruments, however, tho mutual inductance varies 
with tho relative positions of tho moving and fixed coils. When the axes of 
those coils aro perpendicular to each other the mutual inductance is zero ; 
for other positions, to tho right or left of this position, tho mutual inductance 
increases as tho angular displacement between tho coils increases, and may 
have either positive or negative values. Therefore, tho first condition above 
is satisfied rigorously only in the special case when tho sclf-inductanco of tho 
moving-coil circuit is equal to that of the fixed-coil circuit. 

In order that tho ratio of currents in tho fixed and moving coils shall bo 
unaffected by temperature variations, tho percentage change of resistance 
with temperature must be tho same for both circuits. This result is best 
obtained by connecting in series with tho coils (which aro wound with copjx*r 
conductors), resistances having zero resistivity-temperature coefficients, the 
value of each series resistance being several times that of the coil to which 
it is connected. 
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Thus, bath forms of electro-dynamic ammeters must have relatively large 
losses (5 to 7 W. at full scale) if the readings are to bo imaffeetcd by variations 
of frequency and temperature. 

Ranges of ammeters and voltmeters. A givcji si^e of instrument 
requires a definite number of ampere-turns to be supplied by the 
fixed and moving eoils to obtain a full-scale deflection. Hence, witli 
milli-ammeters, in which the fixed and moving coils ar(' connected 
in series, the ranges are altered by changing tlu' iiumbc'r of turns and 
size of conductor in the fixed and moving coils. 

With ammeters in which only a fraction of the rated currcait is 
carried by tlie moving coil, the range is altt‘r(‘d by changing the 

fixed eoils, and in insIrunKuits in 
which two fixc'd coils arc em- 
Linh. ploy(‘d (l^^ig. 212a), a double- 

rangi' instrument may be 
obtaiiK'd by eomu'cl ing tlu'sc 
coils either in series or in paral- 
lel, the inh'rnal connections 
(whicli are so arranged that 
th(' changes may be effected 
Fia. 217.- Connections of Double- by eitlicr jilugs oi* links) being 
range Kloctrodynannc Ain.n.-ler li<W -pj 217. The maxi- 

higher range, conneet .1-7/, (-/> bv , 

links; for lower range, eonneet B-C HUim range for which amrne- 

by links] ters are usually eonstrueti'd is 

200 A. 

With voltmeters the range is alter'd by elianging th(' nuinbi'r of 
turns in the coils and the value of the series resistance', ])ut the 
range of a given instrument may be increased by conneeting 
additional resistance in series wdth it. For ('xampk', tlie range of 
a given voltmi'ter may be doubled by connecting in serii's with it 
a non-inductive resistance equal in value to the original resistance 
of the instrument. The loss in tlu' instrunK'nt and sc'ries resistance 
is thereby doubled for a given scale reading. 

c 

Data of electro-dynamic instruments. A voltmeter of the typo illustrated 
in Fig. 2126, has a range of 120 volts and a rosistanc-ri of 1,550 ohms at 20° 
of which 77 ohms is due to tho resistances of the fixed and moving coils (which 
are wound with copper wire) and tho remaindts* -1473 ohms —is a non- 
inductive resistance of Furckn (conatantan). 

The inductances of the in.strumcnt (as mcasurctl by tlic Andcr.son llndge 
at 50 frequency) for a number of positions of the moving system are given in 
the following table, together with tho corresponding scale markmgs and 
angular deflections. 


Scale reading (volt.s) 

0 

40 

GO 

80 

100 

120 

Angular deflection (degrees) 

0 

7 

13-8 

24 

37- 1 

64 

Inductance (mH. ) 

70*1 

72 

74 8 

78-3 

82-8 

88-G 
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The inductance of the fixed coil is 74-5 mH., and that of tlie uioving coil 
is 2-2 niH. 

The mutual inductaneo of the fixed and moving coil circuits may bo 
calculated from tlic above data. Thus, if the mutual inductancf^ is denoted 
by M, the sf'lf-ind*cf anci'S of the fixed and moving coils by respectively, 

and the self-inductance of the instrument by />, we have 
L - Lf -h ] 2M 
Whcnco M- iyL-[L,-\ 7.,„)1 

The calculati'd values of M for different positions of the moving system are 
Scalf^readmg (volts) 0 40 GO 80 100 120 

Mutual inductance (mil ) -2-1 -O-O.i [- 0-S + *14)5 5*95 


These vahu's. when jilotted against angular dellection, give a straight 
line (i.e. dM jilO is constant), and theor(‘tically tlie instrument should have 
a “ square-law ” scale. 4'he actual scale, excejit for the smaller deflections, 
clos(4y follows the square law. 

The following calculated data refer to tho opra ation of tlu* instrument wlien 
used on a 100-volt diii'ct-eurrent circuit and a 50-cycle, 100-volt alternating- 
ciirnMil circuit. 


I’ower loss in instrimu'iit 100-/1550 G-15 \V. 

Keactume of instrument .314 . 0-0828 - 2<) O. 

Kalin : reactance /i ('sistanci* 20/ 1550 0-01 08 

Iinpedanco of instrLunent at 20° T. y'(15502 | 20-) 1550*22 0. 

Tower factor - 1550/1550-22 0-1)9980 

Operating curn'iit at 20°(’., .50 frequency 0*004491 A. 

Operating current at *20° C., zero frequency 0*0045 A. 

Tl it'o current at 100 V., 50 frequency ^ 999g0 

’ operating current at 100 V., zero frcqucaicy 
T’ower exiii'iicled in ojicrating coils at 20° C. 0-.31G\V. 

R(‘sistan((‘ of in-ilruiiKMit at .50° C. 1559 0. 


TIencc' when tlu' iust ruiiK'ut is us'd on tho alternating current circuit tho 
error is only - 0 01 1 ])f'r cent. 

A .5 A. ])rt'cisiou unumtir of the type illustmt(*d in Fig. 212 (o), with tho 
intf'rnal connection arninged as m Fig. 210(5), has a resistance between 
terminals of 0-188 0. at 20’ (\, of winch 0-07,3 0. is due to tlio fixed coils, 
aiul the i( mainder is the )oint rc*sistanee of the paralh‘1 cireuit formed by 
the moving coil and tlie manganin shunt. The moving coil itself has a 
resistance of 0-7 ()., and the manganin resistance connected in series with 
it has a resistance of 1-1 O. The resistance of the shunt is 0*1 18 0. 

TMe S'Of-indnetanee fif ^lie fixed (-oils is 0*10 mil., and that of tho moving 
coil is about 1 /iH. 33ie mutual inductance of the fixed and moving coils 
IS of the order of I //If. Data from winch the form of scale may be 
(h'termiiK'd are as foUow - 

Seale reading (amp.) 0 1 2 3 3*5 4 4*5 5 

Defh-etiou (d('gree.s) . 0 2*5 12*7 32*8 45*5 59*5 74 80 

Tlie following calculated data refer to the operation of the instrument at 
fnll-sealo reading (5 A. ) on an alternating-current circuit of 50 frequency 
and sinusoidal wave-form — 


Pow('r loss ...... 

Reactaneo (assuming Jj — 0*10 mH.) . * 
Impedance ( ,, m ) . 

Power factor ( „ „ ) . 

Pressure drop ..... 


4*7 W. 
0*05 O. 
0*1945 0. 
0*907 
0*94 V. 
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Induction ammeters and voltmeters. In those instruments the 
deflecting torque is due to eddy currents induced in a pivoted disc, 
or drum, by a shifting (e.g. rotating or travelling) magnetic field 
produeed by an alternating-eurrcmt electromagnet ; •^a “ travelling ” 
field being (‘mployed with “ disc ” instruments, and a rotating 
* field being usually employed with “ drum ” instruments. With 
both foj-ms of instrument, spring emitrol and eleetromagnetic 




Fio. 218. — Princi])lt* of Disc* Type Imluctioii Ammeter or Voltmeter 

(eddy-currcuit) damping are employed th(‘ magnetic field for 
damping purposes being sup})lit*d by ])ermam‘nt magnets. 

Construction of disc instrument.* The arrangement of tlu^ essential 
parts of a disc instrument is shown in Fig. 218. The aluminium 
disc. A, is fixed to the spindk^ which carrit*s th(' pointer, ancl is 
pivoted in jewelled bearings. The operating electromagnet, B 
(the core of which is laminated), is of the shielded, or split-phase, 
type, and its exciting winding, (7, is arranged for connection either 
in series with, or as a shunt to, the main circuit, according to whether 
the instrument is required to indicate current or pressure. The 
damping magnet, Z>, is usually fixed opposite the operating magnet 

♦ The drum form of ^nstriim(3nt has bpon developed principally on the 
Continent (by Siemens and Halsko) and in America (by the Westinghouse 
Electric Co.). For details of the Westinghouse instrument, see Transactions 
of American Institute of Electrical Engineers vol. 31, p. 1565. 
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in order to avoid demagnetization from the stray mag\^otic field 
of the latter. 

The travelling magntdic field is obtained by providing a short- 
circuited coil, dr band, E, of copper, around a portion of each 
pole face of the magnet, the band usually encircling about half of 
the pole face. Hence, when the magnet is excited, the currents 
induced in the short-circuited coils cause the flux in the shielded 
portion (i.e. the portion encircled by the short-eircuited coil) of 
the poTe face to lag about 50° with respect to that in the unshielded 
portion, aiid therefore a continuous transverse mo\ement of the 
flux occurs in the air gap. 

Th(‘ portion of tin* disc situated in the air gap is cut by the 
travelling flux and the reaction of the induced currents with the 
flux produces a torque, which, })ro\ided that the disc is not s]K'cially 
shapc'd, has a constant value (for a givcui (‘xciting current) for all 
positions of the disc ndative to the operating magnet. The disc, 
therc'fore, tends to rotate* in the same dij*ection as the flux is 
travelling (i.e. a given point on this portion of the* disc moves from 
the* iinshielde'd pe)rtion of the pole* face to the shielded portion). 
If unrestraine*d, the* me)tion of the disc would be one of continuous 
rotation, the spee'd of rotation being limited by frictie)n, windage, 
anei braldng action duo to the damping magnet, D. For an 
indie'ating instrument a e*ontrolling te)rque must be prewided by 
a flat spiral s])ring, and the rotation must be limited to less than 
one com]jlcte* revolution. In practice, it is possible to obtain a 
full-scale deflection of about 330° mth the att(*ndant advantage 
of a long and o])en scale. 

It can b(* shown that, for ideal conditions and constant frequency, 
the torque is proportional to the mean squared value* of the exciting 
current of the operating magnet, and, since sj)ring control is 
employed, the* angular deflections of the pointt*r are proportional 
to the mean squared values of the exciting current. 

Ii^ order to obtain a more uniformly-di\ ided scale, the disc may 
be so shaped that the ri'sistancc olTered to the induced currents 
increases as the deflection increases. (See Fig. 221.) 

Ranges of ammeters and voltmeters. Since tlie deflecting torque 
is duo to an electromagnet, a definite number of ampere-turns are 
required, with a given instrument, to obtain a full-scale deflection. 
Hence, with ammeters, the number of turns and size of conductor 
in the exciting coil must be chosen with reference to the range 
required. The maximum range for a direct-connected instrument 
is about 200 A., above which low range (5 ampere) instruments 
must be employed^in conjunction with current transformers. 



384 


ALTERNATING CURRENTS 


With ^ioltmetcrs, the exciting coil is wound for a lower voltage 
than that corresponding to the maximum scale reading, and a 
non-inductive resistance is connected in series with the winding 
for the purposti of reducing errors due to variations of frequency 
and temperature (see p. 388). 

Theory of disc tsrpe induction ammeters and voltmeters. Tlio theory of 
tlioHe iiistruinonla may b(* dovolopod fairly sirnjily by assuming the fluxes 
in tlio shielded and unsliielded portions of the polo faee to vary sinusoidally 
with respect to time ; by negleeting the effects of magnetic sataration, 



(a) (6) 

Pici. 2111. — CJireuit and Vector Diagrams for Shielded-pole Kleetro- 

magnet 


hysteresis, and core loss in the operating electromagnet ; and by n'^suining 
that the paths of the current in the disc are unn\strieted by its flimensions. 
Then, if tlic flux in the iuishi<*lded ])ortion of the pole face (Fig. 219a) at 1 he 
instant t is given by <l)i (I) sin rot, and that in the shic'hled ])ortion by 
* 1^2 ^ 1 ^ 2 m (cit-y), where y is their phase iliffereiice, the instantaneous 

value of tin* flux in the core of the magnet is given by 

<I> sin r/>< | sin - y ) 

(^l^im + y ) Oil - sin y cos cot 

fOS y sill (tot -a) ) 

<I>,„ sin (tot -a), 

where i- cos y) 

and tan a <J>s„ sin y +■ <I>s„ cos y ). 

The vector diagram for these conditions is shown in Fig. 2196, 
representing the flux in the unshielded portion of the pole face, that in 

the shielded portion, and the flux in tlie eore. 

The exciting current of the magnet can b' readily obtained from the 
magneto -motive force, or arnpere-tuni, cliagi’am, which is constructed in the 
following manner : Let OA, OB (Fig. 2196), represent the magnetizing 
ampere-tums necessary to pass the fluxes through the unshielded 



COMMEBCIAL MEASVIU^^O INSTRUMENTS 385 


and sliiclded portions, n'speo lively, of the pole jiieeos and aTr pap, the 
inagnctie reluctances of these ]>aths bt'hip S.., resjx'otively. Those ninjicre- 
turns are in phase witli tlio res|H‘Clive Ihixt's (sinct* inapnt*tic saturation and 
effects of liysteresis are not Ix'inp considered) and tlieir inaxiniiiin values are 
equal to *S\/(f47r, and S^jO-Aiz^ respt'ctivt'ly. 

Now the inagnetizinp ain]>ere-tums for the shielded portion an* the resultant 
of the ampere -turns, 0.1, acting across this portitiu of th«' magnet ic circuit ^ 
(i.e. between tlu^ jioints .4, 71, Fig. 219«) and the am})ere-t urns ])rodiK*cd by 
the sliic'ldhip coil. Hence, if there were no nmpnetic leakage th(' aiiijH^re- 
turns to 1x1 produced by the shu'lding ct>il would lie n-prr'St'nted by 0<\ Jlut 
tho actual auqiere-turns are re]e*csented b> OI), llu' ratio ODjOC Ix ing equal 
to tlie h akuge factor or dis]>crsion i‘oefhci<‘ul , r. 'I'hc‘ current in the shii Idiiig 
coil is tliend'ore repi'i'sinit ed by w]ii<*h, ou ing It) tlu' induetanct' of thi'J 

coil, lags (/ ^ with ri'spcet to the induced F..M.F. tlu' hitter lagging 

with resju'ct to 

Tho total inagneti/ing ampere -turns for 1 h<* electromagnc*t are re])resentcd 



I ( 


Fiu. 220.- Vertaining to 
(Calculation of (Currents 
in Dise of Induction 
I nst/'umcnt 



Fro. 221. t Disc 
for lndu(‘lion Ainnic'tm’ or 
\’olt meter 


by 0(i\ and are obtained by adtling to OA the anqieri'-turns, 0T'\ recpiired to 
pass the ihix through tin* cor<‘ ami yok<‘s. 'These ain]>er(' turns, 07’\ are 
in pha.se witli tlio n*siiltant flux Od>^^ ; tliey will usually be small, since tho 
reluctance of this portion of the magnetic circuit will be much lower than 
that containing tho jiolcs and air gap Hence the c veiling current is 
reyiresonted by OI. 

fn determining the exciting current for an m-tual induction instrument 
tho magnetic reaction effects dm* to llie currents in tho di->c would also have 
to lx* considi'rod. 

Torque. To obtain an expression for tho torcjue, it is first nece.ssary to 
<letcrmin<* tho resultant force acting upon the disc. 'This ftircc* is tho diff»‘rcnco 
between the forces duo to fhe interaction of (1) the Ihix in tlx* sliiclded polo 
fa/jo and tlio induced current duo to the flux in tlu* unshielded jjoh* face, and 
(2) tho flux in tho unshielded polo faco ami tho induced current due to the 
flux in tho shioldeil polo faco. ObvioiLsly, only tlio currents m the portion 
of the disc under tho combined polo faco need be* considered. 

Tho E.M.F. induced in tho disc by tho flux of the unshielded jiolo is 

Cj - - 10*®d(Pi/t7< — X 10 * sin(e>f- ^tt), 

and that duo to the flux in the shielded pole is 

62 — - 10'® X X ® sin(4t>t-y - ^Tz). 

Each of these E.M.Fs. may bo considered to act independently in producing 
currents in the disc. „ Assuming each current to circulate in a circular path 
concentric with the pole face at which tho inducing flux is produced, and 

26— (6246) 
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rirgl(n‘h’ii|:< '•tlio in(Ju(*ttuu*o of tlios^ paths, thr ciirrciit in tni olorncnt of tho 
disc (soo Fig. 220) lunlor tli'* siiicddotl polo is 
f//\ (’j l{27ZJrp ^5 (Ijr), 

whoro dr is Ih ' width of tlio oliMiunit, r its radius, () tlio tljcknoss of the disc 
(assurn.si to uiiiforrn), and p th • siiocific it'.sistanoo. Hi'nre tlio current 
in th(‘ j)ortion of disc uncli^r the sliielded pole is given by 


./, 1 ', -"f ' 




iuishi(‘lded and sliif'hled 


.U>, 

27 zp a }J>, ’ 

where a is tin' distance b ‘tween ili' c'lHns of tli 
[lolcs and is the breadth of tia* shi(‘lded poh‘. 

Similarly thi' eiirreiit ni tlie ])ortion of the disc under tin' im.shielded pole is 
( , a I- \h. 

p,,- 

where is tin' bri'iultli of tins poh*. 

Jn a nuinb('r of .shic'hU'd pok' electromagnets for ammeters tlie unsliielded 
and sliiekh'd jiortion.s of llui ]iolo face are approximate ly equal width. Ilencc, 


for these ease's, 
simplify to 


‘27.P 

(',d 

2izp 




Nince log^ 3 1-1, ajiproximately. 

Substituting for and ( , in terms of 

ll<^e)<I), 


and th(‘ abovi' I'xpre.ssions for the* currents 

1*1 f 

2v:p 

I I 

2jzp 


and 


'1 


'iT.p 

1 I (\t} O 


/“muM Jt.) 


P 


w(‘ have' 
sin(e>/ - Itt), 


^sin(e>/- y U.) 




sin(f/>/ -y Itt), 


liTcp ' Itr p 

where / is the* fnsjia'iicy ( (a/^rc) and k 1 • 1 10 

The instnutaneous valiK's of the force's due to tiie interaction of these 
currents and the tluxes an' 

i'\ - i\, 'ei>. 

for th(' [lortion of th' disc under the unshielded pok', and 

1''2 - I'l <1 

"'ov tho portion of tho disc under tlio sliu'lded jiole, d being (lie transverse 
width of the eombineti pole fact*. 


Henci' for the cast' wht're b^ - b, a, \vv have 

and, on substituting for tlit' currents and tluxes, we Jiavt' 
KUIpV^\nt .sin(fa/ - y ]-), 

- KUIp)^^\vi - Jtt) sin ((at - y ). 


whoro Ar, ^^k}ad. 

Whence tho resultant force acting upon the disc is 
Fj. == F^ - — fc^ {f!p)^i^n ^ ~y) - ^7t) -sin cot 8in(»/it -y -^7^)] 

-- A’, (/ lp)^i„i sin((ai - y ) cos cot + sin cot cos(ojt - y) 1 

— kj (/ /p )<Pifn ^2m 1-“ y ” y ) 

+ sin cot (cos a)t cos y -f- sin cot sin y) ] 
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Tlirrcforo tlic torque netiiiK upoti fho dise is , 

• (IS-l) 

\vhf*re tlie coiislaiit k' iiivi)lvt*s k^ and lli<* radiii.s of tin* rc'siiltanl force with 
rcRj)oct to tlio pK’^tal axis of the disc. 

Observe tliat tla^ time an£<lc wt docs not ajjjxair m tins cxpn'ssion, and 
'herefore the res iltarit force does not alte rnate or ]iulsal'' but has a constant^ 
value for jj^ivea conditions. Ahso that tins force' tends to nuivt' lliei disc^ 
towards the shiekh'd pole faex^. 

The elfe'ct upon the' torepic of the inelue'tancc of tin* current paths in the 
disc may be allowc d for m the* feilh/Wini; nianner ■ Le't ]y^ deneiti' thi> ineluedane'o 
eorrespejndin« to the nu'an curre nt ])alh in e‘aeb of t lie /oiu's aln'aely eion- 
.sieie’red Th(*n, fe^r tln' cast* win*re‘ the* .slnt'lelixl and unsbi(*ldt*d pol(*s are of 
e'(|ual width, the inij cdane*e of eae'h <*nrie‘nt path j.‘> t'epial to 

V(hV -r /‘’.iX (I t //,\ (I , m-Tr), 

wheTC T.^ and ft-, is the re.si.sl anee* as calculated above* (i.e 

7^3 — 27:pl\ O')). Hence if (j> is the* pliast* ebflerence be'lweem tlicse* e-urrents 
and the* E.M.ks. ineluce'd in the* dise*, tlie e*\pre*ssions for Oie* currents 

must now take* l lit* form 

, 1 b cos y) l*le 

'27zp\'{[ ! rr/) '2-np{l [ orrr) 

, !• b ee)s y 1 ' b 

^ 27rp\ (I ( urrr) 2r.p{\ | 

since cos ey; — l/v(l ! 


Therefore the torque* is now ^ivem by 

^•7 




p{i I eo-^Ta") 




(184a) 


The value of r,, howeve'r, is usually such as te> make* tlie term small 

in e'omjiarison with' unity for the ran^^e* of eoiiun(*re‘ial suj)])ly fre'e^ue'iicie's, and 
unde*r these* conditions the inductane*e* eif the* current ])aths in the disc has 
little* ('ffcct upon the torepie*. Thus, (*xcof)t at hi^h frocpieiie'ies, the torque, 
eorres]»e)ndin^ to <^iv('n value's of V' vai ie's dire'ctly as the 

frequ(‘ne*y and inversely as the .s]>ecifiej re'sistance of the* disc. Since a ^ood 
e’onductimj; material must be crnpleiycd feir the elise, (lie s[)(*ei(ie* re'sistance (p) 
will increase* at the rate of a])]»roMmale*ly 0- 1 pe'i* ce'ut pe'r 1“(\ increase in 
te'm])erat lire*. >l(*nce, m the above* case, a 10" C incre'ase* in temperature 
will n'sult in a 4 iu*r ei*nt r(*due*liem m teirque. 

Compensation for frequency and temperature errors in induction ammeters 
and voltmeters. TIU'SO errors arc usually gre'atcr in the ammeter than the 
v'oltineter, and (Ik ir conipe'iisat leai is inewo elitticult in ammeters of the disc 
type +lian those of the* druyi t>j)e. Sine*i*, howeve'r, the principal ap])lication 
of th('S(* instrume'iits is for switchboards of powt'r plants, where thei freeiuoncy 
variation is usually small, the compensation for frcque'ncy error is not so 
inqiortant as the conqx'nsation for temperuturo error. 

The method emjiloyed for teunpe^raturo comjiensation in commercial 
ammeters is to shunt tlie o]>erating coil so that the ratio of currents in 
operating coil and shunt increases as the tcinficraturo increases, thereby 
increasing the fluvc's. For example, the shunt may be non-inductive, of a 
material having a higher temperature ooi'flicient of resistivity than the 
operating coil, and locati'd inside the case of the instrument, or. alternatively, 
the shunt may l^e inductive with its inductance var^dng with temperature, 
the variation of inductance Ix'ing obtamed by m^ans of a movable iron 
tongue controlled by a thermostat located inside the case of the instrument. 

The compensation, however, is by no means perfect in an ammeter, but 
may be made approximately correct in a voltmeto in which the operating 
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ooil is of im])e(lanec* aud is sliiiiitod wiili a iniicb lower resistance of 

copper (or material having a high t<'in|)eralm(‘ eoeflieieut of resistivity) ; 
a rcsistanee of equal value, but having a zero tein]>eraturo coelKeient of 
resistivity, being eoniu'eted in s(‘ri(‘s with the eoinbinat Jon. 

Form ol scale. Consid(*nng the ease of constant freipieiK^ and temperature, 
the deflecting torque, as given by equation (l><4), may be written 

f j /’ j » sin 

^ (I “ il ' hn ‘ y 

Sine(‘ the controlling torqm* is duc‘ to a spring, we have 0, whore 

0 IS the angle of didlis-tion. Hence, ior equi! ihrmrii, o\., or 

'I'lm ‘l‘2m y 

Now wlien the (‘ffi'cts of magnetic saturation, hystiM-i'sis, and eddy currents 
in the operating magnet are ignonsl, the (‘xeiting eiiri-ent is ])ro])ortional to 
and both thi^ ratio and their ])]iase differeiwi*, are constant, 

.since, under these conditions, the shape of the vector diagram of h’ig. 2H)/> 
remains constant wlien tlie exciting current is variiMl. Himee, if I is the 
exciting current, wi* may write sin y A7-, whence, from the 

preceding equation. 

0 

I k \ 0. 

Thus the scale* must be dividi'd according to a pgi'aliolie law, and, in 
consequence, the divisions at the upper limit of tlu* .scale art* eonsiih'vably 
more extended than tho.se at tin* lower limit. In order to obtain a more 
uniform scale, the disc is eam-sha|)ed, so that the surface of the ])orfion 
acted upon by thi* ofierating magnet deeri'a.ses as the deflt'ction increases 
(Fig. 221). 

Electrostatic voltmeters. In thes(‘ ijistruiuents tlu' di'Hocting 
torque is due to tlie eletjtrie force (tittraftioii or re])ul.si()ii) bt‘tw(‘eii 
two chargt'd conductors. Tlit' instrunKMils, t]i(‘rt*fore, art' fret' 
from errors duo to inagiu'tic and iit'ating i*lf(‘cts, fretiut'iicy, and 
wave-form. Moreover, by suitable dt'sigii, (‘k'etrostatie instruments 
may be employi'd for tlie direct measurement of Jiigh voltages 
with a high dt'gree of accuracy and with an tilniost nt'gligible 
expenditurti of energy. Ek'ctrostatic instruments, particularly 
those for low-voltage circuits, are ehaiaetcTized by tht* smallness 
of the operating torque in comparison with that of elcetromagnetie 
instruments, and, in consequence, s]X‘eial featurt's art' nt'ct'ssary to 
avoid errors due to pivot friction ; for (‘xar>ipl(', the moving sysU'in 
may be supportt'd by a unifilar or bifilai* suspension instead of Ix'ing 
pivoted, or, altt^rnativcly, knife-edge supports may be employed 
instead of pivots. 

Construction. The majority of electrostatic voltmeters are 
virtually modified forms of the Kelvin electrometers (quadrant 
and attracted-disc, or absolute, types). The simplest form of 
Kelvin instrument (Fig. 222), which is suitable for pressures from 
about 800 to 10,000** volts, is a modified form of quadrant electro- 
meter. It consists essentially of a single fiat paddlc-shapcd alu- 
minium “ needle,” A, which is connected to one terminal and is 
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sui)porte(l on knif(‘ t'dgos so as 1o swing Ix'twc'on two vertical 
quadrant plates, B, Avhieli are both eo meckxl to tlu^ other U'nninal 
of the instruinciit. A pointc'r, P, is attaelied to th(‘ iijiper oxtreniit v 
(f the needle, and the loAAer exireniity is ext nded into a curvc'd 
arm, C\ to which th(' l(‘ver, D, ear.\ing the control and balance 
weights is attached, rarefully adju.sti'd ^\(‘igllts (.Mipplied A\ith the 
instrumcmt ) may also be huim from tin* ('xtnMiiity of the arm so 



(fi) ('0 

Kio. 222 Kel\ iti Ei(*c1iostn(ic Vollineh-r 
{a) View of Fnsl i'iirii(‘iit sliowinf' 'I’lnfoil Sci-cmmi ; {h) Diagram sliowio^ 
Ess('Titi.il I’lirt.s 
(FSjj'lvio, l^c)ttoinl(*y f^ainll 

as to increase' the cont rolling force and tlien'by exh'iid the range 
r)f the instrument.* 

The dam])ing device is operated by tlie observer and consists 
of a stiff horizontal wire, H, wliieh can be brought lightly against 
the back of the poinh'r and thereby damp the movements by 
mechanical friction. This wire is suspended so as to hang normally 
clear of the poinU'r and is operated from thh outside of the case 
by an insulated lever. 


The instrument is ciosijmed for test-room work. 
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For lower voltages (from about 500 to 3000 volts) the multi- 
cellular form of construction is adopted. Two or moie “ needles ” 
arc fixed to a common horizontal axis, and a eorrc'sp )ndiug number 
of fixed quadrants, which are electrically connected, are arranged 
• vertically betweim the m^edles, symnu'trically about the* axis of 

rotation. The lever carrying 
tlu' control and balance weights 
is fix(‘d at right aiigh'S ^Lo the 
.spindl(‘ on which the needles are 
moimlt'd, and no ])rovision is 
made for extending the range*. 
1di(‘ working jiarts, (*xe(*pt the 
pointcj' and control lever, are 
screened from external ek'ct re- 
st a tie* fi(*lds by eii’cular plates, 
which are connected to the 
(metal) ease* and the moving 
system. 

Low-voltage instruments, in 

which flat needles an* employed, 
are* of the multi-c(*llular tyy)e 
w ith a suspend(*d moving 
st (‘in . Twel ve or more* nec dies, 
and a corres])onding number of 
])airs of rix(*d quadrants, n ay 
be necessary, according to the 
range*. The .sus])ension usually 
consists of a line jihosphor- 
bronze* w^ire or strip which 
supplies the control. Liquid 
damj)ing is (‘in ployed and takes 
Fia. 223 .— Extra High-volta^ro the* form eitlu‘r of a disc im- 
Eloctrostaiic Voltnict(‘r mers(‘d ill' oil carried horizontally 

[Kelvin, Bottomloy & Baird I fi-Qm the s})indle to w^hicll the 

needles arc fixed, or of a 
rectangular vane, pierced with holes and immersed in oil, carried 
vertically from the* spindle. 

An alternative construction (due to Arj^ton and Mather) employs 
a cylindrical “needle” and fixed cylindrical segments concentric 
with the needle. The* needle is mounted vertically in pivots which 
enable a very small clearance to be adopted between the moving 
and fixed parts. Spring control and eddy-current damping are 
employed. 
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Extra-high voltage instruments (for measuring volta^^es above 
20,000 V.) arc usually modifications of the absolute, or attracted 
disc, elcctrouKjjter. Special precautions must be takon in the 
design to shield the working })arts from tlu' infiurncc' of lunglibouring 
conductors, to avoid the formation of brush discliargc's, and to 
secure adequate insulation. 

The css mtial ])arts of one form of instrunu nt an' slunvii dia- 
grammatieally in Fig. 223. The fixed disc, J, is of aluminium, 
the edges being lurn(‘d-up and round(‘d. It is mountc'd horizontally 
upon an insulating pillar fixed to a substantial slate l)asc\ ''Hu* 
moving disc, i?, is dished to a spluMaeal shape and is suspiuided 
from a lever lixc'd to a horizontal spindk' which carries tin* pointer, 
P, and an alunuFiium st'ctor, C, w^hieh move's hetAvec'ii the ])oles of a 
permanent niagned, 1), and provkk's the' damping. CJra\itv (‘ontrol 
is employed, and the whole of the workiiig j)ails an* encIos(*d in 
a metal eas * whh h is provid 'd w ith a small w indow' for observing 
the scale. 

Theory of electrostatic voltmeters. (’onsidcM* mi inshuim id of ilu* c|uuJ mt 
ty])e liax'm;^ ii siii^N* ncM'dlc and «i pair of doul:)U* (piaiir.nits an’anfj;i*d syni- 
metrically with r('s[H'c( lo the lUH'dli*. 'I’ho Jii'^trniiu'nt is thou oipiivulont to 
a condenser the cajiacity of, which vnru's with th'* dctlcction of the ucc'dlc 
L(‘t (' b(» the capacity wlien flic <l(*lli‘ct ion is 0 and th ' volta;^c h'lwisai needh* 
and ({uadraiiis is K. 'rh(‘n the ('ncr^ry (,f tf)(» s\ sti'in is ^ivcn by Ii’ .U7t/- 
Lct tlic dcHt'ction bo now nicrcasisl by dO due to an iiK’rcasc of voltaic* 
and let <)(' )i«' the clian^(' in <*apacity. 'TIk'U tli<‘ nicrcnu'iit in ciu'r^y is 
()\V I d/ijy. 

Hcnci* if is tlic toripio corrcsjiondiiij’; to tlx* dcflc'ctioii 0 and tin* 
incnMiK'iit in tnrcpic, the work done in iucrcasmi; tlx* d('ll(‘ction of tlx* 
system is 

i 

Whence I I <)Ky, 

f d r'X'idO, 

and, in tli* limit, 

\h:hl('j(W 

d’lius the torque is proportional to the produid of the sipian' of the ajjplicd 
volta;;e and tho rate of chanp:o of the capacity with respect to tlie angular 
defhn'tion. • 

Now tlie capacity of a ]iarullel-])lat(' coiuleiiser with air dii'lectric is givani 
by C = A j-inDy where A is tho oj)})os'*d surfaei* area of tlx* platc'S an<l D thoir 
distance apart. In tlio present eas*, A represents the ])ortiou of surface 
area of tho noodle which opposes tlx* quadrants and I) rejiresonts the clearance 
between noodle and quadrants. Jf the needle is of the double s(*c*tOP shape 
and r is tho radius of its edge, tho increment in the opposed surfaces of the 
needle and quatlranls corres])ondiiig to an iuerement, dd, in the detlectioii 
is 4(ir2d0) = 2r^d()y since both sides of the noodle are effect ivo. Hence 
dCldO 2rhW I {AtzS . dO) - 

Substituting this value in the above equation fo^ the torque, wo obtain 
A*! r“/4Tu/>. 


or 

whore 
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In tho attracted'disc typo of mstrumoiit the force of attraction between 
Ihe disc and plato, when tho oloctric field between thorn is uniform, is 

F = KAK'^l^r,D\ 

where A is the area of the disc op])Osed to the ])lato, E th(^’ voltage bc'lween 
disc and plate, D their distance apart, and /c tlio dielectric constant of tlio 
medium between them. Thus, in this case, tho force acting upon the moving 
*sy8t(‘m is directly proportional to tho square of the apjilied voltage and 
inversely proportional to the square of tho distance between the moving and 
fixed j)lates. 

Form of scale. In the Cjuadrant-olectromtter form (if instrum(^nt tlio 
equation to tho deflecting torcpioiSv^^ — k^E^. Kenco with gravity control 



Fio 221. — All(‘i‘nativ(‘ Foisns of (V^ndensjM* multiplu'r for Eli'eti’o 
static \'oltmct(‘r 

wo have sin wlic're is the controlling torque and 0 the angle 

of defl('clion. 'riicrefore, for ecpiilibrium, w'e must have . or 

kja^^ — k 2 ^ sin 0. 

Whence E — A \/sin 0 . . . . . . . (185) 

Tf s| ring control is employed. 

E = h\/0 . . (IS.K/) 

In th^ latter case tlu' scalo is dividcMl aceordmg to a parabolic law. In 
both cases, however, the lower scale divisions are cramped and the uppi'r 
divisions are extended. 

Multipliers for electrostatic voltmeters. TIk^ rcaiigo of a low- 
voltage instrument may be extondod by moans of a resistance 
multiplier (or potential divider), in which tlie voltmeter is conriectod 
across a d dinite fraction of a high non-induetiv^e resistance (of from 
10,000 to 100,000 O.), which is conneciod across th(^ supply circuit. 
Thus, if R is the total resistance and R^ the resistance of the j)ortion 
across which the voltmeter is connected, tho voltage of the supply 
circuit is equal to rt^ading of voltmetx^r x RjRi, providi'd that the 
reactance of th() voltmeter is large in comparison with th(i 
resistance R^. 

This form of multi))lier is employed in connection with multi- 
cellular 120 V. instruments for circuits up to 000 V. 

For high-voltage circuits condenser-multipliers are employed. 
Two methods of connection are possible ; in one case (Fig. 224a), 
a condenser of suitable capacity is connected in series with the 
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voltmeter ; in iho other ease (Fig. 2246), two or more e?>ndensers 
are conm^cted in serh's aeross the sup^dy circuit and the voltmeter 
is connected across one of them. 

With th(‘ first method, th(' additional capacity recpiired is 
extrc^nidy small and may only be a fraction of th(' capacity of the 
voltnK'U'r itself. In consequence, the multi])lyiiig factor will vary 
with the defle(4ion of th(‘ voltmek'r owing to tlie vai-iation of the 
capacitv of th(‘ lat t('r. 

Th(' capacity of llu' condenser-multiplicT is easily dc'U'rmined 
when the capacity of the voltmcder and tlu' voltages are known. 
Thus, if the reading, c, of a volimcder is to n‘])res('nt tlie voltage, V, 
across the supply circuit, and the capacity ot tlie v^oltmeter at this 
reading is the capacity, (\ of the condenser-muItipIi(‘r is given 
by the ndationslii}) 

IT,)'' 

T " 

wh('nc(' C ' C, f' I) 

F\)r exampl(^ it th(' “ 100 n‘ading ot a 120 V. voltmeter is to 
r(‘|)res ud 10 000 \olls, and th‘ capacit\ of the \olt meter at this 
reading is 70///4F\, the capicit_\ rcijuinal for thi‘ cond ‘iiser- 
inultipli(‘r is (‘qual to |70/(101) -J) J 0-707 /^F. 

With th(‘ alt'iMi^iv»‘ in ‘tlio I shown in Fig. 2210, the effect of 
the variation of thi* capacit\ of the xoltnid'r iniy b' made 
('xtreinely small by arranging that the ca])acity of thc‘ condens *r 
to which th(‘ voltnu^ter is connect^'d is large in eoin])arison with 
that of the voltmeter, i.e. th(' joint capicity of this cond mser and 
the voltmeter is sensibly constant tor all ([‘flections of the latter. 
Und(‘r thes(' conditions, if C.t capacity of the condenser 

shunting the voltnudis’ atid ( \ is the capacity of the seri(‘s condenser, 
or condensi'rs, then the ndatiouship d(‘duc(*d in the previous case 
is ap])licable to tin* present case, i.e. 

e, --c,iiv/v- 1). 

For exampk', if C'g " 7 fi¥. (i.e. 100 times the capacity of the 
voltmeter in the preceding case), and V jv 100, 

-- 7/(100- 1) - 0-707 //F., 

With all condonser-multipliers it is highly important that the 
condensers have low dielectric losses and high insulation resistance. 
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WATTMETERS 

Commercial wattmeters are of the deflectional t^e and operate 
on either the electro-dynamic or the induction principle. 

Standard wattmeters for laboratory use are of the non-defl^ctional 
or torsion-head type, and operate on the electro-dynamic principle, 
but the electrostatic principle has been utilized to obtain a standard 
instrument of the deflectional type. Electrostatic “ wattn^ti'rs ” 
are virtually quadrant electrometers used in conjunction with 
standard resistances in the manner explained later (p. 475). 

Electro-dynamic single-phase wattmeters. The mechanism of a 
commercial electro-dynamic wattmeter closely resembles that of an 
electro-dynamic ammeter, but the moving coil of the wattmeter 
has a high non-inductive resistance connected in series with it and 
is provided with s'^parat^ terminals. The fixed coil is connected 
either directly in series with the circuit, or in the secondary circuit 
of a “ series ” or “ current transformer, the primary of which is 
connected in series with the main circuit. The moving coil, together 
with a non-inductive scries resistance, is connected across the main 
circuit in order that the current in this coil shall be proportional 
to the voltage of the circuit. 

The instruments may be constructed with either a non -magnetic 
(air-path) circuit or an iron-cored magnetic circuit, the former 
being employed in the majority of instruments in practice. Instru- 
ments with iron-cored magnetic circuit, however, possess the 
advantage of a higher torque and are immune from the influence 
of external magnetic field>s, so that magnetic shielding is unnecessary. 
The iron portion of the magnetic circuit, however, must be confined 
to the fixed coils, as the principles of operation of the electro- 
dynamic wattmeter require the moving-coil circuit to be as free as 
possible from inductance. The principal objections to the iron- 
cor?d magnetic circuit are (1) that hysteresis may cause the flux to 
have a slight phase displacement and a slightly different wave-fiorm 
from the current in the fixed coil, and (2) that the inductance of the 
moving coil is higher than that of a similar instrument with air- 
path magnetic circuit. By suitable design, however, the inaccuracies 
due to those causes may be made sufficiently small for ordinary 
commercial purposes. 

The mechanism of a typical instrument with air-path magnetic 
circuit is shown in Fijg. 225. 

Standard wattmeters have a suspended moving-coil system and 
the instruments are constihicted on the astatic principle in order 
to eliminate errors due to external magnetic field<». Moreover, to 
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avoid eddy currents, no metal parts, except the coils, arS situated 
ih th^ magnetic field, and the fixed eoils are wound with stranded 
eabh', the sepcyate strands being insulated from one another. 
The eoil supports are of ivory or ebonite, and the working parts 
are enelos ‘d in a glass sided case vith a wooden framework 

Th^ arrangMiunt of the eoils is shown in Fig 226a and differs 
from lhat foi a comm ‘reial instrument, as the magnetic axis of 





Fk. 225 AT<*clianiMU of KUctio-cUnaniir Wattnniois 
[XaldfrBios & Thompson | 

(a) Assembled iiKdiinisui of siiink phiso »ttnutcr, (/>) moMnp svstim, showing 
diimplng Vcints ind control spi mgs , (c) iiieilnnism oi ))olv phisi wattimtorfp 406) 
with one of lowtr ( urrcnt*(oils md lovcr ot one of rUiiiping dminbers removed, 
these being slio>\n separittl> at (d) and (e) resptctuclv 

th^ moving eoil is mainfained normally perpendicular to that of 
the fixed coil. The moving coil is wound in two equal portions on 
a flat mica vane, the two portions being connected in series so 
that the current circulates in opposite directions, as indicated by 
the arrows in Fig. 226a. The current is led to the coil by flexible 
ligaments. The coil is suspended by a silk fibre and the spiral 
torsion spring is arranged concentric with the suspension, the 
lower end being fixei-Lto the coil support, and the upp'^r end to the 
torsion head. 
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The fixSd coil is of rectangular shap ' and is also wound in two 
equal portions, which are connected in s(‘ii(\s so that the current 
circulates in opposite directions. The coil is 'vvoui^l with a multi- 
core stranded cable having usually ten se]iarat(* stranded cores, 
♦ which arc insulat(‘d from one another and are connected t(5 a com- 
mutator ill order that a number ot curivnt range's may be obtained 



{a) {h) 

Fia. 226 — (a) Aiiaiigoinout of Kixod ami Moving Coils in Standaid 
Wattmetei (Fixed Coils sliown in Sedion) ; (6) Ccnoial View of Polyphpso 
Standard Waltineler, witli Cover lornoved 1o show Torsion Head 
[H Tinsley & ( o ] 


by grouping the individual cores in series, series-parallel, or 
parallel. 

The correct opnvating position of the moving coil is indicated 
by a pointer fixed to the coil support and index marks on a fixed 
part of the instrument. 

The method of using the instrument is as follows ; j^fter being 
levelled and with no current in either fixed or moving coils, the 
torsion head is adjusted to bring the pointer to the index mark, 
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and the reading on the torsion head noted. This reading normally 
should be zero. The instruimmt is tlien connected to the circuit 
in which the gowt‘r is to be measured. The torque due to the 
currents in th(‘ fixed and moving coils will cause the pointer to 
deflect to one side or the other of the index mark, and the torsion 
head is rotatc^d until the pointer returns to its initial position. TIk' ‘ 
number of degrees thiough Avhieli th(' torsion h(‘ad is moved, 
multi|jlicd by tlu' “ constant of the instrument, gives the power. 

In order that (‘rrors due to inductance and capacity in the 
moving-coil circuit shall be as small as ])ossible, the moving-coil is 
design(‘d to have a low indu(*tance and to require a large scries 
resistance, while the latlej- is so constructed that its self capacity 
is extremely small. For example, in a typical instrument the 
inductance of the moving coil is 7 niH. (which is the self -inductance 
under oj^erating conditions, since the mutual inductance of fix(‘d 
and moving coils is zero) and a seric's resistan(“(' of 100,000 ohms is 
required when the operating j)ressure is 100 volts. 

Ranges. The maximum current range of commercial electro- 
dynamic wattmeters is from 100 to 200 A. For higher currents th ‘ 
fix(‘d coils are usually wound for a maximum current of 5 A. and 
are supplied from the set*ondary winding of a current transformer 
of suitable ratio. 

The moving (‘oil is usually wound to carry a curnmt of from 
0*02 A. to 0*03 A., and tluTefore the resistance of the moving-coil 
circuit must be of the order of from 30 to 50 ohms per volt of 
pressure range. 

For pressures uj) to ()00 V. a stuies resistance^ is employed, but 
for higher pressures an instrument having a 1(K) V. pressure (‘ircuit 
is employed in conj unction ‘W ith a potential, or shunt, transformer. 

Sta?idurd wattmeters of the type* described have a maximum 
current range* of 500 A. For higher curi*(*uts special designs have 
been d(‘velop(*d, an interesting example being the tubular instru- 
ments of Agn(*w and, Moore — whiedi are suitable for currents up 
to 5,000 A.* 

Theory of the electro-dynamic wattmeter. I..ot tho current and pressure 
in tho circuit to which tlie wattmeter is connected given by i sin(aif-9o) 

and e — sin coi, respectively. Then if tho inductance of the moving- coil 
circuit is ignored and the resistance of this circuit is denoted by i?, the current 
in the moving-coil will be given by ig — sin cot. 

If this current is small in comparison with the current in the main circuit, 
the current in the fixed coil will be equal to, and in phase with, the latter. 

* For details, see Transactions of American Institute of Electrical Engineers^ 
vol. 31, p. 1483 ; Journal of the Institution of Electrical Engineers, vol. 46, 
p. 380. 
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Hertce, witji an air-patli magnetic circuit and no eddy currents in the coils 
or 4ihcir supports, tho flux due to the current in the fixed coil will be pro- 
portional to, and in phase with, the current in the circuit Moreover, in the 
case of a dtflf’ciional iiistrutm nt, if the flux density is assumed to be uniform 
throughout the space occupied by tlie moving coil, tho torque at any instant 
will be given by 

12 sin (/I 4 

sin(/l f 0) h\\\ tot bii\{v)t - (p) 

leos9;-cos(2co«-9))] 

{kj^M^ nm{p t 0)]R IR) [cos tp - cos(2c/)t - tp) \ ^ 

where is a constant, 3/^ tlie maximum mutual inductance of the fixed and 
moving coils, and 4- 0} tho deflection of tho moving coil from tho position 
corresponding to the coineidenco of the magnetic axes of the coils (see p. 377). 

Therefore the mean torque during n period is 



(iUSt) 


kyM^ sin{p 4 - 0) 

I, 


1 E cos q) 


I 0) p 
1C 


where P ( El cos tp) is the ti ue power in the circuit. 



Fig. 227. — Form.s of Seale for K I eetro- dynamic Wattmeter 


The torque of an electro-dynamie instrument, however, is also proportional 
to the product of tho currents in tho coils and tho rale of change of mutual 
inductance with deflection (p. 377), so that, for the electro-dynamic waltmeter 
the torque may be expressed in the form 

Form of scale. Since spring c*ontrol is employed, the controlling torque 
is = k^d, where 0 j^s the deflection from the zero position. Hence, for 
equilibrium, wo have or, for a deflcctional instrument, 

fc, + 0) 

- 

Whence /’ k0lbm{/i \ 0) (186) 

wh^ k- kJijk2M^. 

Curves connecting P and 0 for the special case when A; — 1*0 and for selected 
Values of fi are given in Fig. 227a, and the corresponding scale shapes are 
given in Fig. 2275. 
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In practical instrunientsi however, the scale divisions towards Vie endll of 
the scale may be made more uniform than is shown by equation (186) and 
Fig. 227, as, by a suitable choice of the dimensions of the coils in conjunction 
with the value of and the angle corresponding to a full-scale deflection, the 
non -uniformity of ftie actual flux distribution in the interior of the fixed coils 
may be utilized to obtain higher values of torque at the upper and lower 
limits of the scale than those corresponding to the hypothetical case, con- 
sidered above, in which the flux distribution is uniform. In such a case the 
rate of change ot mutual inductance with deflection will be practically constant 
over the wiiole of the scale, instead of varying as a sine function of the angle 
ip + in the hypothetical case. The data, on p. 381, of electro dynamic 

instrumemts are of interest in this connection 

With a non-deflectional, or torsion-head, instrument, tlio moving coil is 
always brought back, by twisting the torsion head and control spring, to its 
initial position where the magnetic axes of the coils are perpendicular to each 
other, i.e. ft + 0 - 90°. Hence, if 0' is the twist applied to the torsion head, 
wo have 

{lc^M^IR)P ~ kjS' 

Whence P kO' ..... (186a) 

Thus, in this case, the power is proportional to the angle through which 
the torsion head is twisted. 

Correction for power expended in wattmeter. If the current (/,) in the 
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moving-eoil circuit is not small in comparison with the current in the circuit, 
and the wattmeter is connected in the manner shown in Fig. 228a, then if i 
denotes the current in the “ load,” the current ii iii the fixed coil is — i + 
Hence the iorque of a non-defloctional instrument (which is considered for 
the sake of simplicity of treatment) is now given by 


= Ajgil/jd (i ^2 ~h ^2*) 


! T P K ^ ) 

sin (ot sin(a>^ - 9?) + f»in^ mt t 

fc M r * * 

— {cos ^ - cos(2a>f - 9 >) } + sin* oi 

and tlio moan torque by 

= f 1^ ■^'dUn.O • = -ji [ f ^ ji) 


~-R 


Whence, equating deflecting and controlling torques, we have 


P-^kO'- E*IR 


and 


( 187 ) 
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Therofoie, to obtain tho power auppliod to the load, tlie power expended 
in the pressuro-coil circuit must be subtracted from tho power {kS') indicated 
by the wattmeter. If tho wattmetc'r is eonneeted as shown in Fig. 2286, the 
power expended in the current coils must l)o subtracted from the power 
indicated by the instrument. 

In jiraetice, this correction need only be afiplicd to cases whore small 
powers are to bo measured. For example, if a wattmeter, thf pressure 
circuit of which has a resistance of 33,33 ohms, is eonneeted as in Fig. 228a. 
and indieat(.‘s a ])ower of 1.3 watts, tlio power actually supplied to tlie load, 
assuming the pressuic to b(" 100 volts, is 

r 13 1002/8.333 12 watts. 


Correction for inductance of moving-coil circuit. The error duo to inductanco 
ill the moving-eoil circuit is most easily calculated in instruments of the 
non -deflect ional, or lorsiun-head, type, as the moving coil always occupies a 
standard position relative 1oth<* fixcsl coil, and, therefore, the mutual induc- 
tance, if any, is constant. If denote the inductance and resistance, 

respectively, of the moving-coil circuit, the current in this circuit, when the 
impressed F.M.F. is c sin mt, is now 

J siii(a)^ - a), 

where tana - loLJR — (ot. Thus, tho current in the moving coil is not in 
phase with the impressed F.M.F. : moreover, its value und phasi' difference 
are both affected by fn^quimcy. 

The deflecting torque at any instant t is 

K 

- - “) - <?) 

8in(fy< - 9>) I <'>> <’08 a - cos oit sin n 1 

^‘^v(l I (O^T^) 

^ ^bi (ot - cp) cosm/ sin (of - w) 


where A;' - l/\/(l 1 cos a, and sin a. 

Whence the mean deflecting torque during a iieriod is 

1 n\- , „ k'lE , k'lEfor . 


1 

2^2 


fc'/A’ cos </p ^ 1 - j I k'[E»\n(p 


1 ) 

,3-^2 


/ (I)T , ^ . orT^ , „ \ / 

• ^ 

Sineo the term is usually very small indc'od in compari.son with unity, 
we have, to a very close approximation, 

ST^' k'{IE cos (p + 0)T IE sin (p) 

- k'{P + or IE sin q)) 


If k^B" is the controlling torque, we have, for oquilibrium, 
fc'(P + UJT IE sin (p) = kjO" 

Whence P ^ kB" - cot IE sin (p ...... (188) 

where k ^ k^lk'*= hji jk^M-^ 

Thus the effect of inductance in the moving-coil circuit is to cause the 
wattmeter to road high (on lagging power factor) by the amount cot IE sin gp, 
and therefore this quantity must bo subtracted from the wattmeter reading 
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to obtain tlu* tiue power For leading power factors the wattmeter will 
featl low, and lht‘ quantity mr IE sin q> must then bt> added to tho wattmeter 
reading to obtain the true power 

It should be no^ed that tho correction factor is zero at unity powder factor 
(on the assumption that is negligible in compaiison with unit}), and 

approaches its maximum value (car IE) as the jiowcr tactoi a])pioaehe 8 zero, 
so that when the wattmeter is used on circuits of very low powci factoi, tho 
corieetion factor may require careful eonsidi ration 'Plie ])cicontago erroi 


- 100 


tor IE sin (p 
IK ( os 97 


100 tor tan 93 , 


whirh, for a power factor of 1 ]>ti cent (97 — 89 4°), b c ouk s equal to 
9550 COT, and, foi a power factor of 0 175 pei cent [rp 89 9°), becomes 

57 JOO COT For example, it tho inductance ot tho moMiigcoil cneuit is 
b rnilli lienries and tho lesistance is 3000 olims r Ijjll 1 10 ®, and 

for 50 frccjuency, cor = 314 X 2 > 10 ® — b 28 10 ^ Ht iicn, if tins 

instrument is used on cireuils having a power tactoi of 1 })ci cent, th( (iior 
m tho wattmetei readmg is (9550 X b 28 X 10 ) b pt r cent, and, it 

used on circuits having a powti tactoi of 0 175 per cent, the erroi is 
(57300 X b 2S X 10 ^ ) 3b ijoi eent 

It 18 apiiart nt that if an c lt< ti o dynamic w at tme tc 1 is t o gi\ e higli nc c urac > 
at very low power faetois the time constant of the moMiig coil ciicuit must 
be veiy small Foi exanijilo, if an ciioi of 0 5 yx 1 tent is not to lx cxcc cdi d 
when the wattmctci is used on a 50 ejelo ciieuit ot 1 y ir ctnt j ower factor 
(99 = 89*4°) we have 


Wheiico 


T 0 5/(100ei tan 9 )) 

0 5/(100 ^ 314 95 5) 

0 Ibb X 10 » 

If I b X 10« 


Thus tho n sistance of the moving coil ciicuit must l>e at least 6000 times 
as gieat as tho inductance (expressed in milli heniiis) of this circuit It is 
yirocticable to obtain, and oven to exceed, this ratio m a standard instrument 
Series resistances for high-voltage circuits. 5Vhen an oloi tio dynamic 
wattmctoi is to be connected dmetiv to a high voltagr ( iir uit (as nia\ bo 
necessary for certain tests), the series icsistanro itryiiiicd for the moving coil 
circuit will have a very high value This resistance must hi wound non 
inductively, but the methoci of winding must eliminate, as tai as yiiactii able, 
electrostatic cayracity between the turns, os othtiwise, dii to the large 
numlior of turns, tlu* series resistance will possr s-. an ajiprcriablo capacity, 
which will cause cirors similai (but of opposite sign) to thosL caus d by 
inductance A nurnbei of methods of winding have been devt loped*, in 
one method (duo to Duddell and Mathei ) tho n sistance wiie is woven with 
silk tiireads to form a go#.i/o , m anothei method tho sf'ii a n sistance is 
subdivideci into a number of units, the ic sistance wire bi mg wound on thin 
strips of mica 


Induction wattmeters. The induction principle may be appbed 
to indicating wattmeters, but such instruments aic only suitable 
for circuits in which the frequency and voltage aic constant. 

The travelling magnetic field is produced by tho joint action of 
two electromagnets, one being scries wound and the other shunt 
wound (Fig. 229). The exciting current of ’the senes magnet is 
proportional to the current in the circuit in which the instrument 


* For details, see Alternating-Current Bridge Meat^urementh^ H«igue (Pitman). 
26 — < 5246 ) 
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is connected, and that of the shunt inagn(*t is ])roportional to the 
voltage of this eii euit . 

In the hyi)ollietical c*ase vvIk'm the resistance of the shunt magnet 
is zero and botli magnetic circuits are fr(*e fi*om saturation and 
hysteresis, the fluxes ^\ ill have a phase difference of (90 ^ f) degrees 
((p b(‘ing the ])has ' difference between voltagi‘ and current of the 
main circuit), and will be pr()])ortional to the curn'iit and voltage, 
respectively, of the main circuit. Hence', if these magnets act upon 
a sj)ring eontrollc'd pivot *d disc (assumed to be free f lom inductance) 



!(.. 




(a) (/.) 

-’^^oriu'3 of for [mliictioii Wattinefer 


the deflect i ig torque' (p. 387) ^nUI be proportional to the product ol 
the fluxes and the siiK' of their pliase dis])Iaeement , i e. to 

El sin (90 T 7 ) ~ NI 7' 

and the angular dtfleetions will be projiortional to EJ con or to 
the power in th(' circuit. 

If. however, the shunt winding po.vsf'sses a])preeiabl(‘ resistance, 
the flux of this magnet will not lag 90" with res])ect to thc' a])plkd 
voltage, and, in consequence, the ])has»' difference between tin* 
fluxes will be smaller than (90 d- <p) degret s, as in the hypothetual 
case. Some m^ans of increasing the natural lag of tlu* flux of the 
.shunt magnet is therefore necessary in a commercial instrument. 
A number of d vices hav(' been develoiX'd for this purpose, the 
majority of whic'h employ shielding rings or a shielding plate for 
the poles of thc shunt magnet. 

Construction of disc-type wattmeter. The principal feature in 
which th(' construction of the induction wattmeter differs from 
that of the induction ammeter and voltmetc'r is the operating 
magnet, two forms of which arc shown diagrammatically in Fig. 229 
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The shunt and series windings are usually placed upon s(‘parate 
laminated cores, which are arranged one on each side' of the disc 
with their magiietic axes symmetrical, as shown in Fig. 229. 

In the magnet shown in Fig. 229a, the shunt winding consists of 
two coils which are connected in series so as to produce a flux in 
the central limb. This limb is extende<l bc^yoiid the lower yokes, 
so that a jiortion of the flux shall pass through the disc to the core 
which i(arri(*s the series winding. Air gaps an' arranged between 
the central core and the lower yokes, in order to increase the 
magnetizing ampere-turns of the magnetic circuit and then'by 
increase the ratio react ance/j’csistance for the magnetizing coils. 

The s('ries winding also consists of two coils vvdiich are wound on 
a short U-sha|)ed corx' and are connc'cti'd in series to give* poks of 
opposite^ polarity. The poles of th(‘ series magnet ari' arrang('d 
symmetrically with respect to the c('ntral limb of the shunt magnet, 
and, then'fore, wh(‘n both windings arc excit(‘d a travc'lling magnetic 
fi(‘ld is produc(‘d in tlie air gap between t}ies(' o])posing poles. To 
obtain a phase diflerence of 9()‘' b('t\\een the shunt and series fluxes 
a number of short-circuitc'd turns of thick copper win' ar(' placed 
around tlu' central limb of flu' shunt magiu't, the correct adjustment 
being d(‘termin( d by t(‘st. 

In the magiK't shown in Fig. 2296, tht shunt and series windings 
(‘ach consist of a single coil. Tlu' sliunt magnet has an air gap in 
the dirc'ct j)ath of the flux, and ])olar projc'ctions on each side of 
this gap divert a portion of the flux through the disc and the core 
of the series magnet. 

The series magnet has a thrt'c'-limbed core, the central limb 
carrying the exciting winding. Tliis coih' is arrangc'd symmetrically 
with respect to the peflar ])roj(‘ctions of the shunt magnet, so that 
when the inagnets are excited a travelling magnc'tic field is produced 
in th(' spac'e betwe('n tht' o})posing polar j)rojections. The correct 
phase differenct' between the shunt and st'ries fluxes is t 'fleeted by 
an adjustable coi)])er rfhg, which surrounds tht' pole faces of the 
shunt magnet. 

Theory of induction wattmeter. 'J’he theory of tlio uncompensated watt- 
meter is developed in a manner .sirndar to tliat (p. 384) of the induction 
ammeter. Thus, if magnetic saturation and liystcrosis are absent, the flux 
due to the series winding is tlirectly proportional to, anti in phase with, the 
current in the main circuit, i.e. d>i sin(oi^- go), wdiero go is the pliase 

dift'erenco between voltage and current in the main circuit. Similarly, the 
flux due to the shunt winding is ^ 

f,in(cof-(i7Z - ff)) 

-- - cos(cot -f / ) 

where Bg, Lg denote the resistance and inductance, respectively, of tVie shunt 
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w.inding ani (Jtt-/?) is the phase difference between the impressed E.M.F 
and tlie flux in the shunt magnet ; p being equal to tan'^ 

The E.M.F. induced in the disc by the flux is 

Cl - - 10 ^d<t>y^ldt — - cos(a)f - 9?), < 

and that induced by the flux Og is 

€2 — “10'® d^yjdt — - co^Lo^)] Bin{(ot -} p) 

The currents in the disc are deduced in the manner given on pp. 385 to 387, 
from which follow the expressions for the instantaneous forces duo to tlie 
interaction of (hese currents and the fluxes. Tims 


Fj k 


- k/(oE„ 


p(l -+ a>*T/) -f 

k 


sin {col - 7 )) 


- -u 


ki'o>T„ 




^p(l i OJ^Ts^) 

Whence the torque acting upon the disc is 
1c' {F, - F, ) 

+ &in(co^ I p) hm{o)l - (f))^ 

r 

-j COS((p ) ji) 


p{l 4 CO^T,^) V(«/ + CO^W) 
Kc 


pL,(\ + co^rn V(1 

where Tg 




Therefore, if the torque is to be ]>roportioival to the j)ower in the main 
circuit, P must bo zero. Under these conditions we have 




pLAl f- x/(l f l/foVg^) 


El cos (p 


(189) 


This equation shows that the indications of the induction wattmeter are 
less affected by variations of frequency than tlioso of the induction ammeter. 

Method o! obtaining correct phase ^fference between fluxes. From a 
comparison of equation (189) and equation (I84n), p. 387, it follows that the 
correct phase difference between the fluxes at tlio pole faces of the series and 
shunt magnets is (90 - (p) degrees. The natural phase difference between 
these fluxes, however, is (90 — 99 -/I) dcgrees,t where p tan ^ y/gf/wJv,. 
Therefore to obtain the correct phase difference, either the flux at the pole 
face of the series magnet must load the current by the angle or the flux 
at the pole faee of the shunt magnet must lag 90° with respect to the impressed 
E.M.F. In the former cose the series coil must bo shunted inductively ; in 
the latter case the pole face of the shunt magnet may be shielded, or, alter- 
natively, the shunt coil may be shunted by a non-inductive n'sistance, an 
impedance coil being connected in series wdth tlie combination ; in both 
cases some adjustment must be provided. 

The shielding of the shunt magnet is the simpler method and is generally 
adopted in commercial instruments. An example of the application of this 
method is shown in Fig. 229, and the theory is given in the following section. 
In shielding the shunt pole, the shielding coil must encircle the whole 
of the polo core, as in Fig. 229 ; or, if a shielding plate is employed, it must 
bo arranged symmetrically with respect to an axis perpendicular to the 
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common centre-line of the series and shunt pole faces, otherwise^any imsym* 
metrical shielding effect along this centre line will produce a torque due to 
the shunt flux alone. 

Theory of shiqjded-pole shunt magnet. Consider the simple case of the 
magnet shown in Fig. 230, in wdiich the shielding coil li surrounds the pole 
face of the core which is magnetized by the shunt-excited coil. Then 
if O is the flux at the pole face, and the vector, ()(!>, of this quantity is taken • 
as the reference vector in the vector diagram. Fig. 2.31, the saturation ampere- 
turns for the magnetic circuit are represented by OA, which is slightly in 
advance of the flux owing to hysteresis and eddy currents in the core. 

The Jil.M.Fs. induced m tlic exciting and shielding coils are represented 
by OEi and respect iv'ely, both lagging 00° wdtli respect to the flux. 



Fic;. 230 Fig. 231 

Circuit and Vector Diagrams for Shieldcd-pole Shunt Excited 
Electromagnet 


The current in the shielding coil is represented by OJ^ which also represents 
the ampere-turns due to this coil. Hence the ampere-turns to be provided 
by the exciting coil are rejiresented by OC, which is equal to the vector sum 
of the saturation ampere -turns, OA, and the ampere-turns, OB, balancing 
the ampere-turns duo to the shielding coil. The exciting current is therefore 
represented by 01. 

The voltage to bo applied to the exciting coil is obtained by determining 
the internal E.M.Fs. in this coil. These E.M.Fs. comprise the E.M.F., OEj, 
induced by the alternations of the flux O ; the E.M.F., Oa, due to the 
resistance of the coil ; and the E.M.F., Oh, due to leakage reactance. The 
resultant internal E.M.F. is therefore represented by O-V, and the applied 
E.M.F. — which balances the resultant internal E.lNl.F.— is represented by OV. 

Now, in the induction wattmeter, OV must lead the flux vector by 90°. 
and an inspection of the vector diagram will show that this result can be 
obtained by suitably adjusting the ampere- turns of the shielding coil, this 
adjustment being eff^ted either by alteration of the resistance of the 
shielding coil, or by altering its aixial position. 
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Polyphase, or double, wattmeters. Th(‘sc instruments are intended 
for measuring power in polyphase cireuits by the two-^\ attmeter 
method (p. 202), and eonsist of two single-pjiase wattmeter 
meehanisms eombined into one ease and having a single pointer 
and scale. The instruments may be of eilh^^r the elec tre-dynamic 
or the induction ty])e. 

In the electro-dynamic instrunienf th(' two moving coils are fixed 
to a common spindle \\hi(h carries the* pointc'r, (‘onlrol spriijgs, and 



Fig 232 Inteiior <>t \V< sion Polv]3lias( Switcljboaul 
Wattmeter, showing ]^aiimiated Magnetic Shield b two n 
I^])[)ei and Lowei Khiiienls 

[Non \ii illustration of tlio iiKcliinisni ol anothd switcliboaril 
pol>phisc ^^attlnc^t^ IS giviii in Ft; 22ri<’] 

damping vanes The coils may be arranged with their axes either 
in the same plane or perpendicular to each other, the former 
arrangement b^ing usually adopted for switchboard instruments 
(Fig. 232) and the latter for standard instruments (Fig. 2266). The 
two sets of fixed coils are mounted one above the other (when viewed 
with the base of the instrumtmt horizontal), and their axes are 
arranged either in tfie same plane or y)er]^endicular to each other, 
according to the arrangement of the moving coils. Each set of 
fixed coils is provided with separat-e terminals and in three-phase 
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instruinonts (and also in two-phas(‘ instruinonts for* three-wire 
systems) throe terminals are provided for the moving-coil circuits, 
one terminal l^^^ing common to both coils. With instruments for 
two-phase four-A\nre systems, four terminals are p.’ovided for the 
moving-coil circuits, as th(\s(' cannot be inteiconnc ctc'd in this case, 
the four imds of the moving coils being brought out, via the two 
control springs and two flexible ligaments, to the tcTminals and the 
series j’esistances . 

With instruments in wliich the ax(‘s of tlu' moving coils are 
arranged in the same ])lan(*, maiucil inUrjf rence may o(*cur between 
the two syst^mis, if unshi<‘lded, and ])reeautions must be taken 
(‘ith(*r to eompemsate such interhu’cuice or to ])revent its occurrence 
by magnetically shielding the systenns from each other. The 
method of comptnisation for three-phas(‘ instruments consists of 
inserting a non-inductiv(‘ r(‘sistanc(' of suitable Vrihu' in the common 
connection to th(‘ jnoving coils, thus forming a star-conn(‘cted 
])ot(‘ntial cii'cuit wherelw the magnitude and plias(‘ of the currents 
in the moving coils can be adjustt'd to com])(‘nsate for the effects 
dii(‘ to the mutual interference between the two systems of coils. 
Thc‘ method is an <ipplication of the principle previously discussed 
iji Chapter ly (p. 249). In modern inslrmmmts, however, the 
two systcuns usually sliit'ldi‘d from each other by means of a 
flat shi(dd of lainiiiat(‘d iron fixed b(4we(‘n tlu* upper and lower 
syst(uns perpv'udicularly to th(' sjiindh' 225r, 232). 

The indnciion type of polyphase wattnudcT consists usually of 
two singlc-])liaso instrunuuits, the two discs btuiig tix(‘d to a common 
spindle whicli carries the pointer and control sf)ring. Each disc 
is provid(‘d with its operating and braking magnets, as in a single- 
phase instrument. In some instruimmts, liowever, only a single 
disc is em])loy(*d, whicli is actc*d upon jointly by the two operating 
magnets, l)ut with this form of construction interfenmee between 
the operating magmds is liable to occur. 

Marking of terminate of polyphase wattmeters. Tlie terminals of 
the current and poUmtial circuits of polyphase wattmeters require 
to be niark(‘d according to a dt'finite schi'me of connecting the 
instrument to the circuit. For example, in the Weston switchboard 
polyphase electro -dynamic wattmeter for three-phase circuits, the 
terminals of the upper fixed coils (i.e, those nean'r to the pointer) 
are marked S^, and the corresponding terminals of the lower 
set of fixed coils art‘ marked S^, L^, The common terminal of the 
moving coils is marked F 3 , and the tt'rmihals connected to the' 
series resistances fpr the upj>er and lower moving coils are marked 
Fi and respectively. 
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In connrocting the instrument directly to a circuit the potential 
tvU’minals having the subscripts 1 and 2 are connected to two of 
the line 'wires and the terminal Fg is connected to the remaining 
line wire. Th(' current terminals marked S^, S 2 are connect('d to 
the supply side of the circuit, and those marked are 

connected to the load side of the circuit. 

When instruments are used with current and potential trans- 
formers, a knowk‘dge of the polarity of the transformers is necessary 
to enable the wattmeters to be connected correctly. Connection 
diagrams for a number of circuits are given in the author’s Power 
Wiring Diagrams^ pp. 114, 143, 144, 155, 156, 157. 

WATT-HOUR OR ENERGY METERS 

General reQuirements. In all cases of electric supply for powder 
and lighting the charge to the consumer must be based upon the 
energy (in kilow'att hours) supplied. The measurement of this 
energy is effected by an integrating wattmetef opi'rating on the 
induction principle, Avhich principle is particularly suitable for 
house service' mi' tors on account of the lightness and robustness of 
the rotating element and the absence of rotating or moving contacts. 
Moreover, on account of the smallness of the var^ions of voltage 
and frequi'iicy in commercial su23ply systems* the accuracy of the 
induction meter is unaffected by such variations. The accuracy, 
howa'ver, is affected if the wave-form of the supply is badly 
distorted. 

Theory. The induction energy meter may be derived from the 
induction wattmeter by substituting for the spring control and 
pointer an eddy current brake and a counting train, respectively. 
For the mett'r to read correctly, the speed of the disc must be 
proportional to the power in the circuit in which the meter is 
connected, and to fulfil this condition ; (1) The torque due to the 
current generattd in the disc by its rotation in the magnetic field 
of the operating magnets must bcj negligible Jin comparison with the 
operating torque ; (2) the friction must be compensated at all 

speeds ; and (3) the braking torque must be directly proportional 
to the speed of the disc. 

Condition (1) is satisfied if the angular speed of the disc is very 
low in comparison with the angular speed of the travelling magnetic 
field, and in commercial meters the speed of the disc is of the o-der 
of 40 revolutions per minute at full load. 

On account of the 'low speed of rotation of the moving system, 

* Tlio Board of Trade limits ore ; Voltage, ± 5 per cent of declared value ; 
frequency, ± 2J pei cent of declared value. 
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the friction after starting remains constant, and may* be com- 
pensated by a constant torque acting in the same direction 8ts the 
main driving torque. This compensating torque is obtained by 
producing a slight dissymmetry of the shunt flux, by means of an 
unsymmetrically placed shielding plate or coil. 

With the friction compensated, and with correctly adjusted 
operating magnets, the resultant torque acting upon the disc will 
be proportional to the power in the circuit, and if the speed of the 
disc is to be proportional to this quantity, a braking torque varying 
directly as the speed, must be applied to the disc. The braking 
torque is produced by eddy-currents induced in the disc by its 
rotation in a magnetic field of constant int uisity, the magnetic 
field being provided by one or two permanent magnets, so placed 
as to be unaffected by the alternating-current operating magnets. 

For a given disc and brake magnet, th(' braking torque varies 
with the distance of tlK‘ j)oles from the centre of the disc, the 
maximum torque occurring when the distance of the centre of the 
pole faces from th(' centre of the disc is equal to 83 per cent of the 
radius of the disc.* Tliis feature is utilized when testing the meter 
to obtain a final adjustment of the speed to a definite value, 
corresponding to a given ^ower. 

Construction. Numerous forms of construction for house-service 
induction miders have been devised, the i^rineipal differences in 
construction being confined chiefly to the arrangement of the 
magnetic circuits of the operating magnets, the method of obtaining 
the correct phase difference between the fluxes of the series and 
shunt magnets, and the method of compensating for friction. 

Two typical forms are illustrated in Figs. 233, 234. The operating 
magnets resemble those of the indicating wattmeters described on 
p. 402, but slight differences will be observed between the shunt 
magnets in Figs. 233, 234 and those in Fig. 229, these differences 
being duo to the provision of devices for compensating friction. 
In the magnet shown iji Fig. 233 this device consists of two adjust- 
able loops of brass, B, B, which surround the lower polar projec- 
tions of the shunt magnet ; but in the magnet shown in Fig. 234 
an unsymmetrically -placed shielding plate is employed, this plate 
being in the form of a small tongue of brass or copper placed under 
the central portion of the pole face of the shunt magnet and 
displaced slighty to the left of the position of symmetry. 

In both instruments the rotating disc, Ay of aluminium, is fixed 
to a vertical spindle, the lower end of which is supported by a 

♦ Electrical Measuriruj InatrumentSy Drysdalo and Jolley, Part I, p. 106. 
The theory of the eddy-current brake is given on p. 102 of this volume. 
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jewelled footstep bearing, and the upper end is supportc'd by a 
guide bearing. To this end of the spindle is fix(‘d a pinion, (7, 
Fig. 233, which gears with an interrnediatt^ spiiiflle fitted with a 
worm, from which the counting train is driven, the worm drive 
being necessary as the spindles of the counting train are horizontal. 
By fitting the worm to the inti'rmediate s])indle instead of the 
spindle on which the disc is mounterl, the speed of the worm is 
reduced to a low value (about 3;^ revolutions per minute^ at full 
load), and therefore the friction is much less than that eorres])onding 



{a) {h) 

Fig. 233. — (a) Front Elevation, Sliowiiu^ Vrineipal Pcirts of Induction 
Watt-Hour Moter. (h) Side Rlcvation ot ^^ete^, Sliowiu*^ Mc*tliod of 
Drivmcc (VniiitmK 'Tram 
[Melropolitan-Viekers Electrical Co. J 

to a direct-driven worm. Moreover, Avith th(' Avorm fitted to the 
intermediate 8])indle, the jewcdled bearings for the disc spindle are 
relieved from the thrust duo to the worm. 

The m 'thod by Avhich the correct ])hase ditloriMic ‘ between the 
series and shunt fluxes is obtained is tin* sa*ne in both instrumtuits, 
and consists of shielding tho pole face of the shunt magiud l)y an 
adjustable loop of copper, D, Fig. 233. The loo]) is symmetrical 
Avith the shunt pole face, and the adjustment is in a direction 
perpendicular to the pole face. 

The braking torcpie in both instruments is produced by a single 
permanent magnet, M, which is adjustable radially Relative to the 
disc. 

Adjustment of meiier. Tlu' adjustments an* (‘Ih'cti'd when the 
meter is first tested, the method being as folloAvs : Assuming correct 
voltage and frequency to be maintained, the meter is run at its full 
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load current alternatively on loads of unity power factor ^nd a low 
lagging power factor, and the speed is adjusted to the correct value* 
by varying the ]jositions of the brake magnet and the shielding loop. 
For example, if the meter runs fast on inductive load and correctly 
on non-inductive load, the shielding loop must be moved towards 
the disc. Again, if the imder runs slow on non-inductive load, 
the brakp magu'^t is mov(‘d towards th^ etuitrc' of the disc. 





(O) ih) 

Fi(J. Front V^iew of Smj/le-l*haso Walt -Hour Meter with 

Dial Keinovrtl. (/>) Detail ot Ma^K'ts 

[Ferranti, Ltd. | 

[No IK. —The acljustiiieiits for Imlit load and indiKtive load can be seen in 
the front vieA\ ot tlie meter] 

The metfM' is next run on a light load (i e. about of full load) 
and tlc' friction eoinptuisating device is adjust ‘d to give the eorn'ct 
s})eed. In making this adjustment, ear(‘ must be exercised to see 
that friction is not over-compensated, othei’wisc' tlie met(‘r will run 
wiem only the shunt jnagnet is excit^dl. Tlie adjustinent should 
b'' such that : (1) The meter will start with a non-inductive load 
of 0-5 p'r cent of full-load; and (2) with a non-inductive load of 

• For example, a .1 A. 200 V. meter may liave a full -load speed (corre- 
sponding to 1,000 watts) of 40 revolutions per minute, in which case wo have 
40 

correct speed of disc — ^ watts (by wattmeter) supplied to load. 

t With some meteiN tins is prevented bv a small iron tongue, or vane, 
fitted to the disc in sucli a position that when the 'tongue is adjacent to the 
brake magnet the attractive force between tongue and magnet is just sufficient 
to prevent rotation of the disc with full shunt excitation and no current in 
the series coil. 
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^ th of full-load the speed is within 2 per cent of the correct speed 
at this load. 

Accuracy. In commercial meters manufacturec^^ to *the specifica- 
tions of the British Engineering Standards Association the per- 
missible error is ± 2 per cent for all loads between ^ th of full 



Per cent of Full load (wotts 



Fio. 235. — ^Typical Error Curves for Induction Watt-Hour Meter, 
Showing effect of (o) Normal Conditions ; Variation of — 
Frequency (6), Voltage (r), Power Factor (Current Lagging) (d), 
Temperature (e) 

load and 25 per cent overload and at any power factor between 
unity and 0*5, lagging and leading. Typical error curves are 
shown in Fig. 235. 

Effects of temperature variations. Energy meters are inherently 
almost free from errors due to temperature variations, as changes 
in the resistance of the disc affect both the driving and braking 
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torques in the same manner. Moreover, the error whiCh would 
be caused by the diminution of the flux of the shunt magnet due 
to the increase jn resistance of the shunt coil with increase of 
temperature is, to some extent, balanced by the decrease in the 
flux of the brake magnet. The resultant error at full -load, unity 
power factor, may be of the order + 0-05 per cent per 1° C. rise 
in temperature. 

Althqpgh this error is practically unimportant under the con- 
ditions in which house service meters usually operate, it may 
become important in meters mounted ujjon switchboards and 
installed in factories ; it is, of course, important in a precision 
instrument. A novel mc'thod of compensating the error consists 
in magnetically shunting the brake magnet by a magnetic alloy 
(ol the iron-copper-nickel series) having a large temperature 
coefficient of permeability and an t'xtremely low hysteresis loss.* 
Polsrphase watt-hour meters for unbalanced loads.! l^'or the 
m ‘asurement of energy in polyphase circuits with unbalanced 
loads, a double-element watt -hour meter is usually employed. 
This meter consists (\s&cntially of two single-element meters with 
a common spindle and a single counting train. The series and 
shunt magnets of each element are conneett^d according to the 
two-wattmeter method of measuring power in polyphase circuits, 
and each set of magnets acts upon a separate disc to avoid mutual 
interference- Each element is x)rovided with the same adjustments 
as in a single-phase meter, and, in addition, one element is provided 
with an adjustment (usually a magnetic shunt fitted to the shunt 
magnet) for obtaining equality between the torques of the elements 
when the meter is operating \^ith a balanced three-phase load of 
unity power-factor. A typical example is shown in Fig. 236(a). 

Adjustments. The adjustment for ei^uahty of torque is usually 
effected on a single-phase circuit ; the series coils of the elements 
are connected in series with each other and the shunt coils in 
parallel, one set of semes coils being reversed in order that the 
torques may act in opposition. The magnetic shunt is then 
adjusted so that the torques due to the upper and lower elements 
balance each other when approximately full-load current is passing 
through the motor, the shunt excitation being normal. 

The other adjustments for friction, non-inductive load, and 

♦ Journal of the American Institute of Electrical Engineers, vol. 44, p. 241. 
See also Electrician, vol. 92, p. 292, for an alternative method of temperature 
compensation. 

t For the measurement of energy in three-phase circuits with balanced 
loads, a single-pha«e nleter may be employed. See Pouer Wiring Diagrams, 

pp. 116, 118. 
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inductive 4oad arc usually effected by testing each element separately 
on a single-phase circuit, but when this procedure is adopted, 
normal shunt exeiiation must be maintained on doth elements 

f 

during the tests in order that the compensation for friction may be 
the same during the test as in service The methods of effecting 
the adjustmt'iits are similar to those employed with single-phase 
meters, but, since the braking- torque is due to the joint action of 
two brake magnets (one acting upon each disc), the adjustnjent for 
non-inductive load must be effeett^d on each element alternately 
to determine the correct positions for both magnets. 

The correct inductive-load adjustment of each element is impor- 
tant. as any incorrect adjustment of either element may cause 
appreciable inaccuracies when the meter is operating on a three- 
phast‘ circuit. For exampk', if the three-])hase system is balanced 
and the power factor is unity, one t^ement (No. 1 ) of the watt-hour 
met(‘r is operating under conditions equivakmt to a pow(‘r factor of 
0-866, leading, and the other element (No. 2) is o])erating under 
conditions ('qui valent to a power factor ot 0-866, lagging. Hence, 
if element No. I is under-compensat(‘d (i.e. the elemc-nt runs fast 
with a singk'-phase inductive (lagging) load), and element No 2 
is over-comj)ensated (i e. the element runs slow wii^ a single-phase 
(lagging) indu('tiv(' load), the meter will run slow on the three- 
phase circuit If, how(*vcr, th(‘ (*lements are interchanged wdth 
reference to the phases, or line w^ires, of the three-j)hase system, 
the me ter wall run fast. 

If the power factor of the three-phase system is cos rp, lagging, 
one element of the meter will be operating under conditions equiva- 
lent to a power factor of cos (30” - yd — leading or lagging, according 
to whether y?- SO"" — and the other element wall b(‘ opt^rating 
under conditions (*quivalent to a power factor ot cos (30° + <p) 
lagging. But if the power factor is cos y?, leading, the former 
element will be operating under conditions cquivahmt to a power 
factor of cos (30° -j- y?), leading, and the latter element under 
conditions equivalent to a power factor of cos (30°-(p) lagging or 
1 'ading, according to whether y? <. >30°. 

Marking o£ terminals of polyphase watt-hour meters. The 
necessity for a definite system of marking the t(a*minals of polyphase 
watt-hour meters is apparent from the preceding section, and the 
British Engineering Standards Association have standardized the 
following scheme for marking not only the terminals of the meters 
but also the phases of the supply system, in order that no ambiguity 
shall exist about the manner in which the meter is to be connected 
in service. Moreover, the scheme also removes any ambiguity 
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(*on(*('riiing the connections of a meter wlien it is calibrated at the 
iiianufactun'r’s U'sting department. 

The staiidard direction of pliase rotation shall be eounU^r- 
clockwise. The phase, or lin(‘ wire, of reference* of the supply 
system shall be numbered 1 and coloured wliite* ; the* phase 



B/ue 

{a) ('d 


Fin 230 {(t) Fioiit \ ww of Foiianti Polypimso VV"atl-Hom Mclor for 

Unhalaiicod Loads (6) Connoctioiis for J’ol^pliast* Watt -Hour Metor 
when liv'd with Current and Potential 3Vansf oi mors 

which lags 120^ shall be numbered 2 and colour(*d blue, and the 
otht'r phase (which lags 240°) shall be numbered .‘I and coloured 
red. 

In comu'ction witli» power and energy measurements by the 
tw'^o-watt meter method, the current coils of the instruments 
shall be connect'd in the blue and red ” phases, and the 
common terminal of the potential circuits shall be connected to 
the “ white ” phase. The “ blue ” phasj is then the leading ” 
phase and the red ” phase is the lagging ” phase.* 

* This (iesiffiiation of tho “ Icadinpj ” and lagging ’ phasies follows from 
a consideration of the* pliase differences between the line currents and the 
voltages impressed upon the potential cireuitb of tho instruments. For 
example, for tho standard conditions and unity po"er factor, these phase 
differences are 30®, leading, for the element connected m tho '* blue ” phase, 
and 30®, lagging, for the clement connected in the “ red ” phase. 
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The terminals of the element (of the meter) which is to be 
connected in the “ leading ” phase shall be numbered 2 and 
coloured blue ; those of the element which is to be connected 
to the “ lagging ” phase shall be numbered 3 and coloured 
red. 

When a meter has been calibrated with current and potential 
transformers, the terminals of these transformers are marked in 
a manner similar to those of the meter, to ensure that w;hen the 
meter is put into service the connections between transformers and 
elements may be the same as when the meter was calibrated 
A diagram of connections for a typical case is given in Fig 236(6). 



CHAPTER XIII 


INSTRUMENTS FOR SPECIAL. PURPOSES 

(power factor meters, synchroscopes, frequency meters, 

GALVANOMETERS, OSCILLOGRAPHS) 

In tliis chapter we bhall consider a few of tlie instruments in general 
use which are employed for special purposes, such as the indication 
of power factor, phase coinculence and frequency, the dt'tection of 
alternating currents, and the delineation of wav(‘-form. 

POWER-FACTOR METERS 

(xeneral. The term power-factor meteor (or ]>hase mc'ter) nders 
to an instrument for indicating directly, by a single reading, the 
power factor of the circuit to which it is (*onnt‘cl(^d. Instruments 
are available for indicating the power factor of either single-phase 
or polyphase circuits, under balanced and unbalanced loads. 

Principles of < operation. Power-factor meters operate on the 
electromagnetic principle, and are of either the moving-coil (electro- 
dynamic) or the moving-iron types. In general, both tyf)es liave 
two electromagnetic systems ; one system being supplied with 
current equal, or proportional, to the current in the circuit of which 
the power factor is to be measured, anti the other being supplied 
with current proportional to the voltage of the circuit. The coils 
of one system are arrangt'd to produce either a rotating magnetic 
field, or a number of alternating magnetic fields having a time- 
phase difference with resjx'ct to one another, the axes of the fields 
being displact'd in sjMice by angles equal to the time-phase angles. 
The coil, or coils, of the other system usually ]>roduee an alWnating 
magnetic field, the axis 4jf which is fixed in space. 

The direction of the resultant magnetic field in space deptmds 
upon the relative positions of the axes of the rotating and the 
(single) alternating fields at the instant when the latter (i.e. the 
alternating field) attains its maximum value. Hence, since these 
fields are excited by currents proportional to the current and 
pressure of the circuit, the position of the resultant field in space 
will depend upon, and vary with, the phase difference between 
these quantities, i.e. with the power factor of the circuit. 

The position of the resultant field is indicated by a pointer 
and scale, the pointer being fixed to a spindle, which, in the 
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moving-iron instrument, oarries a set of moving-iron vanes, and 
in tho electro-dynamic instrument carries the coils which produce 
the rotating magnetic field. 

With both types of instrument the moving system is perfectly 
balanced and is free from controlling forces. Hence^ when an 
instrument is disconnected from a circuit the pointer remains in 
the position which it occupied at the instant of disconnection. 
With these general remarks wo will consider the theory of the 
moving-coil and moving-iron instruments. 

Electro-dynamic single-phase power-factor meter. In this instru- 
ment the alternating magnetic field is produced by a fixed coil, or 

a pair of coaxial coils, 
supplied with current 
proportional to the cur- 
rent in the circuit. 

The rotating magnetic 
field is produced by a 
pair of intersecting coils, 
which are fixed to a 
common spindle, the 
coils being supplied with 
equal currents, propor- 
tional to the pressure of 
the circuit, and having 
a phase difference of 
approximately 90°. The 
two moving coils should be exactly similar, and tho angular dis- 
placement of their axes should be equal to the (time) phase difference 
between their currents. The requisite equality in, and phase differ- 
ence between, the currents is obtained by connecting a non-inductive 
resistance in one circuit and a reactance, of the same ohmic value, 
in the other circuit, as shown in the connection diagram of Fig. 237. 
Obviously the currents in the moving coili. will bo affected by tho 
frequency, since the ohmic value of the reactance will change with 
the frequency. 

The current is led into and out of the moving coils by fine silver 
ligaments, which are so arranged as to exert no controlling force 
on the moving system. 

Theory of single-phase electro-dynamio power-factor meter. The theory of 
this instrument is best developed by deducing expressions for the torque 
acting on each moving coil and obtaining the condition for equilibrium of 
the moving system. Thus, if the voltage of, and the current in, the circuit 
to which the instrument is connected are represented by c == sin cc/, and 
% Bm{(ot - fp) respectively ; the currents in the moving coils A, B 



Fig. 237. — Principle of Electro -Dynamic 
Single -Phase Power-Factor Meter 
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(Fig. 237) will be given by ^ {E„JR) sin wU and ij, = {E jZ)%m{o)t - y), 
j;espectively, where R denotes the resistance of the non-inductive, or “ i,” 
circuit, Z the i^ipodance of the inductive, or “ circuit, and y the charac 
teristic angle for t]^ circuit (i.o. tany =- reactance /resistance). 

If the magnetic field produced by the current (i) in the fixed coil is assumed 
to be uniform m the space through which the moving coils are deflected, 
the instantaneous values of these torques, when the moving system is in 
equilibrium, are 

^^(inst) = Jcii^GOS{ 0 -P) 

-- k Ij^(E^IR) sill v)t bm{Q}t ~ q)) cob( 6 - fi) 

® ~ kl {E JR) cos(0 - )S) [cos (p - cos(2fuf - 99) J 

for coil and 

-k {E^JZ) sin{cui - y) sin(a)2 - 99) cos 0 

— - k I {E jZ) cos 0 [eos(y - q>) - coa( 2 tut - y - 9?) J 

for coil /?, 

where A; is a constant, /? the angular displacement of the coils, and 0 the 
angle between the magnetic axis of tho fixed eoil and the eenlral plane 
containing coil B and the pivotal axis. 

The mean values of the torques are 

- k I {E jR) cos {0 - ^) Qoa q) 

and ^jj — - k I (E jZ) cos 6 cos{y - 99) 

Hence, since the moving system is meclianically balanced and is under no 
restraint from controlling forces, tho position of equilibrium, on tho assumption 
of no friction, must bo such thlit the resultant torque is zero, 1 e. 

kI{E)R) coh(0 - P) cos 99 - kI{EIZ) cos 0 cos(y - 99) — 0 

Hence, it R ^ Z, and /? — y, wo have 
cos(0 - y) cos 99 - cos 0 eo8(y - 99) 

or cos 0 cos y <’0s 93 -j- sin 6 sin y cos 99 — cos 6 cos y cos 99 + cos 0 sin y sin 99 
Whence sin 6 cos 99 - cos 0 -'in 99 

or tan 0 tan 99 ...... (190) 

i.0. 0 — q) 

Similarly, if the current in the circuit is leat^ling with respect to the line 
voltage (i.e. i — /^sin(fo^ + 93)» wo havo 

- tan 0 tan 99 
or -0 -- q) 

Thus, for tho conditions assiiraod, tho angular displacement l)c tween the 
central plane of coil B andothe axis of the fixed coil is equal to the phase 
difference between the voltage and current in the circuit to which the 
instrument is connected. Observe that tho displacomont is in one direction 
(counter-clockwise) when the current is lagging with respect to the voltage, 
and is in the other direction (clockwise) when the current is leading. The 
scale of the instrument, however, is usually marked to give the power factor 
(cos 99) directly, and, under the conditions assumed above, the scale divisions 
are proportional to the cosine of the displacement angle, 0 . 

If tho “ supply ” and “ load ” are interchanged (i.e. if the direction of 
current in the fixed coil is reversed) the position of equilibrium of the moving 
system will be 180° from the above positions, i.e. the pointer will travel in 
the lower quadrants of Fig. 237. 

Owing to the ligaments, the arc of movement must be restricted to less 
than 3^°, and, in pr^tice, the scale is confined to the upper quadrants, 
as in Fig. 237. 
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In connV^pting the instrument to a circuit, care must be exercised to see 
that the “ supply ” and “ load ** are connected to the correct ends of the 
fixed coil, as denoted by the markings of these terminals. 

The above theory shows that the indications of the instrument are unaffected 
by variations of current and voltage. But, in praetiee, the accuracy may bo 
affected if the current and voltage are much below normal, as, under these 
conditions the frictional torque may be comparable with the resultant torque 
due to a change m power factor. With high-class instruments the accuracy 
at normal voltage and frequency is unaffected until the current in the fixed 
coil is below about one-fifth of the normal current for which the instrument 
is designed. The instrument readings, however, as already sl^wn, are 
affected by frequency variations and also wave-form distortion. 

Electro-dynamic polyphase power-factor meters for balanced loads. 

instruments for two-phase and four-phase systems closely resemble 



Fig. 238. — Principle of Electro -Dynamic Three-Phase Power-Factor 
Meters for Balanced Loads. (a) Instrument with Throe Movmg 
Coils, {b) Instrument with Two Moving Coils 


the single-phase instrument described above, but the reactance in 
the B'' moving-coil circuit is replaced by an equivalent resistance. 
Moreover, if a cosine-law scale is required, ^hc angular displacement 
of the coils (/9) must be exactly 90°, and these coils must be 
connected across line wires between which the E.M.Fs. have a 
phase difference of 90°. 

Instruments for three-phdse systems are constructed with a fixed 
coil and with either two or three moving coils, connected as shown 
in Fig. 238. When three moving coils are employed they are 
symmetrically spaced with respect to one another, but when two 
coils are employed the angular spacing may be chosen according, 
to the type of scale required. For example, with a spacing of 
120° a normal cosine-law scale is obtained, as with a single-phase 
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instrument, but if the angular spacing is increased, certain parts 
of the scale are opened out (i.e. the range in power factor for a 
given angular deflection of the pointer is diminished). 

Theory of electro-dynamic power-factor meter for balanced three-phase 
circuits. Lot 2 p donoto the angular spacing between the two moving coils 
and 0 the angle of displacement of the pointer (which is symmetrically placed 
with respect to tho moving coils) from the central plane peri:)endicular to the 
axis of the fixed coil (Kig. 2386 ) when tho moving system is in equilibrium. 
Then, if oho suiqily system is symmetrical, and tho hue voltages are given by 

2 — V^am{(ot + ^tt), V2 3 - 7 ^Hin(fo«- 1 - sin (c/ji - ^tt) 

the voltages impressed upon the moving-coil circuits will be given by 
^’3-1 ■=- - Jtt) ; ?V 2 - J^^)- 

If R is tho resistance of each of tho moving-coil circuits, and st'lf and mutual 
inductances are negligible, tlie currents in the coOs will bo 

'a " *„ (V R) - iTz). 

Tlio current in tho fixed coil is given by i /,^j8in(r/>^ - \’n: - tp), where 
cos (p is the power fac'tor of tho three phase circuit. 

Hence Iho instantaneous torques acting on the moving coils are 

I 0 ) 

- k ( V,JR) Rin(^ I- 0 ) sin(«)( -\TZ-(p) sin(a)f - Jtt) 

~kl (F//i)sin(^ I- 0 ) |cos(i7^ + (^) - cos( 2 c/>^ - - 9?) ] 

■= -kii^a\n(P- 6 ) 

- — k (V^^JR) siiiift - 6 ) sin(ojf - - q^) .sin((o^ - ^tt) 

- -kl {VjR) sin (/3 - 6 ) [cos(^7r - 9?) - cos(2o>/ - - 9?) j 

and the mean torques aro 

- kl {V/R) sinip 4 0 ) cos(i 7 T -f (p) 

- - A: / ( F/ 7 ?) sin(/? — 0) cos(i7r - 9^) 

Since the condition for equilibrium of the moving system is that ~ 

we have 

sm{p {- 6 ) cos(j7r 4- 99) — sin(/? - 0 ) cos(i7r - (p) 
i.e. sin(^ 4- 0) cos 99 - ^sin 99] sin(/? - 0) f '^o* eos 9? + i sin 91] 

or \/ 3 cos 9? [sm{p + 0 )~sin(p- 0 )J ^ sin 9? [sin(^- 0 ) sm ()?4 0 )] 

t’os 9? cos p sin 0 — sin 99 sin p cos 0 

Whence tan 0 — (1 /V 3 ) tan ^ tan 99 ..... ( 191 ) 

If the angular displacement of the coils is 120 °, P — 60 ° and tan P - \/ 3 . 
Hence 

tan 0 -= tan 99 
and 0 = q) 

Thus the angular deflection of the pointer from the plane of reference is 
equal to tho phase difference between the phase K.M.F. and current in the 
circuit to which the instrument is connected. 

When the angular displacement of the coils differs from 120 °, the angular 
deflections of the pointer are no longer equal to 99, and the scale of power 
factor no longer follows the cosine law. Examples of scales for three values 
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of |3 are gi^^en in. Fig. 239, from which it will be seen that, by making |3 greater 
than 60°, the portion of the scale in the vicinity of unity power factor is 
opened out, but that the range of power factor corresponding to a given 
full-scale deflection is reduced. Conversely, by making ^ less than 60°, the 
range of power factor corresponding to a given full scale deflection is increased, 
but the openness of the scale is reduced. 

Observe that the indications of tlie instrument are unaffected by variations 
of frequency : they are also unaffected by wave-form distortion. 


Comparison of theoretical and practical scale shapes. T];^e form 
of scale deduced theoretically in the preceding sections refers to 
an ideal instrument in which : (1) The magnetic field produced by 



Fio. 239. — Forms of Scale for Electro -Dynamic Three Phase 
Power-Factor Meter with Two Moving Coils. Angular Spacing 
Jletween Coils js 120° for Scale (a), 90° for Scale (ft), and 
150° for Scale (c) 


the fixed coil is (a) in phase with the current (i.e. there are no 
eddy currents in the conductors or coil supports), (6) uniform over 
the space traversed by the moving coils when the latter are deflected 
over the full scale ; (2) the moving coils arc identical in dimensions 
and number of turns, and their self and mutual inductances are 
negligible in comparison with the resistances of the circuits ; 
(3) the friction is zero ; (4) the reactance employed in the single- 
pha;Se instrument has no losses and produces no distortion of the 
wave-form of the current. 

The agreement between the form of scale of a commercial instru- 
ment with the theoretical form of scale will depend upon the 
closeness with which the actual instrument approaches the ideal. 
For example, in a t 3 rpical high-class instrument (such as that 
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manufactured by the Weston Electrical Instrument •Co.), the 
several layers of the moving coils are interlaced at the diametrical 
crossing points^ so that each coil has the same mean diameter. 
The coils are extremely short and of light weight, and the moving 
system is pivoted in jewelled bearings. Moreover, in the polyphase 
instruments the values of the series resistances in the moving-coil 
circuits are such that the self and mutual inductances of these 
circuits are negligible. Again, the supports for the fixed coils are 
constructed of a material having a high specific resistance, and the 
amount of metal located in the magnetic field is reduced to a 
minimum, so that the eddy-current losses are very small. These 
supports are of similar design to those of th(' polyphase wattmeter 
illustrated in Fig. 232. 

In consequence of th(\se features, the scale is almost identical 
with that for an idt'al instrument, as is shown by the following data — 

Deflection 0° .0 5 10 ir> 20 25 30 35 40 43 

Actual scale mark- 
ing (cosy)) . 1 0 0 985 0 942 0-88 0-808 0-735 0-065 0-599 0-537 0-5 
Theoretical scale 

marking* (cos 9 ?') 1-0 0-987 0-950.5 0-895 0-8275 0-77 0 082 0-605 0-54 0-5 

Calibration. Since t^c indications of the polyphase electro - 
dynamic power-factor meter are unaffcct(‘d by fri^quency variations, 
the instrument may be calibrated on a direct-current circuit. The 
normal current is passed through the fix(‘d coil, and such voltages 
are applied to the moving-coil circuits that the torques corre- 
sponding to a given position of the moving systt'm are the same, 
as the mean torques under normal operating conditions. The mean 
torques under normal operating conditions are given by the ^ 
equations on p. 421, thus 

= kI(V/B) sin(/9 + 0) co8(^7r -f- (p) 

=-kI{V jR) - B) cos( Jtt - tp) 

and the torques with direct current passing through the coils are 

IcFI^ sin(/3 + 0) = lcr(V^IR) sin(/9 f- 0) 

.V= - kPI^ sin()8 - 0) = kFiV^^jR) sin(/3 - 0) 

where F is the current in the fixed coil and //, I^\ the currents in 
the moving coils, and F^', Fb', the voltages applied to these circuits. 
The constant k has the same value for both direct- and alternating- 
current operation. 

♦ Calculated from tan {p' = ^3 tan 0/tan 43® 
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Hence, Vith normal current in the fixed coil, wc have 

sin(/? + 0) = {VjR) ain0 + 0) + <p) 

or Vj,' = V cos(| 7 r f 99 ) . ‘ . . (192) 

and similarly Fjj' = F cos(i 7 r - 99 ) . . » (193) 

where V is the normal (alternating) operating voltage. 



Kio. 240. — (Vmnootions for Calibrating Electro-Dynamic 
Three -Phaae Tower-Factor Meter 


Thus, if the normal ofx^rating voltage is 100, the values of VjJ 
and Fn' to be applied to the moving-coil circuits to obtain the 
deflection corrCvSponding to a given power factor (lagging) arc 

cos <p . 10 0-95 0-9 0-8 0-7 0-6 0-5 0-4 0-3 0-2 0-1 

F/ . 86 6 8M6r)6]339-3324-61 11-9 0 -1 M3 -21-74-31G3 -41 

Fj,' . 86 6 9M7 99-74 99-29 96-35 91-93 86-6 80-4 73-65 66-34 58-43 

To obtain the deflections corresponding to leading power factors, 
the moving-coil circuits must bo interchanged with respect to 
F^', Vj/, The connections are arranged as shown in Fig. 240 ; 
the moving-coil circuits are supplied — via a change-over switch and 
suitable rheostats — ^from a source having a voltage equal to twice 
the normal operating voltage of the instrument, and the fixed coil 
is supplied with current from a low- voltage battery.* 

Moving-iron power-factor meters. These instruments may be 
divided into two sub-classes, according to whether the operation 
depends upon a rotating magnetic field or a number of alternating 

♦ If calibration at power factors below 0-5 is not required the right-hand 
rheostat, Rh, Fig. 240 (which is necessary for obtaining the reversal of 
the voltage Fj^'), may be dispensed with, in which case the voltage of the 
direct-current supply should be equal to the normal operating voltage of the 
instrument. 
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fields. Since, in both forms of instruments, all coils arc stationary, 
the mo\ing system may be given complete freedom of movement, 
and a scale ext(|pding over the full 360° of arc may, therefore, be 
employed as shown in Fig. 241. 

The essential features of a rotating field instrument for balanced 
polyphase loads are showTi in Fig. 242. The electrical portion of 
the instrument consists of (1) a set of coils, A, cajiable of jirodiiciiig 
a uniformly rotating magnetic* field when supplied A\ith suitable 
polyphase currents ; and (2) a single coil, B, which is fixed coaxially 
inside A and is (*xcit(*d from one of tht* x^hasevs of the' (x^olyjihase ) 
system The outer coils, A, are sur- 
rounded by a laminat(*d iron ring and 
are usually su})pli(‘d, by means of 
eurrent transformers, with currents pro- 
portional to the line currents in thc' 
polyphase systc‘m. The inner coil, B, 
togetht‘r with a series resistance, is 
connected across two line wires of the 
system. 

The moving system consists of a 
pair of light 4ron vanes, C, Cy fixed 
to the ends of an iron core and pro- 
jecting perpendicularly from the latter in 
opposite directions, as shown in Fig. 242. 

The core and sjnndle are coaxial with the* coils Ay B and the vanes 
project over the ends of coil B. The iron core is fixed to a 
spindle which is pivoted in jewelled bearings and carries tho pointer 
P and the light mica damping vanes Z>, 

The moving system is x^erfectly balanced and is free* from con- 
trolling forces. Hence, when the coils Ay By aro excited, the iron 
vanes (7, C, set themselves along the direction of the resultant 
M.M.F. due to these coils. 

The theory of the inetrument may be develoxied in a similar 
manner to that of the electro-dynamic instrument by considering 
the moving core and vanes to be magnetized, by the inner coil By 
with current which is proportional to, and in phase with, the line 
voltage of the system. Then, if the effects of hysteresis and eddy 
currents are ignored, the core, vanes, and inner coil arc equivalent 
electromagnetically to a rectangular moving coil pivoted within 
the outer coils. Ay the centre lino of the moving coil being coincident 
with the axis of the iron vanes. 

Expressions for the torque acting uxK)n such a coil aro readily 
obtained, and it is easy to show that the angular deflection of the 



Ftg 241 - Moving-lion 
Foim of Fow’’(‘i Far tor 
Motor with vScalo Kxtoiid- 
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coil from a given position is equal to the phase difference between 
the voltage and current in the polyphase system. 

In the actual instrument, however, the effects qf hysteresis and 
eddy currents in the moving core and iron vanes, and the inductance 
of the inner magnetizing coil, B, cause the indications to lie affected 
by variations of frequency and wave-form. Hence the instruments 





Ofagndim of Connections 

Fig. 242. — Moving-Iron Form of Power-Factor Meter in which a 
Rotatmg Magnetic Field is Employed 

must be calibrated at the particular frequency at which they will 
be used. 

The essential features of alternating-field instruments (due to 
Lipman, and manufactured by Messrs. Nalder Bros, and Thompson) 
for three-phase balanced and unbalanced loads are shown in Figs. 
243, 244.* 

In the instrument for balanced loads (Fig. 243) the moving 
system comprises three pairs of iron vanes and cores, C'l, C's, 

* See also “ Power-Factor Meters,” by F. E. J. Ockenden, Electrical 
Review, vol. 93, p. 164. 
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which are fixed to a common spindle pivoted in jewelled bearings, 
the spindle also carrying the pointer, P, and mica damping vanes, D. 





(a) Principle of Moving- Iron, Alternating Field, Three Phase 
Power-Factor Meters for Balanced and Unbalanced Loads. 

(6) Diagrams of External Connections 

The vanes are sector-shaped — ^the arc subtending an angle of 120° — 
and the vanes forming each pair (which are magnetically connected 
together by the core) are fixed 180° apart (as m the rotating-field 
instrument, Fig. 242). The cores are separated on the spindle by 
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distance pieces, S, of non-magnetic raateriaJ, and the axes of 
symmetry of the three pairs of vanes are displace^ 120° with 
respect to one another. 

The cores and vanes are magnetized by the fixed coaxial 
pressure coils -S3, which are mounted coaxially Vith the 

spindle and are excited with currents proportional to the phase 
voltages of the threc'-phase system. 

The current coil, A, is wound in two equal sections, whi'^h are 
mounted parallel to each other on opposite* sides of the spindle, 
with their magnetic* axes lying in a plane passing through the 
pivotal axis of the moving system. The two sections are connected 
in series or paralk‘1, according to the current range of the instrument, 
and are supplied with current proportional to the current in one 
of the line wires of the three-phase system. 

In the position of equilibrium of the moving systcun the* resultant 
mean torque is zero, i.e. the mean torque actiqg on one pair of 
vanes is balanced by the mean torques due to the other pair of 
vanes. Under these conditions, and if the effects of hystc'resis, 
eddy-currents, and inductance of the pressure-coil circuits are 
ignored, it can be shown that, for the pair of vanes which are 
magnetized from the same phase as the fixed coii', the angle of 
displacement of the axis of symmetry of these vanes is c‘qual to 
the phase difference between the phase voltage and current of the 
three-phase system. 

The instrument for unbalmwed loads operates on the same 
principle as, but the construction differs in a number of features 
from, the instrument for balanced loads, since the moving system 
must bo acted upon by the currents in all line wires. The essential 
features are shown in Fig. 244. 

The moving system consists of two sets of vanes, each set 

comprising three 120° sectors fixed with their axes of symmetry 
120° apart and magnetically connected together by iron cores ; 
the two sets of cores being separated on thfc spindle by a distance 
piece of non-magnetic material, S. The cores and vanes are 
magnetized by the two coaxial pressure coils which, together 

with suitable non-inductive series resistances, are connected across 
the line wires of the three-phase system. 

Six current coils, A^-A^ arc employed, three coils being provided 
for each set of vanes. Each group of (three) coils is star-connected, 
and the two groups are connected in parallel and supplied, by 
means of current transformers, with currents proportional to the 
currents in the line wires of the three-phase system. Alternatively, 
for low- voltage circuits and currents not exceeding 30 A., the star , 
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connections may be omitted, in which case the correspcmding coils 
of each group are connected in parallel with each other and inserted 
directly in the line wires of the three- j)hase system. 

The current coils arc of the flat type ; they are mounted parallel 
to one another and adjacent to the vanes, the magnetic axes of the 
coils being perpendicular to the spindle and coplanar Avith the vanes. 

The mean resultant torque acting on one S('t of vanes is diK* to 
the combined effects of the currents in all line wires and the voltage 
across^one pair of line wires, while the mean re.sultant torque acting 
on the other set of vanes is due to the combined (‘fleet of the currents 
in all line wires and the voltage across the other pair of line Avires. 
These torques balance each other in th(‘ ])osilion of (Hjuilibrium 
of the moving system, and this position, therefore, corrc'spoiids to 
the average phase diflerence between th(‘ jfliase voltages and 
currents for the three-phase system. 

The terminals are marked in accordance vith th(‘ B.E.S.A. 
standard scheme (p. 416), and a kno\vl(‘dge of the jfliasc rotation 
of the supply system is necessajy when the instnmuait is <^*onn(*ctcd 
in circuit. 

The instrument for two-phase vnbalanccd circuits is similar in 
general coristr^iction to'' the instrument tor threi -jfliase circuits, 
but each set of vanes now comprises two, inst(‘ad of three, vanes, 
which take the form of quadrants and ar(‘ fixed wdth their axes of 
symni(*try mutually at right angles, as shown in J<^ig. 252, which 
refers to a dt‘flectional frequency nietc'r. Two magnetizing, or 
pressure, coils, and four curnmt coils are employed. 

In th(* single-pJuise instrument the moving system is identical 
with that of the two-phase instrument. The two magnetizing ('oils 
are supplied, from the single-phase system, with currents having a 
phase difference of 90°, a reactance being connected in seri(‘s with 
one coil and a non-inductive resistance in the other coil. A single 
current coil, wound in two sf'ctions, is employed, and is mejunted 
in the same manner a^ the current coil of the three-jjhase balanced- 
load instrument (Fig. 243). 

SYNCHROSCOPES 

A 83mchroscope, or synchronism indicator, is a special form of 
phase meter for indicating the phase coincidence of the E.M.Fs. of 
two alternators, or two alternating-current supply systems, which 
are to be operated in parallel. 

Requirements. When an alternator is to be operated in parallel 
with other alternators already in service, the switch connecting the 
incoming machine to the bus-bars must be closed at the instant 
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when the E.M.F. of this machine is equal to, and is in phase-opposi* 
tion with, the E.M.F. at the bus-bars, and the frequency of the 
two E.M.Fs. has the same value. With a polyph^e machine the 
direction of phase rotation must agree with that of the bus-bars. 

The equality in the magnitudes of the E.M.Fs. is indicated either 
by two voltmeters or a differential voltmeter (called a “ parallel- 
ing ” voltmeter). The latter consists of two moving systems fitted 
to a common spindle and acted upon differentially by operating 
coils excited from the bus-bars and the incoming machine 
respectively. 

The coincidence of phase* may be indicated in a number of ways, 
such as by incandescent lamps suitably connected ; by a com- 
bination of vibrating reeds ; and by a special form of phase meter. 
Two important requirements — ('specially in large generating stations 
where the consequences resulting from incorrect closing of the 
switch arc very serious — are that the coincidence of phase shall be 
indicated accurately, and that accurate indicatieJns shall be given 
of small phase differences in the E.M.Fs. of the incoming machine 
and bus-bars. These' requirements are satisfied only with the 
phase-meter type of indicator, in which precautions have been 
taken to secure sensitiveness and low inertia of the moving system. 
Moreover, this type of indicator also indicates whether the frequency 
of the incoming machine is lower than, equal to, or higher than, 
the frequency at the bus-bars. 

With polyphase alternators and sysU'ms, the phase coincidence 
is indicated by a single-phase instrument connected across corre- 
sponding line wires of the bus-bars and incoming machine. The 
direction of phase rotation of the incoming machine must agree 
with that of the bus-bars, and this must be tested before any 
attempt is made to parallel the machine. Methods of testing the 
phase rotation are given in Chapter XV. 

Principles of operation. The electromagnetic principle of 
operation is employed in the phase -meter •type of synchroscope. 
Both the moving-iron and the electro-dynamic forms of con- 
struction are employed in practice, but the moving-iron form of 
instrument is in more general use, as the moving system can be 
given complete freedom of movement, and the pointer can travel 
over the full 360° of arc, as shown in Fig. 245. To obtain accurate 
indications from a moving-iron instrument, however, the effects 

* Although the E.M.Fs. are actually in phase-opposition relative to each 
other, it is convenient to consider that they are in phase but that one is re- 
versed relatively to the other. The term “ phase coincidence,” as employed 
in connection with synchroscopes, is to be interpreted in this meumer. 
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of hysteresis and eddy currents in the moving-iron elenfents must 
be reduced to a minimum, and the inertia and friction of the moving 


system must be as small as practicable. 

The moving-iron instrument may oj)crate 
with cither a rotating magnetic field or 
an alternating magnetic field. When a 
rotating field is employed, the moving- 
iron vanes are liable to be acted upon 
by the rotating field, as in an induction 
instrument, and precautions must be 
taken to reduce to a negligible amount 
the torque due to this effect. Instruments 
which operate with an alternating field 
are free from this defect 

Construction. Two examples of modern 



Fia 245 — External View 
of Moving-Iron Synehro- 
sc ope 

[Nalder ]iros. and rhomiwon] 


instruments will be considered — a 


moving-iron instrument and an eleetro-d 3 mamic instrument.* 

A diagram shovdng the connections and essential parts of the 



Fig. 246. — Principle of Moving-Iron 
Alternating-Field Synchroscope 


moving-iron synchroscope is given 
in Fig 246. This instrument is 
of the Lipinan alternating-field 
type. The moving system is 
identical with that of a single- 
jihase j3ower factor meter, and the 
magnetizing coils B 2 and the 
method of obtaining the required 
phase difference in their exciting 
currents are also identical in the 
two cases. The magnetizing coils 
are excitt'd from the incoming 
machine. 

The field coil, A, however, is 
wound with fine wire and, together 
with a non-inductive series resist- 
ance, is connected to the bus-bars. 

A phantona view of the Weston 
electro-dynamic synchroscope is 
given in Fig. 247, and a diagram 
of the internal connections, together 
with the connections of the auxili- 
ary apparatus, is given in Fig. 248. 


♦ For other examples, inoluding lamp synchroscopes, see Power Wiring 
Diagrams, pp. 124-128. 
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axis of 
is per- 


The mecLanism of the synchroscope is identical with that of a 
single -phase wattmeter, in which the fixed coils are designed for a 
very small current, but the control springs are so adjustc^d that, 

with no current in the 
instrument, tho 
the moving coil 
pendicular to that of the 
fixed coils, i.(‘. the pointer 
is at the mid-seaie posi 
tion. The instrument is 
not provided with the 
usual scale and dial, but 
an opal dial is fitted in 
front of the pointer. Tin* 
dial is mark(‘d with a 
central mark and also the 
words fast, slow, as shown 
in Fig 247. A small lamp, 
capabl(‘ of illuminating the 
dial is fitted behind the 
pointer. ^^This lamp is 
suppliedf rom th(‘ secondary 
of a s]X'eial transformer, 
Tr, Fig 248, which has tw'o 
primary windings. One of the latter is excited from the bus-bai-s 
and the other from the incoming machine, and the connections are 
so airang(‘d that the E.M.F. induced in the secondary winding is 



Fig. 247 — Phantom View of Weston 
Synciiroscope showing Fixed and 
Movable Coils, Pointer and Lamp 





C 


Fig. 248. — Internal Cormections of Weston Syncliroscope and 
Auxiliary Box 



proportional to the vector sum of the E.M.Fs. applied to the 
primary windings. 

The fixed coil, together with a non-inductive series resistance, R, 
Fig. 248, is connected to the bus-bars. The moving coil, together 
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with a condenser, C, in series, is connected to the* incoming 
piachine. 

[Note. ®oth types of synchroscopes are usually supplied from 
transformers.] * 

Theory of action, (a) Momng-iron instrument. When tlie fi-equoncy of 
the incoming machine is equal to that at the bus-bars, the action of the moving- 
iron synchroscope is identical with that of the corresponding form of power- 
factor meter, the angular displacement of the pointer from the central position 
being proportional to tho phase difference between the two K.M.Fa. When, 
howeve^, tlio E.M.Fs. have different frequencies, tho moving system rotates 
in one direction or the other, according to whether the frequency of the 
incoming machine is higher or lower than that at the bus bars. The speed 
of rotation, in revolutions per second, is equal to tho difference between the 
two frequencies. 

The theory of action can bo devt'loped mathematically by considering tho 
equivalent ideal electro-dynamic instrument, in which moving sysUmi is free 
to rotate, the axes of the moving coils are porjicmlicular to each other, the 
phase difTer(*nce between the currents in tliese coils is 00°, and the frequency 
of these currents is equal to that of tho incoming machine. The fixetl coil is 
excited with current proportional to, in phast^ with, and of tlie same frequency 
as, the E.M.F. at tho bus-bars. 

Hence if A’j, denote the E.M.Fs. applied to the fixed and moving-coil 
circuits, / the frequency at the bus bars, / ± /' the frequency of the incoming 
machine ; then, from Fig. 237, an<l the deductions on p. 410, wo have, for 
tho instantaneous torques, 

^A(.ns«) + f')* J aJain27t/< 

— cos(0 - 90°) [cos(-)- 2T/'i i a) -cos(2Tt(2/-f-/')f-i-a)] 

-= - ® 8in[27t(/ + f')t - i a) sill 271 /t 

A-i&’i/i’. C03 0 [coa( J 27r/'« 1 a- j7r)-cos(27t(2/ ) /')t ( o-Jtt)] 

where a is the phase difference between the two E.M.F’s. 

If f' — 0, i.o. the frequency of the incoming machine is ecpial to that at 
the bus-bars, the above expressions reduce to 

^Aiinat) sin 6/ [cos {-a eo&(4Tr/^ \ r/)] 

and cos 0 {sin i a - sin(4Tr/^ i ti)\ 

Hence the mean torques are 

l\E^E^ sin 0 cos ± a 
and - k^E^E.^ cos B sin j a 

The condition for equilibrium is that 5"^ + — 0, 

i.e. sin 0 cos cos 0 sin ~t o, . . . . . (194) 

or 6-^ ± a ^ 

Thus the pointer is stationary, and its deflection from tlie “ zero ” jiosition 
(which is vertically upwards) represents the phase difference between tho 
E.M.Fs. 

If the frequency of the incoming machine differs slightly from that at the 
bus-bars, the torques tending to deflect the moving system will bo given by 
^a“ sin 0 cos (4- Stt/'/ ± ct) 

and S’b~ “ k^E^E^ cos 0 sin(4: 2Tzf't ± a) 

since the component torques having a frequency of 2f :t. J' will have no 
effect upon the moving system. 

Hence, for equilibrium -f S'j, = 0, or 

sin 0 cos(± ± a) = cos 0 sin(± 2nf't ± 0 ) • • 

i.e. 0 it 2‘Kj't i a 


88 — ( 6246 ) 
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Thus thecmoving system rotates with an angular velocity equal to that 
corresponding to the difference in the two frequencies (i.e. one revolution 
corresponds to a difference of one cycle in these frequencies), and the direction 
of rotation depends upon whether the frequency of the incoihiag machine 
is higher (/' positive) or lower {f' negative) tlian the frequeiiC^ at the bus-bars. 

(6) Electro dynamic (Weston) instrument. Case I. Frequency oj incoming 
machine equal to that at bus bars. Since the voltage impressed upon the 
illuminating lamp is proportional to the vector sum of the E.M.Fs. of the 
incoming machine and the bus-bars, the brilliancy of the dial will vary with 
the phase difference between these E.M.Fs. ; the brilliancy being a maximum 
when the E.M Fs. are in phase and zero when the phase difference^ is 180°. 
Moreover, since the currents in the fixed and moving coils are irt time- 
quadrature, the torque will bo zero when the impressed E.M.Fs. are in phase 
and in phase opposition. I'he pointer and dial, however, are only illuminated 
when the E.M.Fs. are in phase*; and under these conditions the pointer will 
bo soon stationary and vertical. If there is a i>haso difference of less than 
90° between the E.M.Fs., and there is no dilTerence in frequency, the pointer 
will be deflected to a po>ition to the loft or right of the central position and 
the dial will be illuminated. Hut if the phase difference is greater than about 
1 20° the dial will be dark and the pointer will not be seen. 

The theory of the action for the above conditions may be developed quite 
easily by deriving the expressions for the torque and tjio voltage impressed 
upon the lamp which illuminates the dial. Thus, considering an ideal 
instrument, the currents in the fixed and moving coils may bo expressed as 
h -■ 2 tc/^ and k^fC E i a -1 .Itt), respectively 

where j? denotes the resistance of the fixed-coil circuit (the reactance of 
which is assumed to be zero), and C the capacity connected m series with 
the moving coil, the resistance and inductance of this circuit being assmned 
to bo zero. The instantaneous value of the deflecting torq'ae corresponding 
to a deflection 0 from the central position of the moving system is jiroportional 
to fg cos 0, and is given by 

-■= COS d sin 27t/t siu(27t/< -fc a + iu) 

= kJc^(E^EJG jR) COS B{cos(±: u + Jtt) - cos(-t7r// i a + ^tt)] 
and the mean torque by 

S'j, - kJc^(E^E JC jR) cos B cos( f- a + ^tt) 

Since the controlling torque (^q) is due to a spring, we have, for equilibrium, 
S’q = S*D, i.e. 

k'B — kjk^(E^EJC jR) cos B cos(_h a + |7 t) 
or 0/cos 0 = /f sin d: a . . . . . . . (196) 

Hence, the deflection (0) is zero when a — 0° or dr 180°, and is a maximum 
when a — ±90° or 270°. The following values show the relationship 
between 0 and a for a given case, e.g. when tke maximum deflection is 
46° (K -= 1-11). 

0° . 0 5 10 15 20 25 30 40 45 

a° . 0 4-6 9-2 14 1 19-6 25-7 33 50 90 

180 175-5 170-8 165-9 160-4 154-3 147 124 

Thus, for small deflections, tlie angular displacement of tho pointer from 
the central position is practically equal to the phase difference between the 
E.M.Fs. 

Consider now the illuminating lamp and assume that the E.M.F. of the 
incoming meu:hine is equal to the voltage at the bus- bars. Then, if the 

♦ The remarks concerning phase difference are to be interpreted in accord- 
ance with the footnote on p. 430 
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phase difference due to the transformer is ignored, the voltage inf^ressed upon 
the lamp is 

c — f sin(27r/^ i- a)] 

sin 27r//(l + cos a) d: sin a . . (197) 

When a = 0, e -- sin 2izjt ; when a=d 180®, e = 0; 

when a — 1 45®, e kE^^{hl01 3\i\2Tift + 0-707 cos 27r/0 
- 1-85 sin(27ryt + 22*6®) ; 

and when a - d 135® 

e - sin 2v:ft + 0-707 cos 2nft) 

= 0-704 kEl^^ Mn{2nft + 60®) 

The R. M.S. values of these voltages arc a 0, E 1-41 kE^ ; a — d 180® 
E - 0; a - h 45°, E - 1-31 kE^; a d_ 135°, E 0-54 kE^. 

Hence the dial will not bo illuminated, and the pointer will not be visible 
when the phase difference between the R.M.Fs. exceeds about 135°. 

Cnao IT. Frequency of ineomintj machine not equal to that at bu.a-hars. I'he 
equation for equilibrium of the moving system is now 

Ojeosid A'sin(4 2Kft±a) ..... (198) 

where f' is the difference between the two frequencies. Hence the pointer 
will oscillate backwards and forwards over the ilial, ono complete oscillation 
corresponding to ono cycle difference in the frequencies. 

The voltage impressed on the illuminating lamp is given by 

( - kEi,^\sin 27zft d bin(27T(/ } / ) ^ ± «) J . . . (199) 

Tt can bj shown that th^ illumination pulsates at a frequency that if 

is positive* (i.e. the froquon<-y of the incoming machine is greater than 
that at the bus-bars) the dial is illuminated only when the pointer swings 
in one direction (clockwise) ; and that if /' is negative tho dial is illuminated 
only when the pointer swings in the opposite (counter-clockwise) direction. 
Thus, wlien viewed at a distance, the pointer appear^, to be rotating in one 
direction or the oilier, according to whether tlio frequency of tho incoming 
machine is liigher or lower than that at the bus-bars. 

In an actual instrument tlie condition for the currents in the fixed and 
moving coils to bo in quadrature is that tan ^ a)L jll - tair^ w(V, i.e. Ttr — LjC 
whore Jj is the inductance of the fixed coil and r the resistance of the moving f 
coil, the inductive react anco of the latter b"ing negligible in comparison with 
the capacity reactance. Observe that this relation is independent of fre- 
quency. I’he adjustment is effected at the factory by connecting both 
circuits to a common supply and adjusting tho resistances (r. Fig. 248) so 
that the yjointer stands at the central position. 

FREQUENCY METERS 

Principles of operation. A number of principles may be employed 
such as (1) mechanical resonance, (2) electrical resonance, (3) varia- 
tion of electrical characteristics with frequency of two parallel 
circuits containing resistance and inductance. Instruments operat- 
ing on electrical principles form interesting examples of tho 
application of the elementary principles discussed in the earlier 
chapters. 

Mechanical resonance or vibrating-reed freqaency meters. In 

these instruments a number of steel reeds, which are so tuned that 
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the natural* frequencies of successive reeds differ slightly from one 
another, are acted upon by an electromagnet excited from the 
supply system. Only those reeds having a natural* frequency 
approximately equal to that of the exciting current will show 
^ visible vibration, and, if this frequency coincides with the^natural 
frequency of any particular reed, that reed will have a large ampli- 
tude of vibration. If the frequency of the exciting current lies 
between the natural frequencies of two adjacent reeds, these reeds 
will vibrate with approximately equal amplitudes, which, ho^v^ever, 
will be less than the maximum. Thus the accuracy with which the 
frequency can be measured depends upon the interval between the 
natural frequencies to which the successive reeds are tuned. This 
interval may be one alternation, one cycle, or two cycles, according 
to the range of the instrument and the accuracy required. 

Theoretically, this type of instrument is unaffected by variations 
in the magnitude and wave-form of the exciting current or voltage, 
but, in practice, the amplitude of vibration of the* reeds diminishes 
(owing to damping) as the exciting current, and voltage impressed 
on the instrument, is reduced below normal, and the indications 
become unreliable at voltages below about 70 per cent of normal. 
When instruments are required for use over a range of voltages, 
a special winding, with tappings connected to a multi-contact 
switch, is employed. 

The frequency range of a given set of reeds may be doubled by 
magnetically polarizing the reeds by means of either a permanent 
magnet or an electromagnet excited with direct current. When 
the reeds are unpolarized they vibrate at a frequency equal to that 
of the flux alternations of the operating electromagnet, and, 
therefore, the reed which has a natural frequency twice that of the 
exciting current will have the maximum amplitude of vibration. 
But when the reeds, or the alternating-current electromagnet, are 
polarized magnetically, the magnetic effect of the operating magnet 
is neutralized at each alternate half -cycle by Jbhe polarizing magnet, 
and the reeds vibrate at the same frequency as the exciting current. 
Thus, in this case, the maximum amplitude is obtained on the 
reed for which the natural frequency is the same as that of the 
exciting current. Hence, if the instrument is direct reading with 
unpolarized reeds, its range will be doubled when the reeds are 
polarized. 

Cronstruction. Figs. 249, 250 show two forms of construction ; 
the former (Fig. 249) is representative of an instrument having a 
double row of non-polarized reeds, and the latter (Fig. 260) is 
representative of an instrument in which the reeds are permanently 
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polarized by a permanent magnet. The methods of vibrating the 
reeds differ in the two cases. For example, in Fig. 249 the reeds 
are rigidly clamped to the base of the instrument and are attracted 



Fig 249 — Vibratmg-Reed Frequency Meter with Non-Polanzed Reeds. 
A, Reeds ; 2?, Supports ; C, Laminated Polo Face ; D, Dial 


directly by the alternating-current electromagnet, the pole pieces 
of which exteiid the whole length of the double row of reeds. In 
Fig 250 the reeds are fixed to a bar, B, which is spring-supported 




Fig. 250 — Vihrating-Reed Fiequency Metoi with Polaiizcd Peimanontly 
Reeds. A, Reeds; B, Roed-Supportmg Bar; C, Spring Suppoits; 
D, Armature ; E, Exciting Coils ; F, Permanent Magnet ; O, dial 


from the base of the instrument by transverse flat springs C, (7. 
A soft -iron armature, D, is rigidly fixed to the bar B and projects 
towards the altemhting-current electromagnet E^ the poles of which 
are fixed to soft iron extensions of the poles of the permanent 
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horse-shoe magnet, E, which is supported from the base of the 
instrument. The exciting ampere-turns of the electromagnet are 
SO adjusted that the magnetizing force due to a steady current in 
one direction is approximately neutralized by that due to the 
permanent magnet. Hence, when the electromagnet is excited 
with alternating current, the poles are effective only at alternate 
half -cycles of the current, and therefore the armature will be 
attracted once for each cycle of the current. 

With both forms of instrument the reeds consist of spring steel 
about 4 mm. wide and 0*4 to 0*5 mm. thick, the lengths depending 
upon the frequency range. The outer end of each reed is bent at 
right angles to form a flag, the outer face of which is enamelled white, 
in order to render the vibrations vihible from a distance*. Unless 
the dimensions of the reeds are determined accurately to give the 
required frequency of vibration, the final adjustment is effecteel by 
weighting the free ends of the reeds by means of a little soldc'r at 
the back of the flags. 

Electrical resonance frequency meters. The operation of these 
instruments depends upon the juineiple that both the i)ower and 
factor of, and the currc'nt in, a series resonant circuit suppli(*d at 
constant voltage change* with the frequency. At ‘resonance fre- 
quency the i)ower factor is unity and the current is a maximum ; 
when the frequency is decreased or increased, the power factor 
becomes lagging or leading, respectively, and the current diminishes 
rapidly (see Fig. 51, p. 96). 

Construction. The instruments are similar in construction to 
the moving-coil and moving-iron forms of single -phase power-factor 
meters. The oi3eration of the moving-eoil form of instrument may 
be made to depend upon either the variation of power factor, with 
frequency, of a single resonant circuit, or the variation of current, 
with frequency, in two resonant circuits which have different 
resonance frequencies and are connected in parallel. With moving- 
iron instruments the operation depends upon the variation of 
power factor, with frequency, of a single resonant circuit. 

Moving-coil instrument. A diagram showing the connections 
of an instrument having two resonant circuits is given in Fig. 251. 
The principal resonance circuits are represented by 
jRg A ^ 2 » ^he resonance frequencies of which are slightly below 
and slightly above the lower and upper limits of the scale of the 
instrument. These circuits, each of which includes a moving coil, 
are connected in parallel, and the fixed coil, A, is connected in series 
with them. The moving system is entirely free from controlling 
forces, as in a power factor meter. 
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When the frequency of the circuit to which the instrument is 
connected corresponds to that of the lower limit of the scale, the 
current in the circuit R 2 C^y which includes the moving coil, R, 
will be much greater than that in the other circuit which 

includes the moving coil, (7. Moreover, the current in B will be 
nearly in phase with the current in the fixed coil. A, while the 
current in C will have a large phase difference with respect to the 
currer^ts in B and A, Hence the position of equilibrium of the 
moving system will be such that the plane of coil B is nearly 
perpendicular to that of the fixed coil. The conditions are reversed 
when the fr(*qucncy corresponds to the upper limit of the scale. 

At the mid-scale frequency the currents in the moving coils will 
be approximately equal, and will be lagging and leading by approxi- 
mately (‘qual phase angles with respect to the current in the fixed 
coil. Hence the moving coils will occupy symmetrical positions 
with respect to the fixed coil. 

At abnormally low frequencies the currents in the moving coils 
will become approximately equal, and the moving system would 
tend, unless otherwise pre\ fluted, to occupy the symmetrical, or 
mid-scale, })osition, thereby giving a false indication. An auxiliary 
resonant circuit, R^ having a resonance frequency much 

lo^ver than that of the principal circuits (eg. 25 to 30 cycles for a 
45/55 cycle instrument) is therefore coiincett^d in parallel with 
the circuit R 2 and the pointer is preveuk^d from apix^aring 

on the scale. 

The inductances Ly, L 2 , L^ of the resonant circuits are, for 
economical reasons, construck^d with iron cores, but, in order that 
the resonance frequencies of these circuits may be sharply defined, 
the cores must be provided with air gaps, the iron must be worked ' 
at low flux densities, and the hysteresis and eddy-current losses 
must be ri'duced to a minimum. 

Moving-iron, resonant circuit, frequency meter. The circuits of 
an instrument of the^ Lipman tyiic are shown in Fig. 252. The 
moving system is practically identical with that of the synchroscope 
(Fig. 246), and the two magnetizing and field coils are also 
identical in the two cases. 

The resonant circuit consists of the field coil, A, and a condenser 
of suitable capacity connected in series, the field coil itself providing 
the required inductance. This circuit is adjusk'd so that its reso- 
nance frequency corresponds to the mid-point of the frequency 
range of the instrument. 

The deflection of the moving system from the central, or mid- 
scale, position is proportional to the phase difference between the 
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« 

voltage impressed upon, and the current in, the resonant circuit, 
and the action of the instrument is similar to that of a gingle-phase 
power-factor meter. 

An inductance, L 2 , is connected in series with the instrument for 
the purpose of rendering its indications practically independent of 
the wave -form of the supply circuit. 

Frequency meters with parallel circuits having dissimilar electrical 
characteristics. Frequency meters depending for their op'^ration 
upon the variation of current, with change of frequency, in parallel- 



Fio. 251. — Principle of Moving- 
Coil Kesonant-Circuit Frequency- 
Meter 



Fio. 252 — Principle of Movmg-Iron, 
Alternating-Field, Rcsonojit-Circmt 
Frequency Meter 


connected circuits containing resistance and inductance, are 
constructed in both the induction and moving-iron forms. 

In the induction instrument. Fig. 253, tvo similar shiclded-polo 
electromagnets A, B (similar to those employed with induction-type 
voltmeters) act upon a pivoted aluminium disc, C, which is free 
from controlling forces. The magnets are so arranged that the 
torques produced upon the disc oppose each other. The winding 
of one magnet, B, has a non-inductive resistance connected in 
series with it, and the circuit of the other, A, is rendered highly 
inductive by means of an iron-cored reactance. Both circuits are 
connected in parallel, and an inductance is sometimes connected 
in series with the combined circuits to reduce the effect of 
harmonics on the exciting currents of the electromagnets. 
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Hence if the voltage of the circuit is constant and the*frequency 
changes, the current in the magnet B will remain almost constant, 
while that in tfie other magnet, will vary inversely as the 
frequency. The disc will therefore tend to rotate, but it is shaped 
eccentrically and is arranged to present a diminishing surface to 
the magnet causing rotation, and an increasing surface to the 
other magnet. Thus a definite position of equilibrium is obtained 
for all , frequencies within the range for which the instrument is 
designed. 



Fio. 253 — Principle of Induction 
Frequency Meter 



FiCr. 254. — Principle of Moving- 
lion Rotating (Elliptical) Field 
Frequency Meter 


The indications are unaffected by moderate variations of voltage, 
since both magnets arc affected equally. Hut variations of wave- 
form affect the currents in the magnets and impair the accuracy. 
With a suitable series inductance, however, the errors due to 
variation of wave -form may be considerably reduced. 

In the moving iron (Weston) instrument. Fig. 254, two flat 
intersecting coils A, B, are fixed with their magnetic axes at right 
angles to each other. The moving system consists of a pointer, 
damping vanes, and a relatively long, thin, soft-iron needle, (7, 
which is pivoted in the magnetic field of the coils A, J?, and is free 
from controlling forces. The coils A, B, together with auxiliary 
resistances reactances Xg, are connected to form a 

Wheatstone network, and a reactance, Xg, is connected in series 
with the network to render the indications of the instrument 
practically independent of the wave-form of the supply voltage. 
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By suitable adjustment of the resistances and reactances of the 
branch circuits, the ratio of the currents in the coils A,B is affected 
only by variations of frequency ; the current in on^3 coil increasing, 
and that in the other coil dt'creasing, as the frequency increases. 
The combined fiction of the (‘urrents in the coils sets up an elliptical 
rotating field, the position of the major axis of which depends upon 
the ratio of the currents in the coils, which again depends upon the 
frequency. The moving-iron needle sets itself along thi^s^ major 
axis, and its angular position, therefore, changes as the fn^quency 
changes. 


GALVANOMETERS 

Two distinct classes of galvanometers for alt ernating-cui rent 
measurements have b(‘en developed : (1 ) d(‘fiectional galvanometers, 
which are suitable' for the direct measujcment (by the angular 
deflection of ihe moving system) of the R.M.S. values of small 
currents and potential differences ; (2) vibration galvanometers, 

which are employed for detecting inirposes in connection with 
alternating-current bridg(\s and ixflentiometeis, these instriimtmts 
being more sensitive' for this purpose' than defleediojial instruments. 
Electromagnetic oscillographs are special forms of the vibration 
galvanometer and are considered in a separate' section. 

Deflectional galvanometers. These instruments operate on the 
electro-dynamic and electro-thermic principles. The electro- thermic 
instrument has already been considered, and only electro- 
dynamic instruments will be considered here. In general, these 
instruments consist of a fixed coil, or pair of coils, and a moving 
coil, which is suspend(*d so as to move in tin* field produced by the 
fixed coil. The moving system carries a mirror to enable an 
optical method to be employed for measuring th(^ deflection. The 
controlling force is provided by the suspc'iision, and air dainping, 
by means of mica vanes, is usually employed. Th(' instruments 
may be constructc'd either with an air-cored or an iron -cored 
magnetic circuit, but ivith the former an electrically astatic moving 
system should be employed, in order to eliminatt' interference from 
stray magnetic fields. 

Vibration galvanometers. These instruments are special forms 
of moving-coil (D’Arsonval) and moving-magnet (Thomson) gal- 
vanometers, in which the natural frequency of the moving system 
is tuned to the frequency of the circuit to which the instrument is 
connected. Under these conditions the resulting resonance vibra- 
tion of the moving system may be very much greater than the 
forced vibrations which would occur if the natural frequency were 
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not the same as that of the current passing through the instrument. 
yov example;, with a typical galvanometi'r, tuned to a resonance 
frequency of 10^ cycles per second, the current sensivity for a 
frequency of 99-5 cj^clcs is about 30 per cent of that at resonance 
frequency, while for frequench^s of 300 and 500 cycles the sensivities 
are only about 4 (,o(, and r^iVoo* respectively. 

The vibration galvanometer may, therefore, be renderc'd extremely 
sensitive to currents having a particular frequency, and relatively 
insensitive to currents of other frequencies. Such an instrument is 
of great value as a detector in null methods of mc^asurement (as 
employed in the alternating- 
current potentiometer and 
bridge networks) as it enables 
a balance to bo obtained at 
one particular frequency, even 
if the supply E M.F. is non- 
si nusoidal.* 

The moving-coil pattern of 

vibration galvanometer may be 
constructed with either a bifi- 
lar or a unifiiar suspension, 
the former being suitable for a 
greater range of fretpicuicy 
than the latter. The moving 
coil must have low inertia 
and the damping must be 
small. The coil is suspended in the magnetic held of a permanent 
magnet b}^ phosphor-bronze win* or strip suspensions, as indicated 
in the sketches of Fig. 255. In both the bifilar and unifiiar instru- 
ments the effective length of the upj)er suspemsion is adjustable 
by means of a movable bridge-piece, and tin* tension in the suspen- 
sion as a whole is also adjustable. These two adjustments, viz., the 
length of, and the tensSon in, the suspension, enable the natural 
frequency of the instrument to be adjusted to any desired value 
within the working range. The moving coil carries a mirror for 
use with a lamp and scale. 

The method of tuning a vibration galvanometer is as follows: 
The instrument having been set up on a support free from mechanical 
vibration, the lamp and scale are adjusted to give a bright and 
sharp reflected “ spot on the scale when no current is passing 
through the instrument. A small current, having a frequency to 

* The theory and practice of bridge moasuremonts is dealt with exhaustively 
in Hague^s Alternating -Current Bridge Meaaiirement^ (Pitman). 



TqqT 



Fio. 255. — Principle of Unifiiar {a) 
and Bifilar (/^) Forms of Movmg- 
Coil Vibration Galvanometer 
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which the instrument is to be tuned, is passed through the gal- 
vanometer, the effect of which is to cause the “ spot to open out 
into a wide band of light across the scale. The length and tension 
of the suspension, or other tuning adjustment, is then varied until 
the band of reflected light on the scale attains its maximum 
breadth. 


OSCILLOGRAPHS 

An oscillograph is an instrument for showing, in either rectangular 
or polar co-ordinates, the wave-form of rapidly-recurring and 
transient phenomena. The outfit comprises, (1 ) a sensitive vibra- 
tion galvanometer, which is operated by the current or potential 
difference to bo determined and has a very high natural frequency 
of vibration ; (2) an optical system, whereby 
the deflections of this instrument at succes- 
sive instants arc shown, with respect to a 
time axis, upon either a screen or a moving 
photographic plate. 

S It is essential that the deflections of the 
— ^ galvanometer shall be strictly proportional 
to the instantaneous values <3l the alternating 
quantity causing the deflection. Hence the 
inertia of the moving system must be very 
small, the natural frequency must be much 
higher than that of the phenomena to be 
Fig. 266.— Principle of investigated, the damping must be aperiodic, 

Duddell Oscillograph the sell -induction and capacity must be as 
small as possible, and hysteresis and eddy- 
current effects must be negligible. 

Principles of operation. The principles of operation employed 
in commercial oscillographs include the electromagnetic, electro- 
thermic, electrostatic, and thermionic principles. Of these, the 
electromagnetic and electro-thermic principles are suitable for low 
frequencies and low voltages, the electrostatic principle is suitable 
for low frequencies and high voltages, and the thermionic (cathode- 
ray) principle is suitable for the whole range of frequencies occurring 
in i)ractice, this principle of operation possessing especial advantages 
for very high frequencies. 

Electromagnetic oscillograph. The galvanometer may be of 
either the moving-magnet or the moving-coil patterns, the former 
being due to Blondel and the latter to Duddell. The moving-coil 
instrument possesses the advantage of practically no self-induction 
or capacity and is entirely free from hysteresis errors. 
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The moving coil, called the vibrator, consists of a single loop of 
thin and narrow phosphor-bronze strip : it is stretched between 
t-he pole faces*of a powerful magnet as represented diagrammatically 
in Fig 256, the i^ory bridge-pieces, being for the purpose of 

limiting the length of the vibrating portion of the strip to the 
portion actually in the magnetic field A very small and light 
mirror, M, is fixed to both strips A current passing through the 
loop will cause one side to advance 
and the •other side to recede from 
the normal position. The mirror 
is therefore turned through a small 
angle, which, for the small move- 
ments which are employed in any 
actual instrument, is proportional 
to the current. 

Construction of Duddell oscillo- 
graph. In the actual instrument 
— Fig. 257 — each strip is stndched 
in a separate air gap, and a 
uniform tension is maintained on 
the strips by means of the ivoiy 
pulley and tension spring, the ten- 
sion being adjustable. The clear- 
ances between the edges of the 
strips and pole faces art* very 
small, being from 0*04 to 0 15 mm., 
according to the type and sensitive- 
ness. Hence, when this sjiace is 

filled with oil, very effieient -Vibmtor of Du.ldell 

damping is obtained. Oacillogiaph 

With the high-frequency* type of [Cambndso iiibtrumcnt co.] 

vibrator the natural period of vibra- 
tion of the undamped loop is second, and the damping effect 

of the oil is such that accurate results are obtained for sinusoidal 
currents of frequencies up to 2000 cycles per second. Two vibrators 
are usually mounted side by side between the pole faces of an elec- 
tromagnet, with a fixed mirror between the vibrating mirrors. Thus, 
two wave-forms (o.g. current and voltage), together with a common 
zero line, may be obtained simultaneously. In an alternative form 
of construction each vibrator is mounted separately between the pole 
faces of a permanent magnet, so as to form a self-contained unit. 

♦ The term “ high-frequency ” here refers to frequencies (sine wave) of 
the order of 2000 cyclq# per second. 




446 


ALTERNATING CURRENTS 


Data •£ these vibrators (as manufactured by the Cambridge 
Instrument Co.) arc — 


Type.* 

I. 


HI. 

Undam|ied free period of vibrator (sec ) 

0 00008 

00003 

00006 

Normal scale distance (cm ) 

Scale deflection per anipeio (diiect cur- 
rent) witli darnpiiui oil and normal 

50 

50 

300 

0 

tension on stiijis (cm ) 

.•lo 

30 

50 

Safe woiking H M S cm rent (amp.) 
Resistance of vibrator, witliout fuse 

01 

01 

0-6 

(ohms) .... 

4 to 5 

5 to 6 

0 7 to 0-9 


Optical system. The optical arrangements for an oscillograph 
vary with the nature^ of th(* record required. In general, a steady 
beam of light of high intrinsic brilliancy and having a fixed focus 
is necessary for illuminating the mirrors 

If a photographic record is required, the beams of light reflected 
from the mirrors of the vibrators are focused on to a moving 
photographic plate or film, the direction of motion of which is 
perpendicular to the direction of movement of the Reflected beams. 
The speed at which the jilate or film moves across the reflected beams 
depends upon the nature of the phenomena under investigation. 

For visual observations the beams of light rcflcctc'd from the 
mirrors are intc‘rcepted by a vibrating or a rotating mirror, and are 
thereby given a uniform motion, proportional to time, about an 
axis which is in the plane of vibration of the beams and is at right 
angles to the zero positions of the beams. The doubly-reflected 
beams of light, if received upon a stationary screen, will then trace 
out the time curves for the variation of the currents in the vibrators. 

If the variations of current are periodic, the vibrating, or rotating, 
mirror is operated in synchronism with the currents in the vibrators ; 
e.g. by driving it by a small synchronous piotor, and the reflected 
beams of light will trace out the same wave -form over and over 
again, which, therefore, remains stationary on the screen. When a 
vibrating mirror is employed, a shutter must be synchronized with 
the mirror to intercept the beam of light during the return movement 
of the mirror. 

Method of using electromagnetic (Duddell) osdllograph. Since 
the resistance of a vibrator is about 5 ohms, and the safe working 

♦ I. High-frequency vibrator and electromagnet. IT. Low-frequency 
vibrator and permsinent magnet. III. Projection type for demonstration 
purposes. 
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Ekctro- 

magnet 


current of the strips is about 0*1 ampere, series resistances and 
phunts are necessary when the instrument is to be used on com- 
mercial circifits. The series resistance must be non-inductive and 
should be capalSle of carrying a 
current of 0*1 A. without over- 
heating. The shunts must also 
be non-inductive and the pressure 
drop at their rated currents should 
be aboiA 0*5 V . 

Fig. 258 shows the connections 
for obtaining simultaneous wave- 
forms of current and voltages and 
Fig. 259 is a reproduction of an 
actual photographic record. 

In order to determine the scales 
of th(\se wave-forms, the vibrators 
must be calibrated on a direct-cur- 
rent circuit by means of a standard 
ammeter and a voltmeter. The 
calibration is (‘tTected by obst^rv- 
ing on th(' scr^Mui the displace- 
ments of the reflected beam of 
light from the z(uo line when a 
known curnuit is passed through 
the shunt, or a known voltage 
is applied to the pressure circuit, the values of the shunt and 
series resistances being unaltered. 



Vibrating 
Mirror 

Motor (when required) 

Light Source^ 

Fio. 258.— Elementary Diagram 
showing Connections of Diiddell 
Oscillograph for Obtaming Cur- 
rent and Voltage Wave-forms 



Fig. 259. — Photographic Record obtained from Three -Element 
Oscillograph, having Two Electromagnetic Vibrators and One 
Electrostatic Vibrator {A, (7, Records from Electromagnetic 
Vibrators ; B, Record from Electrostatic Vibrator) 

[Cambridge Instrument Co.] 

Theory of electromagnetic (moving-coil) oscillograph. This instrument 
is essentially a vibration galvanometer in which the natural frequency of 
vibration of the moving system is high luid the damping is critic^. Since 
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the angular deflections of the moving system are always extremely small, 
the deflecting torque at any instant may be assumed to be directly proportional 
to the instantaneous value of the current, i.e ~ hi. 

The deflecting torque is expended in three ways : ( 1 ) in adbelerating the 
moving system ; (2 ) in doing work against the restoring oi^ controlling forces ; 
(3) in supplying the friction losses duo to damping. 

The torque required for acceleration is proportional to the product of the 
moTnent of inertia and the angular acceleration of the moving system, and 
may be expressed as = ad^O fdt^. 

The restoring or controlling torque — which is due to the elasticity of the 
strips —is proportional to the angular deflection, and may, accordingly, be 
expressed as — cd. 

The torque due to damping friction is proportional to the angular velocity 
of the moving system, and may be expressed as ^ 6 dOjdt. 

Hence the equation of motion is 
~ 

or ® ^ ^ ^ 

Since the current is given by the general equation 

* ± -t <Pi) it /3„tSin(3a>« 4: <ra) -1: ... 



= OC 
= 1 


^nm sin(nn)^ + <Pn)» 


where n is the order of any harmonic (i.e. = 1 for the fundamental, w — J? 

for the third harmonic, etc.), and q? the phase displacement between the 
corresponduig zero values of fundamental and harmonic, the equation of 
motion reduces to 


+ 00 = /„„sin(»M 0 « }- tpj . . (201) 

Observe that if the inertia and damping of the moving system are both 
zero, the deflection, fl, is directly proportional to the instantaneous value of 
the current. En practice, however, the effects of inertia and damjiing cannot 
be ignored, and, therefore, a solution must bo obtained for the general 
equation (201). 

The solution to this equation consists of two parts — one representing the 
** steady ” conditions, corresponding to the motion of the moving system after 
the initial conditions duo to switching have subsided ; the other representing 
the “ transient ” conditions and involving the initial conditions at the instant 
of closing the circuit. 

The portion of the solution corresponding to the steady conditions is called 
the “particular solution,” or “particular integrel,” of equation (201), and 
is given by 

^ ^ 3 f V [<»»»»«>» +7o - ±<Pn-P) ■ (202) 

’ where P = tan'Mb^/(c - an*cc*)]. 

The transient portion of the general solution (which must be added to the 
particular solution to obtain the general solution) is obtained by solving 
equation (200) for the condition 1 = 0, since the current is zero at the instant 
of closing the circuit. The solution is of the form 

$1 == (203) 

where Wj, are the roots of the auxiliary equat^n am* + bm + c = 0 ; and 
A and B are constants, the values of which are determined from the initial 
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conditions (e.g. the initial position of the moving system ai^ the initial 
value of the impressed E.M.F ). 

In the present case 

_• b x/{b*-4ac) b V(fe*-4ac) 

— 25 — • '25 25 — 

Hence, three expressions will be obtained for Oj, according to whether 
(6* - 4ac) is positive, zero, or negative. 

If ft* > 4ac 

-= e'(6/aa'< {A£tV^bi-*ac)l2a + BE-W(b*-*M)lia) . . (204) 

if ft* — 4ar ♦ 

= e (fc/2fl)/ + J5«) ... (206) 

and if ft* < 4ac 

Oi - F(blia)t + B^*)8m\{^/{4ar-b^)l2a)t y\ . ( 200 ) 

where A^ ~ A B, B^ j{A- B)^ y = tan*' B^IA^ 

The first and second expressions show that the transient conditioiis cause a 
non -oscillatory transient motion of the moving system — which may be 
considered to bo superimposed upon the motion due to the steady- state 
conditions (equation (202) ) - and if and t are plotted in rectangular 
co-ordinates, logarithmic curves are obtained. The third expression (206) 
shows that the motion is oscillatory, but that the oscillations diminish in 
amplitude and become ultimately zero. 

With tho oscillograph, the second expression (205) — -representing the 
conditions when ft* - 4o6’ — is of special significance, as the damping is then 
just sufficient to cause tho motion to be non-oscillatory. This degree of 
damping is called critical damping. 

It is important in the oscillograph that the dumping should be critical, as 
the transient eft^cts on thtf moving system, corresponding to given initial 
conditions, are tlien of the shortest duration and the moving system quickly 
roaches its steady-state condition of motion. Moreover, if transient con- 
ditions occurring in a circuit are to lie investigated, it is important that the 
transient term (205) in tho equation of motion of the oscillograph should be 
of infinitesimal duration. This condition is approached if the damping is 
critical and the moment of inertia of the moving system is reduced to a 
practical minimum. 

With critical damping, equation (202), representing the steady-state 
conditions of motion of tho moving system, becomes 

® ^ 

where -= tan 'r2woV'ac/(c - rtn*o>®)l. 

This equation shows that (1 ) the various harmonies do not have the same 
proportional effect on the, deflection, the lower harmonics having a greater 
effect than the higher harmonics due to the term n*a)* in the denominator ; 
(2) the relative phase displacements between the harmonic components of 
the deflection is not the same as that between the harmonic components of 
the operating current. 

The amplitude {B^^) of the deflection due to the nth harmonic of the 
operating current is readily obtained from equation (207), and is 

®nm= *'^nn»/(c + «"*««*) . (208) 

In an ideal instrument, without inertia or damping, the amplitude would be 

(«>») 

Hence 

^ ^ 

® + onVo* 1 + n*m*(afc) 

29-(6245) 
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Now froir\ equation (206), the frequency of the damped natural oa^^ations 
of the moving system “ /d ^ ^ there were no damping 

(i e 6 = 0), the natural frequency of the undamped oscillations would be 
ff, = Hence, if is the natural, or free, period of the moving system, 

To - W/o - 27r v/(a/r). or ajc = 'V/4r* 

Whence 

<9nm _ 1 

0 1 + 

Moreover, if / is the frequency of the fundamental of the operating current 
and T is the period, a>* 47C*/T® Therefore 


^ni 

d' 


1 


1 + nH7JTy 


(210) 


The phase displacement {fi^) due to the nth harmonic in the operating 
current is, from equation (207), given by 

2nmy/{alc) 2nT^]T 

\-nho^a(c) 1 n^{T^ITy 


„ 2noi\/ac 

tan 

c~a„\o^ 


2»(/n//) 

(Jo'fV «• 


(211) 


Example. In the low frequency type Diiddell oscillograph (which is 
intended for use on circuits of supply frequencies) the undamped natural 
period of the moving system is 0 0003 sec and the length, on the screen, 
correspondmg to one cycle of 50 frequency, is 6 cm The relative accuracies 
for, say, the fundamental, seventh and nineteenth liarpionics, when the 
instrument is used on a 50 cycle circuit, are calculated from equations (210), 
(211), with the results given in the accompanying table In the present 
case 0 0003, r - 0 02 TJT 0 016, /^/Z 66 7 


Order 

of 

Harmonic 

Relative 

Amplitude 

Phase 

Displacement 

Lineal Displace 
ment on Scieen 
(cm ) 

Fundamental 

- 0 9999 

P, 1 7° 

0 0281 

7th 

- 0 9891 

P, - 12- 
(with respect to 
7th harmonic) 




1,711° 

0 0285 



(with respect to 
fundamental ) 


19 th 

Oi.m/0 ‘*2''* 

ft* 31 8° 

(witli respect to 




19th harmonic )- 




- 1 676° 

0 0279 



(with respect to 




fundamental ) 



Thus the harmonic components are displaced from their correct positions 
on the screen by practically the same amount, and no error of importanco 
occurs m practice Moreover, since, for the conditions under which this 
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(low fteiquency) type of vibrator would be used m practice, tHb amplitude 
of the 19th harmonic would rarely exceed 1 or 2 per cent of the fundamental, 
the 7J per cent error in the amplitude, as shown in the table, is insignificant. 

E!l6€tro-theni&ic oscillograph. An oscillograph operating on the 
hot-wire principle has been devised by Irwin, and its theory is given 
in the Journal of the Institution of Electrical Engineers, vol. 39, p. 617. 
The instrument, however, has limitations which are not present in 



Fio. 260. — Diagram showing Conner 
lions and Principle of Electrostal ic- 
Oscillograph 


Fig. 261 — ^A^ibrator of Electro- ^ 
static Oscillograph 
[( ambndge Inatrument Co.] 



the electro-magnetic type, and, in consequence, its manufacture has 
been discontinued * 

Electrostatic oscillograph. The electrostatic oscillograph (due to 
Ho and Koto) is a special form of double electrometer in which the 
natural frequency of vibration is very high and the damping is 
critical. 

The essential features of the instrument are shown diagram- 
matically in Fig. 260, and a vibrator is shown in Fig. 261. The 
“ quadrants ” of the electrometer take the form of two parallel 

* The theopr of this instrument, together with that of other oscillographs, 
is given in Irwin's book on OaciUograj[^ (Pitman). ‘ 
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plates, i\y which are mounted a short distance apart and are 
connected to the source of E.M.F. under investigation through the 
condenser-multiplier C, G^y C 2 ; the condensers (which are 

of approximately equal capacity) being for the purpose of obtaining 
a point (d), having a potential midway between that of the 
“ quadrants.** p 

The “ needles ” of the electrometer — ^which form the vibrator — 
consist of two parallel phosphor bronze strips Si, /S^ 2 » which are 
insulated from each other and are connected to a source of ’constant 
E.M.F. (about 300 V.) so that the strips are oppositely charged. 
The strips are stretched approximately symmetrically between 
the “ quadrants,” with the plane containing the strips parallel 



Fio. 202. — Connections for Obtaining Record of Current Wave-Form 
on Electrostatic Oscillograph 


to the plates, and the strips and quadrants are rendered elec- 
trically symmetrical by adjusting the capacity of one of the 
condensers, Cg, of the condenser-multiplier. 

The upper ends, e, j, of the strips are fixed and the lower ends, 
g, hy are joined by a silk thread, t, which passes round an ivory 
pulley, p, to which the tension spring, q,ia attached. The strips 
are damped by being immersed in an oil bath, which, in the 
instrument manufactured by the Cambridge Instrument Co., is of 
similar construction, and interchangeable with, the oil bath of the 
electromagnetic vibrator. 

A small mirror, m, is cemented to both strips, and two windows, 
Wi, w^y are cut in the “ quadrants ” ; one being for the purpose of 
illuminating the mirror, the other being for the purpose of main- 
taining electrical symmetry between “ quadrants ** and “ needle.** 
A “ zero ” mirror (not shown in Fig. 260) is fitted to the damping 
chamber, as in the electromagnetic vibrator. 
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Applications. The electrostatic oscillograph is specially suitable 
for high-voltage circuits (for voltages above 2000 volts) and 
possesses the important advantages that the energy consumption is 
nil and that the ox)erating current is exceedingly small, being only 
that necessary to charge the “ quadrants ” and their condenser 
multipliers. Another important feature is that the vibrators are 
small enough to be interchangeable with those of the electromag- 
netic (Puddell) oscillograph, and, therefore, a common optical and 
photographic system may be employed for both 
the electrostatic and electromagnetic vibrators. 

The electrostatic oscillograph may be adapted 
to measure small currcmts by arranging the 
connections as shown in Fig. 262. The cur- 
rent to be investigated is passed through two 
equal non-inductive resistances, E^ ; the 

strips are connected to the terminals of these 
resistances and the mid-point, d, is connected 
to the mid-point, k, of a high-tension battery, 

B, which is employed for charging the “ quad- 
rants.” Instead of the battery, an electrostatic* 
influence machine may ^ employed, and in 
this case the point k is obtained hy connecting 
two similar condensers across the “ quadrants,” 
as in Fig. 260. 

Theory of electrostatic oscillograph. The instrument may bo considered 
as equivalent to two electroraoters, in which the “ needles” are mechanically 
coupled together and the ” quadrants ” are common to both. Thus, in 
Fig. 263, the plates and the strip form one electrometer, while those 

plates and the strip form the other electrometer. 

Assuming the nee^es to bo perfectly symmetrical with respect to tlie 
quculrants, and to have polarities as indicated in the diagram, then if is 
the potential difference bptween the noedles and e is the potential diffei*once 
between the quadrants at any instant, the force tending to move strip Sj 
towards the plate F^ is 

- k^{2e{- ie + ^E) + e*J -- k,Ee 
and that tending to move strip towards the plate F^ is 
k, \2e{- le - J^) + 6*] -- - k,Ec 

Hence the couple, or torque, acting upon the moving system is proportional 
to Ee, and is given by = kEe. 

Therefore, the equation of motion is 

where the constants a, b, c have the some signihcance as those in equation 
(200), p, 448. 






li-'I'fiiliHh 




L I- >1 

Fig. 263. — ^Elemen- 
tary Diagram of 
Electrostatic 
Oscillograph 
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In the present case 

6 = sin tot + Bin(2a)t ± q>t) + . . . 



n «* OC 
n » 1 


*’nm suiM ± Vj- 


Hence if the conditions relating to damping, natural free period, and 
moment of inertia of the moving system are satisfied, the dedeetion, 6, will 
be proportional to e. 

The above theory assumes that there are no dielectric losses in the damping 
oil €md condensers, and that the electrometers are perfectly symr^etrical. 
If the symmetry is not perfect the strips will vibrate when they are both 
connected to the pomt which has a potential midway between that of the 
quadrants. 

In practice, eui electrical adjustment is necessary to compensate for any 
mechanical dissymmetry m construction. The adjustment is effected by 
disconnecting the strips from the battery and connecting them to the mid- 
point, d. Fig. 260, of the condensers C^. The normal alternating E.M.F. 
is then applied to the plates and the condenser (7g is adjusted until there is 
no vibration of the strips. 


Cathode-ray oscillograph. The electronic discharge between the 
electrodes of a highly exhausted vacuum, or Crookes’ tube, consists 
of a stream electrons issuing perpendicularly from the surface of 
the cathode. This electronic stream (which was discovered by 
Crookes and called “ cathode rays ”) possesses a number of special 
properties : thus, it is without inertia ; it may be deflected by 
either electric or magnetic forces applied transversely to the stream ; 
it will cause the glass upon which it impinges to fluoresce slightly, 
and other more fluorescent materials to fluoresce strongly ; it may 
be intercepted by a metallic screen or target. 

The properties were applied to an oscillograph by Braun, who 
modified the Crookes’ tube by : (1) interposing in the electronic 
stream a metal screen, pierced Avith a small hole, so that only a 
small pencil of rays reached the fluorescent screen, thereby giving 
a sharp bright “ spot ” on the screen ; (2) deflecting this pencil of 
rays either magnetically or electrostatically by the alternating 
current or E.M.F. to be investigated. 

The principal disadvantage of the Brauft tube is the high con- 
tinuous voltage (from 10,000 to 20,000 volts) which must be 
maintained between the electrodes to produce the electronic stream. 

The exciting voltage, however, may be reduced to a relatively 
low value if a heated cathode be employed, as in the thermionic tubes, 
or valves, which are now so largely employed for radiotelegraphy 
and telephony. 

The development of the thermionic principle for oscillographio 
purposes is due to the Western Electric Co.,* and a commerdst 
oscillograph of this type is shown in Fig. 264. 

* Now Standard Telephones and Gables* 
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Construction ol Western-Electric thermionic (cathode-ray) oscillo- 
graph. Thfi tube, shown at (a), Fig. 264, is about 30 cm. long, 
about 4 cm. diaSneter at the small end, and about 10 cm. diameter 
at the large end, which forms a fluorescent screen. The small end 
of the tube is fitted with the electrodes, filament, intercepting 
screen, and deflecting plates, the arrangement of these being shown 



(a) 


ib) 


Fig. 264. — Westorn-Electric Cathode>Ray Oscillograph and 
Electrodes 


at (6), Fig. 264, and also in the diagram of connections. Fig. 265. 
The tube contains a small amount of gas, which serves the double 
purpose of focusing the pencil of electron rays and preventing the 
accumulation of electronic charges on the walls of the tube. 

The filament, or cathode, /, is of oxide-coated tungsten or 
molybdenum, and supplies^ the requisite electronic emission at a 
Hull red heat. 

^ The anode, a, is a small tube of platinum fixed about 1 mm. in 
front of the filament. A potential difference of from 250 to 400 
volts is maintained between anode and cathode. 
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The intercepting screen, 8, is a small metal disc located between 
the filament and the anode, and is pierced with a hole just smaller 
than the filament (which is bent to form nearly a coiAplete circle). 

The two pairs of deflecting plates Py (of non-magnetic, high 
resistance material) are mounted at right angles to each other in 
front of the anode, so that the pencil of rays emerging from the 
tubular anode passes centrally between both pairs of plates. One 
plate of each pair is conneett'd to th(‘ anode, and the E.M<Fs. to 




Connection Diagrams for Cathode-Ray Oscillograph 

be investigat'^d are applied between the anode and the other plate 
of each pair. 

Method of usiiu? thermionic (cathode-ray) oscillograph. (1) Adjustments. 
The filament requires a direct current of from 1-2 Vo 1-7 A. at a voltage of 
about 2 V. 

The normal potential difference between anode and filament is 300 V., 
and the anode current is about 0'.7 mA. This should preferably be supplied 
by a battery of small storage cdls. 

The sensitiveness of the tube varies inversely as the anode voltage, but 
the brightness of the fluorescent spot (which is of a bright-green colour) 
increases rapidly with increetse of anode voltage. The sharpness of the spot, 
however, depends upon the filament current, and for each anode voltage there 
is a particular value of filament current, which gives the sharpest spot ; this 
value increasing as the anode voltage increases. Therefore, the life of the 
tube will be prolonged if the spot is worked below its maximum brightness. 
As the cathode rays are defieoted by the earth's magnetic field, the centering 
of the spot on the screen is effected by means of a permanent magnet placed 
near the tube. 
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(2) Visual observations. If a steady E.M.F. be applied to one pair of 
plates the spot will be deflected along a straight line, and the deflection 
5 , from the zero position will be directly proportional to the E.M.F. * If, 
however, the E.MrP. is alternating, the spot will trace a straight line across 
the screen. If now another E.M.F., varying approximately linearly with 
respect to time, bo applied to the other pair of deflecting plates, the spot 
will trace out on the screen, in rectangular co-ordinates, the variation of the 
alternating E.M.F. with respect to tune. Alternatively, a current varying 
approximately linearly with respect to time may be passed tlirough magnetic 
deflecting coils arranged externally to the tube. 

An interesting metliod (due to the Western Electric Co.f) of obtaining the 
linear variation of the auxiliary E.M.F. depends upon the property possessed 
by the neon-filled (glow -discharge) lamp of a relatively large difference 
between the voltages at which the discharge ‘‘ strikes ” and “ fails.” The 
connections are shown m Fig. 266. The noon lamp, L, is shunted across an 
adjustable condenser C\ which is connected in series with a high resistance i?, 
and the circuit is supplied from a direct -current source of constant E.M.F 
(about 200 V.). 

At the instant of closing the circuit the lamp is equivalent to an open 
circuit, and the voltage at the terminals of the condenser and lamp therefore 
increases according to the exponential equation : e E{ \ - where e 

is the voltage at tlie terminals of the condenser after an interval of t seconds 
fr.om the instant of closing the circuit, E is the voltage of the source of direct- 
current, and f?, C/, are the values of the resistance and capacity, respectively. 

The voltage at the lamp then builds up to the critical striking value, the 
discharge through the lamp commences, and the increase of current through 
the resistance, ii, so reduces the voltage at the lamp that the discharge 
ceases. The cycle is then repeated and the lamp is maintained in a state of 
blinking. The frequency of4he blink can be calculated when the “ striking ” 
and failing ” voltages of the lamp, together with the values of R and C, 
are known. 

A suitable proportion of the voltage drop across the resistance R is applied 
to one pair of the deflectmg plates, of the oscillograph, and, therefore, the 
potential difference between these plates varies according to the rate at 
which the condenser is charged and discharged. Since the combination of 
lamp, condenser, and resistance results in the condenser being never fully 
charged or discharged, only portions of the charge-discharge-time curves are 
utilized, but these approximate to straight Imes. Thus the potential 
difference applied to the deflecting plates, vanes approximately as a line&r 
function of time. Owing to this irregularity, the time -axis is not precisely 
even, but the irregularity causes only a slight distortion in the wave-form 
traced on the screen. Tlie actual effect which occurs is a slight shortening 
of the time scale m one direction, resulting in a slight crowding of the waves 
in this direction. 

(3) Photographic record.o A photographic record of recurring phenomena 
(giving a stationary wave -form on the screen) is obtained by photographing 
the trace of the spot on the screen by an ordinary camera. 

Applications of thermionic (cathode-ray) oscillograph. In addition to the 
investigation of wave -forms and alternating -current phenomena of any 
frequency, the thermionic oscillograph may bo utilized for other purposes, 
such as for showing the relationship between two interdependent electro- 
magnetic quantities. The necessity for a time -axis then ceases, and the 
two variables are made to cause deflections at right angles to each other. 

* With the normal anode voltage a deflection of 1 cm. is obtained with a potential difference 
6f about 10 V. applied to the deflecting plates. 

t A full description of tills method, together with examples of wave-forms, is given in 
Eleetrieal Communication, vol. 3, p. 60 ; July, 1924. (Western Electric Co's, publication.) The 
characteristics of the nom-illled lamp on direct-current cimiits are given in Eleetrioian, vol. 80, 
p. 626. 
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The tube is then essentially a wattmeter, and the diagram traced upon the 
aoreen usually represents the power diagram for the circuit under mvestigation 
The tube heis b^n employed m this manner for measurmg dielectric and 
iron losses * ^ 

The volt ampere characteristics of X ray tubes and thermionic valves 
may also be determmed by arrangmg that the two deflections are pro* 
portional to the current and voltage, respectively t Then, if /he supply 
frequency is constant, the spot traces a curve which is the volt ampere 
characteristic of the circuit 

The tube has also been Icu'gely employed in the investigation of phenomena 
of radio frequency 

* " An Investigation of dieloctnc losses with the cathode ray tube, J P Minton, Tratis- 
actions of Amonean Institute of EUctncal LngineerSt vol 34, p 1627 
t Electrunan, vol 89. p 611 



CHAPTER XIV 

INSTRUMENT TRANSFORMERS 

Use of Ihstrument transformers in practice. The range of alternating 
current switchboard instruments is usually extended by means of 
transformers — in preference to series resistances and shunts — as, in 
addition to extending the range, the transformers also insulate 
the instruments from the main circuit, and therefore enable low- 
voltage instruments (supplied through transformers) to be used 
with safety on high-voltage circuits. In such cases the current 
circuits of the instruments are designed for a maximum current of 
.5 A., and the pressure circuits are designed for a maximum pressure 
of about 100 V. Again, W'ith transformers, the range of an instru- 
ment may be extended almost indefinitely with only a small increase 
in the power consumption, as the losses in the transformer are 
extremely sm^ll. 

The use of transforniers with instruments, however, introduces 
slight errors into the instrument readings, and these errors must 
be taken into consideration when accurate results are required 
Usually the errors are only important in connection with wattmeter 
readings at low power factors, and the method of applying the 
corrections is discussed later 

Construction. Current transformers. The primary winding of a 
current, or series, transformer is connected in series with the mfilin^ 
circuit, and the secondary winding is connected to the current coil 
of the measuring instrument, the function of the transformer being 
to supply the instrument with current proportional to that in the 
main circuit and in pl^se opposition thereto.* The current range 
of the instrument connected to the secondary winding is usually 
6 A. 

The number of turns in the primary winding vary with the type 
of magnetic circuit and the magnitude of the current in the main 
circuit, and when this current is large the primary winding consists 
of a single conductor. 

The insulation of the primary winding is of extreme importance 
in transformers for high-voltage circuits. After being wound and 

* phase relationship of the currents is important only in connection 
with power measureltnents. 
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insulated, the windings are impregnated, in vacuo, with insulating 
compound, and the entire transformer may be either iipmersed in 
oil or fitted into a case and filled with insulating compound applied 
in vacuo. 

The magnetic circuit is constructed of high quality laminations 
and may take the form of a ring, a rectangle, or a double rectangle, 
as shown in Fig. 267. For the highest accuracy the laminations 
must be of good quality alloyed iron, and the magnetic circuit must 
be without joints, thereby necessitating hand- wound coils. In 
commercial transformers, considerations of cost require the use of 



Fig 267. — Forms of Coio Construction for 
Ciirient Transformers 


machine wound coils, and therefore a jointless magnetic circuit 
cannot be employed. But the laminations at the joints must be 
interleaved so as to reduce the reluctance. 

Examples of transformers for low- voltage and high-voltage 
circuits are shown in Fig. 268. In the low-voltage transformer 
the coils are placed side by side and the core is constructed with 
interleaved joints, the laminations being assembled after the coils 
are in position. In the high-voltage transformer (Fig. 2686) the 
primary winding is insulated from the secondary winding, core, 
and supports by porcelain tubes. The core is of the ring type and 
is wound with the secondary winding. After being impregnated, 
the wound core is slipped over one of the porcelain tubes, the other 
porcelain tube is placed in position, and the primary winding is 
threaded through the tubes. 

Patential transformers. In these transformers the primary winding 
is connected across the supply system and the secondary winding 
is connected to the pressure circuit of the measuring instrument, 
the function of the transformer being to supply the latter with a 
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potential difference proportional to the voltage of •the supply 
system and in phase opposition thereto.* 

The prii.iary winding must therefore consist of a large number 
of turns and mdst bo adequately insulated. Moreover, the terminals 



Fio. 2fi8 - Cuneiit Trnnsformors for (a) Low-Voltajje, (h) 
Voltage Circuits 
[Ttrltish Thomson Houston Co 1 


must be separated from one another and must be adequately 
insulated from the frame by porcelain or other bushings. Fuses 
are necessary as a protection against breakdown of the insulation, 
internal short-circuits, etc., and these are usually mounted on 
bushings adjacent to the terminal bushings. 

The magnetic circuit is constructed of high-quality laminations 

* The phase relationship of the voltages is important only in connection 
With power measurements. 
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and takes <;he form of a single rectangle (Fig. 269a) for single-phase 
transformers, and a double rectangle (Fig. 2696) for three-phase 
transformers. As former wound coils are only permissible in the 
present case, the laminations forming the cores an9 yokes must bo 
assembled after the coils are in position and the joints must be 
interleaved. ^ 

The coils forming the secondary and primary windings are located 

83mimetrically one over 
the other on each core 
of the magnetic circuit, 
the primary coils being 
outside Tihe secondary 
coils. For high-voltage 
circuits the primary coils 
(^) are wound in sections, 

Fio 269.— Forms of Coro Construction for the several sections being 
Potential Transformerfl . , . , , , 

separately msulated and 

connected in series. The windings are impregnated in vacuo in 
the same manner as those of current transformers. 

Connections of transformers and instruments. The diagrams of 
Fig. 270 show the connections of an ammeter, a voltmeter, and a 
single-phase wattmeter, or power-factor meter, when used with 
instrument transformers. 

If the ammeter, voltmeter, and wattmeter are scaled as straight- 
through (i.e. low voltage) instruments, the current in^the main 



(a) (b) (c) 


Fig. 270 — Connection Diagrams for Instruments Used with 
Instrument Transformers 

circuit will be given by : Ratio of current transformer x ammeter 
reading ; the voltage by : Ratio of potential transformer X volt- 
meter reading ; and the power by : Wattmeter reading X ratio of 
current transformer X ratio of potential transformer. 

When extreme accuracy is required in connection with power 
measurements, the correction factors of the transformers must be 
known. 

In the connections for the wattmeter and power-factor meter, a 
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knowledge of the relative polarities of the secondary terminals of 
the transformers with respect to the primary terminals is important, 
otherwise |)he instruments may be so connected as to read 
improperly. • 

The relative polarities of the terminals of the primary and 
secondary windings should be marked by the manufacturer, either 
by conventional signs or letters. In the event of a transformer 
having no markings the relative polarities of the terminals may be 
determined verj^ simply by passing a small direct current through 
one winding and connecting a low reading permanent-magnet 
moving-coil voltmeter across the other winding. Then,* if the 
voltmeter deflects up the scale on closing the direct -current circuit, 
the terminal of the transformer which is connected to the positive 
terminal of the voltmeter will have the same polarity as that which 
is connected to the positive terminal of the direct-current supply. 
Precautions should be taken to avoid leaving the magnetic circuit 
of the transformer in a highly magnetized condition, otherwise its 
accuracy will be impaired. 

Precautions to be observed with current transformers. When 
using current transformers it is important that the secondary circuit 
be always closed when current is passing through the primary 
winding, otherwise ther magnetic circuit may become highly 
saturated. The iron losses and the heating of the core will then 
become excessive, and a relatively high voltage will be induced in 
the secondary winding which may cause a breakdown of the 
insulation between adjacent turns and a burning-out of the trans- 
former. Even if the transformer is capable of successfully with- 
standing these abnormal conditions, it is highly probable that, when 
the primary current is switched off, or the secondary circuit is 
again closed, the magnetic circuit will be left in a highly-magnetized ^ 
condition, w'hich will impair the accuracy for future work. To 
restore the core to its normal magnetic state, it must be demag- 
netized by passing an alternating current through the primary 
wonding (with the secondary wdnding open circuited) and gradually 
decreasing this current to zero. 

When current transformers are used with portable instruments, 
precautions are necessary to avoid errors due to (1) the relatively 
large stray magnetic field which may exist with open-type trans- 
formers for high-voltage circuits owing to the separation of the 
primary and secondary coils ; (2) the inadvertent substitution of 
instruments having a range (e.g. 1, 2, or 3 A.) lower than the 
standard range (5 A.), as the former have a much higher impedance 
than the latter and may involve operating conditions in the 
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transformer which may be quite different from the normal 
conditions. 

Theory of current transformer. In an ideal transformer t})£> magnetizing 
ampere-turns and the losses are zero, and therefore, (1) th© ratio of primary 
and secondary currents is constant for all loads ; and (2) the phase difference 
between these currents is 180®. 

The vector diagram representing these conditions is shown in Fig. 271a, 
in which OO represents the flux ; the E.M.Fs. iifduced in the 

primary and secondary windings (which are directly proportional to the 



Fi«. 271. — Vector Diagrams for Current Transformer 


numbers of turns in thf»se winding^^) ; OFj( — OE^)^ the potential difference 
at the terminals of the primary winding ; O/^, the current in the secondary 
circuit lagging 9 ?° with respect to OE 2 ; OB, the ampere-turns due to the 
secondary winding; OA{ — — OB), the amiiere-turns due to the primary 
winding ; and OI^, the current m the primary circuit. Observe that, since 
the resultant ampere-turns are zero, the ratio of currents is equal to the 
inverse ratio of turns, i.e. /i//^ — wliere /j, I^, denote the primary 

and secondary currents, resjiectively, and N^, A^^.^tlie number of turns in th« 
primary and secondary windings, respectively. 

In a practical transformer a definite number of amiiere-turns are required * 
for the magnetic circuit, there are losses in the core and windings, and 
magnetic leakage occurs bitwocn the windings. The vector diagram repre- 
senting these conditions is shown in Fig. 2716, some of the vectors b 3 ing 
exaggerated to obtain legibility. The diagram is drawn with the secondary 
current as the vector of reference, since when this current, together with data 
of the transformer, are known, the induced E.M.Fs., the flux, and the primary 
current may be readily determined. 

The E.M.F. induced in the secondary winding is represented bv and 
balances the vector sum {Od) of the internal E.M.Fs. due to the resistanoe and 
reactcuice of the secondary circuit, of which Oa, 6 c — in pheuse opposition with 
respect to the secondary current—represent the E.M.Fs. due to the resistanoeg 
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of the secondary winding and load (i.e. ammeter or other ’instrument)* 
respectively, and ab, cd — ^lagging 90° with respect to the current — represent 
the !E.M.Fs.«due to the reactance (inductive) of the load and the leakage 
reactance of the ^condary winding, respectively. 

^nie E.M.F. induced in the primary winding is represented by OEit the 
ratio OE^jOEi being equal to the ratio of the numbers of secondary and 
primary turns. 

The flux is represented by OO, which leads the induced E.M.Fs. by 90°. 
The magnetizing ampere -turns are represented by OD, and the exciting 
ampere-tums by OC, the latter leading the flux by the angle a. The exciting 
ampere -turns are the resultant of the ampere-tums due to the primary and 
secondary windings. Hence, if the ampere -turns of the secondary winding 
are represented by OB, then the vector sum {OA) of OB reversed and OC 
will represent the primary ampere-turns. The primary current is, therefore, 
represented by OI. 

The voltage at the terminals of the primary winding is represented by 
OVi, and is equal to the vector sum of the induced E.M.F. {OE^) and the 
E.M.Fs. due to the resistance and leakage reactance of the primary winding, 
these E.M.Fs. being represented by Oe and OJ, respectively. 

If this vector diagram. Fig. 2716, is compared with that, Fig. 2710, for an 
ideal transformer, we observe that, in the commercial transformer — 

1. The ratio of primary and secondary currents is not strictly pro- 
portional to the ratio of the numbers of tiuns. 

2. The phase difference between these currents is less than 180°. 

3. The ratio and phase difference are not constant, but vary with the 
magnitudes of the currents and tho impedance of the secondary circuit. 

To approach ideal conditions in a commercial transformer, the exciting 
ampere-tums must be small in comparison with the primary, or secondary, 
ampere-tums, a:#d tho rosiatance and reactance of the secondary circuit 
must be kept as low as practicable. 

Expressions for ratio and phase angle of current transformer. The ratio of 
the primary and secondary currents (called in practice the “ ratio ** of the 
transformer ) may bo calculated from the vector diagram, the vectors concerned 
being drawn separately in Fig. 271c, in which the secondary ampere-tum 
vector is revoisod from its normal position. From this diagram we obtain 
the relation 

OA -- OB cos p 4- OC sin(a + (pz + P) 
where p is the angle between tho primary ampere -turns vector and the 
reversed secondary ampere-tum vector. This angle {P) is called the “ phase ^ 
angle ” of the transformer, and is usually very small (from about 0-5° to 3-0°). 

Substituting ampere-tums in this expression, we have 
cos p -f sin(a (Pi + P) 

where is the fictitious exciting current (i.e. = exciting ampere-turns 

Whence — — ^ co^P -f ^ sin(a (pz -¥ P)- • • (212) 

ig iVi ig 

* or, since is a small angle, we have, to a very close approximation, 

^ -f sin(a + 9 ^ 2 ) ..... ( 212 ii) 

Hence, on accoimt of magnetizing current, losses, and reactance in the 
secondary circuit, the ratio of turns (i.e. N^/N^) must be smaller than the 
ratio required for the currents. For exeunple, a transformer designed for a 
ratio of 10 : 1 would have N^/Ni equal to between 9-8 to 9-9. 

Observe that both the exciting current (J^) and a depend upon the flux 
density and the magnetic quedities of the core. With a given transformer, 
idle flux density is almost dirwtly proportional to the E.M.F. induced in the 
secondary winding, and with a given secondary current, this E.M.F. is 
proportional to the impedance of the seeondary circuit. 

« 0 -< 5 * 45 ) 
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The phase angle, p, is readily dolorminod from the diagram, Fig. 271r. 
Thus 


tan p ^ ^ + V,+fi) . (213) 

^ OB cos p cos ^9 

Since ^ is a small angle, we have, to a close approximation, 

N I 

P radians - COS {a + <p^) 

■^2 -*2 


. (213a) 


Observe that the vector O/g of the s^'condary current is loading with respect 
to the reversed vector of the primary current. 

Data ot current transformer. A commercial current transformer, hitended 
for a primary current of />() A., a secondary current of 5 A., and a secondary 
load of 40 V.A., has a ring core wound with 30 primary turns and 294 
secondary turns. 'Die resistances (at 20^ C.) of the wmdings are O’OIS ohm 





Cc) 

Fig. 272. — Vector Diagrams for Potential Transformer 


(primary) and 0*05 ohm (secondary). The mean diameter of the core is 
10 cm. and the magnetic cross-section is 5 cm.* 

Theory ot potential transformer. In an ideal potential transformer witliout 
losses, the voltages at tlie terminals of the primary and secondary windings 
are equal to the E.M.Fs. induced in these windings, and their ratio is constant 
and equal to tlio ratio of the numbers of turijs in the windings. Thus, 
Moreover, with constant frequency the flux in 
the core is proportional to the voltage applied to the primary winding. 

The vector diagram is shown m Fig. 272a, in which 00 represents the 
flux in the core ; the E.M.Fs. induced in the primary and secondary 

windings, respectively; 0Vi{~- -OE^), the impressed E.M.F. ; 07*, the 
current in the secondary circuit ; OB, the secondary ampere-tums ; 
OA{= — OB), the primary ampere-tums ; and 01^, the primary current. 

In the diagram for the practical transformer, Fig. 2726, the secondary 
terminal voltage is taken as the vector of reference, OF*- The current in 
the secondary circuit is represented by O/*, which, in practice, lags by a 
small angle with respect to OF*. The E.M.F. induced in the secondary 
winding is represented by OE^, and is obtained by compounding with OF* the 
pressure drops due to the resistance and leaking refig)tance of the secondary 
winding, these pressure drops being 1||||M:esented by F*a and aE^, respectively. 
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The flux leads OE 2 by 90®, and is represented by The exciting ampere- 
turns are represontetl by OC^ and from this vector and the vector repre- 
senting the secondary ampere-tums, the vector OA, representing the primary 
ampere -turns, is obtained. The primary current is therefore represented 
by Oil. 

The E.M.F. induced in the primary winding is represented by OA?i, the 
ratio OE 1 JOE 2 being equal to the ratio of the numbers of turns in the windings. 
The external voltage at the terminals of the primary winding is represented 
by OVi. and balances the induced E.M.F., OEy, togetlior with the internal 
E.M.Fs. due to the resistance and reactance of the primary winding, these 
E.M.Fs.^,being represented by Or and Od, respectively. 

Expressions for ratio and phase angle of potential transformer. The ratio 
of the primary and secondary voltages (called in practice the “ rat io ” of the 
transformer) is easily calculated from the vector diagram if the tliagraiu is 
re-drawn with all secondary voltage vectors increased in the ratio Ni/N^* 
and the secondary current vetdor diminishiHl in tlie ratio N^JNi ; i.(\ the 
scale for secondary voltages is NijN^ times tliat for tlie jniniary voltages, 
and the scale for secondary currents is N^fNi times tliat for primary currents. 
Thus the vector representing the E.M.F. indiiciHl in the secondary is now of 
equal length to that representing llie E.M.F. induced in tlie primaVy winding. 
The new vector diagram for the quantities concerned is shown in Fig. 272r. 

If the various voltage vectors are projected upon OV.j, })rodiiecd, we have 

Vi cos y — F .2 — 1 ~ [1 2^2 cos (p 2 h sin (p^) \ li[Ui cos 0 4* Aj sin 0) 

where y is tlie angle lietween OV^ and OFj, reversed ; 0 is tlie angle lietween 
OV 2 reversed ar.d /^ ; are the resistance and leakagii reactance, re- 
spectively, of tl^ si'condap^ winding ; /i*j, ^" 1 , the resistance and leakage 

reactance, respectively, of the primary winding. 

Now y is usually much less than 1®, .so tJiat, to a very close ajijiroxiination, 

cos y — 10; 

1 1 cos 0 — - {J 2 N 2 IN 1 ) cos 1- 7^ sin a ; 

1 1 sin 0 -- sin ip.^ cos a 


Hence, substituting in the preceding ex7)res,sion, we Jiave 

^ ^ y’- 

4' A, ( /.^ sin <P 2 + cos 

=• y, + h '•03 <p, (^1? R, I- + /, sin cp, + 

4- Iq{Ri sin a X I cos a) 

“ ^ [(^‘ + (^) ^0 ’’*] 

4- loi^i sin a Xi cos a) 


Now /aNj/Nj is the component of the primary current which balances the 
secondary current 7j, and is called tlie equivalent secondary current referred 
to the primary circuit. Similarly, and are called the 

equivalent resistance and reactance,. rtMp^tively, of the secondary winding 
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referred to the primary circuit.* These equivalent quantities will be denoted 
by /j', Xj'. Hence the preceding expression b^omes 

IN^ 4 - [(«i + /?*' ) cos q?, + +' X\ ) sin 97, ] 

f- /„(/?! sin a + Xi cos a) 
and the ratio (Fj/Fa) is given by 


II 

Fa N, 

, V[(^1 + f22')cos9)2 -h (Xj + Xa'lsin^al + Sina + -Xjcosa) 



' 2 


or, since 9^2 and a are usually small angles, we have, approximately, 
1. + ^^ 2 ^) + IqX, 

Fa Na ^ Fa .... 


(214a) 


Observe that, on account of losses, magnetic leakage between the primary 
and secondary windings (to which the leakage reactances Xj, Xj, are due), 
and magnetizing current, the ralio of turns must be slightly smaller 

than the ratio required for tlie terminal voltages. Also, since /'a 1 ® usually 
small in comparison with 7^, and Xj is greater than (7^^ + the term 

JqXi in equation (214a) is more important than the term + ^ 2 '). 

Thus the ratio is given very approximately by 


Zl = ^ 4 . ^0^1 

Fa iVa Fa 


(214f7) 


The phase angle, y, of the transformer is readily calculated from the vector 
diagram. Thus 

sin y =s= (^2-^2 cos q)^ - /./?2 9^2) + (-^1 cos 0 - Jf?isin 0 )J 

or, since y is a very small angle, sin y — y (m radians), 

y radians “ ^ T/a'^Xj + X^') COS h ^2') q>^) 

4 - 7 ^(Xi .sin a - /fj cos a)] ..... ( 21 . 5 ) 


Application of correction factors for ratio and phase angle. The correction 
factors for ratio and phase angle of instrument transformers vary with the 
magnitude and nature of the load connected to the secondary winding. 
The correction factors for a given transformer, are therefore expressed in the 
form of curves, typical examples being given in Figs. 27.3, 274. 

With measurements of current and voltage using instrument transformers, 
the instrument readings are multiplied by the ratio correction faetors, the 
application of which in this case is quite straightforward. 

With power measurements in single-phase circuite by the wattmeter method, 
correction factors for both ratio and phase angle must be applied to the 
instrument readings, together with the correction factors for the wattmeter 
itself. 

In applying the correction factors for phase angle, we observe, from 


* The quantities are called equivalent quantities because, if a resistance or reactance of 
tills (equivalent) value is connect^ in the pnrnazy circuit and carries the equivalent secondary 
current the voltage drop, as measured in the primary circuit, is times that 

due to the passage of the secondary current, /a, through the actual secondary resistance, Af. 
or reactance, JT,. Thus 


• if, 

•Si 
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Fig. 2716^ that, for the current transformer, tlie secondary current leads the 
reversed prunary current, but that, for the potential transformer and the 
conditions represented in Fig 2726, the secondary terminal voltage is lagging 
,with respect to 1 j;ie reversed primary termmal voltage With potential 
transformers, however, the secondary termmal voltage may be in phase 
with, or lagging, or leading the re versed primary voltage, according to the 
design of the transformer and the nature of the load 



Fia. 273 — Collection Factor and Phase Anglo Curves foi High Class 
Current Transfoimer vnth Ammetei and Wattmeter Connected m 
Secondary 


Honce, if « is the pliase difference between line voltage and Ime (urient, 
the phase difference between the secondary termmal voltage of the potential 
transformer and tlie current m the secondary circuit of the current transformer 
IS (p — (p -by) wher (p is laggmg, and (p b P b y when (p is loadmg, the plus 
sign being used m connection with v when the secondary terminal voltage is 
laggmg, and the minus sign when tnis voltage ih leadmg, with respect to the 
reversed primaiy terminal voltage 



Fia 274 — Correction Factor Curves for Potential Transformer 


If d is the phase difference (laggmg) lietween the voltage applied to the 
potential circmt of the wattmeter and the current in this circuit, the phase 
difference between the currents m the fixed and movmg coils is q? - {p by b S) 
when (p 18 laggmg, and (p b P b y b S when tp is leadmg 

Hence, if cos is the apparent power factor determmed from the ratio of 
the uncorrected wattmeter readmg and the reodmgs of the ammeter and 
voltmeter, the power factor cos 9 ? of the primary circuit is given by 
cos \<p^ ±(/3 ± y + ^)]. the plus si^ to be taken for laggmg power factors 
and tne minus sign for leadmg power factors 

Therefore the power m the primary circmt is given by 

P = [cog q>lcoBi(p„ ± -t y + 6 )} ] 

X wattmeter readmg corrected ratio of current transformer X corrected 
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ratio of potential transformer, when the power loss in the instruments is 
ignored. 

Elxample. The following readings (corrected for calibration of ^instruments) 
were taken on a voltmeter, an ammeter, and a wattmeter connected (as in 
Fig. 270c) to instrument transformers on a high-voltage circuit, the loatl 
having a lagging power factor. 

Volts 100-2 ; Amperes 3*4 ; Watts 280. 

Data of the instrument transformers are as follow — 


Cui'rent trcmsfortner — 


Nominal ratio l.« : 1 

Ratio correction factor for a bt-eomlary load of 3*4 A. 0-992 
Phase angle at tins load {fi) .... 0-76° 

Potential transformer - 


Hunc«i, 


Nominal ratio 
Ratio correction factor 
Phase angle (}0 


20 : 1 
1-001 
-0-25° 


Current in main (-ireuit 3-4 13 ^ 0-992 - .50-0 A. 

Voltage of main eireuit 100-2 y 20 X 1-001 2006 V. 

Apparent power factor (from instrument readings) 

280 

100-2 ’ X 3-4 

Phase difference {(PfA between voltage and current in 
msfriiment circuits — eoa ^ 0*822 — = 34*7° 

Actual phase difference ( 93 ) between voltage and current 
in main circuit ~ 9’a~ (P “>') ~ 7 + 0*23 

- 34-2® 

Power factor of main circuit 

— cos q) - 0-827 
0*827 

Power in main circuit X 280 X 15 X 0*992 

X 20 X 1-001 - 83,900 W. 


With power measurements in three-phase circuits by the two- wattmeter 
method the effect of the phase angles of the instrument transformers is to 
reduce the phase differences of the currents in the fixed and moving coils of 
the wattmeters by the angle P Y h Hence, with balanced loads, the 
phase difference between the currents in the coils of wattmeter No. 1 is 
[30° + {<p — iP ^ Y -h ^)}] — (-30° -f- 9 ?^j), and that between the currents in 
the coils of wattmeter No. 2 is [30° — { 9 ? — ()3 + Y + <5)}] ~ (30° - 9 ?^), 
assuming that similar transformers are used in each phase. 

If V 2 * denote the voltage and current for the secondary circuits of the 
transformers, the readings of the wattmetori^ represent the quantities 
Fj/j cos (30° + 9 ?„), and V 2 1 1 con Whence the algebraic sum 

of the readings represents the quantity y'S . ^ 2^2 <Po* 

Therefore the power in the primary circuit is given by 
P =r [cos 99 /cos { 97 ^ ± (/3 ± y + <5)}J 

X algebraic suiri of wattmeter rea<Jings X corrected ratio of current trans- 
former X corrected ratio of potential transformer. 



(^HArn^ER XV 


ALTERNATING -CURRENT MEASUREMENTS 

In this chapter we shall discuss a few of the methods available for 
determining the principal constants of electric circuits and apparatus 
as well as methods of measuring current, potential ditference, and 
power. The methods of determining the direction of the phase 
rotation of a polyphase system will also be considered. 

Simple measurement of inductance and capacity by the 
** impedance” method. This method possesses the advantage of 
simplicity. It is very convenient for the b'st-room and laboratory 
when a high degree of accuracy is not required, and when the value 
of the impedance under teat is within the range of the instruments 
available. 

The general procedure is to measure the impedam*e of the 
apparatus (using the amme^U'r and voltmctcT method) at a known 
frequency, enjploying preftTably a source of sinusoidal 
and, if possible, an electf'ostatic voltmeter 

Then, for the inductive circuit, it 1 is the current, V the applied 
voltage, / the frequency, and R the resistance, the inductance is 
given by 

L =- -E^I^)l27Tf I henries, 

or, if RI is negligible in comparison with F, 

]j = F/27r// henries. 

For the capacitive circuit 

C == //27r/F farads. 

The mutual inductance of two circuits may bo determined by 
measuring the inducad E.M.F. in the secondary circuit when a 
known current, at a known frequency, is passing in the primary 
circuit. Then, if is the value of the induced E.M.F., the 
primary current, and / the frequency, we have = 27r/ilf/i, 
whence 

M - ^o/277//i 

It is to be observed that in all these measurements the accuracy 
of the results will be affected by any distortion of the wave-form 
from the sine wave, the greatest errors occurring in the measurement 
of capacity. Examples, showing the magnitude of these errors for 
a particular ca8e,^re given in Chapter X. 

471 
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The error due to non-sinuaoidal wave-form may be calculated 
and allowed for when the- equation to the E.M.F. wave^ is known. 
The method of doing so is explained in Chapter X. c 

Again, if an electromagnetic voltmeter is employed instead of an 
electrostatic voltmeter, the instrument should bo so comieeted that 
its operating current passes through the ammeter, and thb reading 
of the ammeter should b(‘ corrected to allow for this current 


Measurement of power and power factor in single-phase circuits. 

We shall only consider the case in which the power to be measured 

is small and the measure- 
ments are to be made by 
means of a wattmeter, 
ammeter, and voltmeter. 
The connections should be 
made according to Fig. 275. 
Thi‘ wattmeter reading then 
includes the losses in the 



Fio. 275.-Connectioi.8 of Instruments for Pr<‘^^urc circuit of this in- 
Measuring a Small Amount of Power strument and the voltmeter ; 

the ammeter reading in- 
cludes the currents in the pressure circuit of the v'attmeter and 
the voltmeter. 


If P, /, denote the true power and current, respectively, in the 
load ; P\ r , the readings of the wattmeter and ammeter, respec- 
tively ; V the voltage at the load ; R^ the resistance of the volt- 
meter ; and R^ the resistance of the pressure circuit of the wattmeter 
then 


P = P'-V^IR,-V^/R^ 
and I =P-VIR,-VIR^ 

The power factor is given by 
cos (p = P/VI 

[Note. The corrections for the inductance of the pressure 
circuits are asisumed to be negligible.! 

Example. The following readings were taken on instruments connected 
as in Fig. 275 — 

Volts 100 ; Amperes 0*4 ; Watts 30. 

The resistance of the voltmeter was 1200 ohms, and that of the pressure 
circuit of the wattmeter 4,000 ohms. Calculate the power supplied to the 
load and also the power factor. 

Employing the expressions previously obtained, we have 

P - 30 - 100V1200 - 100*/4000 = 30 - 8-33 - 2-5 1917 W. 

/ -- 0-4 - 100/1200 - 100/4000 =- 0-4 - 0 0833 - 0 025 
= 0-2917 A. 


cos^ = 19*17/100 X 0-2917 = 0*667 
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Note that if the power factor is calculated from the uncorrected readings of 
the instruments, we obtain 

costp' =^30/100 X 0-4 - 0-75 

Measurement of power in single-phase, high-voltage circuit, using 
a wattmeter without instrument transformers. Wlien the power in 
a high-voltage circuit is to be measured by a ‘‘ straight-through ** 
wattmeter, a series resistance, of suitable value, must be connected 
in series with the moving coil of the instrument. If the moving- 
coil circuit is designed for a normal voltage V and the resistance 




Fio. 276.“Correct aird Incorrect Connections of Wattmeter on 
High-Voltage Circuit 

of this circuit is B, the additional resistance, to be connected 
in this circuit when the instrument is us(*d on a circuit of voltage Fj 
is ~ i2(Fi/F - 1). The readings of the wattmet<T must then 
be multiplied by the quantity (1 B^/R) to obtain the power in 

the main circuit, and, if necessary, correction factors must be 
applied (as explained in Chapter XII) for the power expended in ^ 
the instrument, and for the inductance (and distributed capacity, 
if any) of this circuit. 

Precautions must be taken when connecting the instrument to 
the circuit to (1) suppsirt the instrument upon an insulating stand 
(or, if one side of the system is earthed, to connect the instrument 
to this side of the circuit) , (2) make a common connection between 
the fixed and moving coils as shown in Fig. 276cr, to ensure that a 
high voltage cannot exist between these coils. 

li^ is of the utmost importance that the connections shown in 
Fig. 2766 be not inadvertently made, as in this case the full line 
voltage would exist between the coils, thereby causing a breakdown 
of the insulation and a buming-out of the instrument. 

Measurement of power in single-phase circuits without using a 
wattmeter. The \^attmeter method of measuring power is described 
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in Chapter* V, and the corrections which have to be applied to the 
wattmeter readings under certain circumstances are discussed in 
Chapter XII. In cases where a wattmeter is not available, and the 
conditions are favourable, the power (and power-factor) may be 
measured by alternative methods, known as the “ three -voltmeter 
and “ three-ammeter ” methods. • 

Three-voltmeter method of measuring power and power faetor. 
A non-inductive resistance is connected in series with the apparatus 
under test, and the voltages across the apparatus, non-inductive 
resistance, and supply arc measured, preferably by electrostatic 
instruments. The diagram of connections is shown in Fig. 277, 




Circuit and Vector Diagiains foi tho “ 'J’hico-Voltmotor ** Method 
of Measuring Power • 

and the vector diagram for the circuit is given in Fig. 278. From 
the vector diagram we have 

F 2 y 2 + y ^2 + 2Fi 1^2 cos q? 

where V is the line voltage, the voltage across the non-inductive 
series resistance, and Fg the voltage across the apparatus under 
test. 

The power supplied to the apparatus is 

P = Fg/ cos (p = (FgFi/i?) cos q), 

where R is the value of the non-inductive resistance. 

Hence, substituting in the preceding expr^sion and re-arranging, 
we obtain 

P = i(F2 - Fi2- Fg^)/^ .... (216) 

Also coH ff= { F2 - Fi2 - Fg^) /2 V^V (217 ) 

These expressions are valid when the wave-form of the supply 
voltage is sinusoidal, and (in cases of non-sinusoidal wave-form) 
when the wave-form of the current is identical with that of the 
impressed E.M.F. 

Note. Equation (217) may also be employed to calculate the 
phase difference between two E.M.Fs. whioh are acting in series. 
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Thus if Fg are the R.M.S. values of the separate E.M.F's., 
and F their resultant, or vector sum, then if d is the phase difference 
between V and Fg wo have 

Three-ammeter method of measuring power and power factor. 

In this method a non-inductive resistance is connected in parallel 
with the apparatus under tost, and the currents in this resistance, 
the apparatus, and the line are measured. The diagram of con- 
nections is shown in Fig. 279, and the vector diagram for the 
circuit is given in F^ig. 280. From the vec*tor diagram we have 
/2 = 7^2 _|_ j 2 21 cos (p 

where / is the line currmit, the current in the non-inductive 
resistance, and 1^ the current in the apparatus under ti'st 



Fia. 279 Fia. 2S0 

Ciicuit and Vector Diagram for the ‘ Tlijeo-Aimnotor *’ Motliod 
of Measurmg Power 


The power supplied to the apparatus is 

P = F /2 cos (p ~ 1 iR . I 2 c’os (p, 

where R is the value of the non-inductiv(‘ resistance. Hence, 
substituting in the preceding expression and re-arranging, wg. 
obtain 

P = .... (218) 

Also coi.(p^ .... (219) 

The validity of each of these expressions is governed by the 
same conditions as apply to the three- voltmeter method. 

Electrostatic method of measuring power. In this method a 
quadrant electrometer is employed in conjunction with a standard 
non-inductive resistance and a potential divider. The method is 
particularly suitable for research and standardizing laboratories, 
and has been perfected by the National Physical Laboratory for 
measurements of high accuracy.* It is the standard method of 

* “ The use of the electrostatic method for the measurement of power.** 
Journal 0 / the Inetitution oj Electrical Engineers y vol. 61, p. 294. 
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measuring power in the testing of watt-hour meters and the calibra- 
tion of wattmeters at this laboratory. The method alsQ possesses 
advantages over other methods for the measurements of small 
amounts of power at high voltages and low power factors, such as 
losses in dielectrics. 

To measure power by the quadrant electrometer, a 'potential 
difference proportional to, and in phase with, the current in the 
circuit is applied to the quadrants, and the voltage of the circuit, 
or a definite fraction thereof, is applied between the needle and 
quadrants. The deflection is then proportional to the power 
expended between the point to which the needle is connected and 



(d) 

Fia. 281. — Connections for Measurement of Power by Quadrant 
Electrometer 


the point which has a potential midway between the potentials of 
the quadrants, as proved later. 

Thus if the connections are arranged as shown in Fig. 281a — 
which refers to the case where the load is connected directly to the 
supply system — the deflection of the electrometer is proportional 
to the power expended in the load plus one -half of the power 
expended in the non-inductive series resistance, or shunt, to which 
the quadrants are connected. 

The correction for the power expended in one-half of the series 
resistance, R, may be eliminated either by connecting the needle 
to the mid-point of a non-inductive resistance (or a potential 
divider) connected across the supply system as shown in Kg. 2816. 
or, if this is impracticable, by inserting a second non-inductive 
resistance, r, in the main circuit, as shown in Fig 281c, and making 
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the value of this resistance equal to iR(n - 2), where R is the value 
of the resistance across which the quadrants are connected and n 
is the ratio * (supply voltage /voltage between needle and “ line ** 
quadrants). 

If, however, the mid-point of the resistance R can be utilized, 
the wattmeter reading is directly proportional to power expended 
in the load. This is the case when a fictitious load is employed as 
shown in Fig. 28lrf, which refers to the teat ciicuit for the calibration 
of a wattmeter or a watt -hour meter. The current coils of the 
meter are supplied through a transformer from an alternator, and 
the pressure coils arc supplied from another alternator. The latter 
is direct coupled to the first machine, and is so arranged that its 
frame may be given angular displacements with reference to this 
machine, in order to obtain any desired phase differenci^ between 
the current and voltage supplied to the nuder. 

In cases where no correction is necessary for the power expended 
in the series resistance, R, the powf^r is given by 

P--kndi2R (220) 

where 6 is the deflection, Jc the “ constant ” of the instrument 
(which is determined in the manner described later), and n, R refer 
to the quantities mentfoned previously 

Theory ol electrostatic method of measuring power. Let e denote the 
instantaneous value of the potential difference between the needle and one 
pair of quadrants, and v the instantaneous value of the potential dfferonce 
between the quadrants. Then, from the law of the quadrant electionietei, 
the deflection, 0, is given by 


kd 7 ^ / (2(w -}- v^)dt 

1 Jo 

f 

Now, with the connections arranged as in Fig 281a, v - wliere i is the 
instantaneous value of the current m the circuit Hence 

1 f'l' 

But 7 = / ei dt lepresents the power (P) supplied to the circuit, and 
T J Q 

1 fT' 

I Ri*dt represents the power (Pn) expended in the senes resistance, R. 
T Jo 

Therefore kS = 2R(P + iP^) 

whence P =kdl2R-iPj^ (221) 


With the connections arranged as in Fig. 2816, the potential difference 
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between the needle and the pair of quadrants connected to the load is 
[i(e + v)-v]. Hence 

fcO {2v[i(e + v)-v] + v^)dt 

1 fT 

-= R . eidt = RP 

Whence P = kO/R . . . . . • . (222) 

With tlio connections arranged as in Fig. 28 Ir, tho potential difference 
between the needle and the pair of quadrants connected to the load is 
{e { ir 1 iR) In - iR, where it is the ratio of tho voltage across thef tapped 


f(cJo)| 3 

'(b) 

Fia. 282.- Connections for Calibrating Quadrant Electrometer for 
Power Measurements 



portion of the potential divider to tho supply voltage, i.o. n - voltage across 
points a e /volt age across points a b. Heneo 


kO 


^ Jo *f v^)dt 


The first integral represents the jiower {P) supplied to tho looti. The 
second integral becomes zero when 2r — /?(;»- 2), or when r — 

Under these conditions,, we have 


P — nkei2R (220) 

When the instrument is used with a fictitious load, os in Fig. 281d, the 
potential difference between tho needle and the pair of quadrants connected 
to tho load is {ejti - Iv). Hence 


whence 


kO 


\2v{el,i-lv)-i v^\dt 

1 /-r . 2B „ 

. — / eidt — — . P 
Tjo n 


- 

n 

P - nkei2R 


(220) 


Method of determining the ** constant ” of the electrometer. The method 
employed by the National Physical Laboratory requires the use of standard 
non-inductive resistances and an electrostatic voltmeter, the calibration of 
which is accurately known. The connections are shown in Fig. 282. 

The alternating supply voltage is adjusted to give the normal voltage 
(lOOV.) between the needle and the neutral point of the quadrants (i.e. 
100 V. l^tween points A and B, Fig. 282), and the potential difference between 
the quadrants is adjusted to any desired value by mecuis of selector awitohea 
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connected to standard non-inductive resiatancea The resistance in circuit 
between the points A and B is maintained constant at 200 ohms, and, since, 
a constant potential difference of 100 V. is maintained between these points 
' the current in thovcircuit is 0-5 A. Hence when the 2-olim coils, 6’^, Cj, are 
short-circuited the potential difference between the quadrants can be varied 
from 0-1 V. to 2 V. in 0*1 V. steps. 

[Note. The positions of the selector switches must always bo such that 
equal resistances are included lie tween oacli quadrant and the neutral point A. ] 
This potential difference can be extended up to 4 V., in 0 1 V. steps by 
unplugging the 2 -ohm coils, Cg, but when C 2 is inserted an equal resistance 
(Oj) must be cut out lotweeii the points A, B, in order to maintam the total 
resistance between these points constant at 200 ohms. 




Connections of Wattmeter and Instrument Transfiirmci s for 
Measuring Power in Halanccd and Unhalanrcd TiOads 


If di is the deflection from the “electrical zero,” E tlio R.M.S. voltage 
between tlie points A, B ; 1 the current in tlio circuit ; H the n*si9tanco 
connected across the quadrants; and k the constant of the mstiuiiient 
corresponding to the deflection Oj, then, from the law of the electrometer, 

kd^ -- 2TR{K-iIR) + - 2EIR 

wlienco k — 2EIRIQ^ 

The “electrical zero” is obtained by connecting both quadrants to the 
point A (as shown in the diagram b. Fig. 282), with normal voltage 
between the points A, B. 

Measurement of power in three-phase circuits. The principles 
of the methods of measuring power in three-phase circuits have 
been discussed in Chapters VIII and IX, and diagrams of connections 
for low-voltage circuits have been given in these chapters 

With high-voltage circuits it is customary to use instrument 
transformers with the wattmeters, and connection diagrams for 
balanced and unbq,lanced loads are given in Figs. 283, 284. 
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In cases where it is desired to use straight-through wattmeters 


the connections must be made 


1 3 2 



Fifj. 285 — Connoction«i of Watt- 
nn^tere for Measuimg Powei lu 
Higli Voltntre Circuit 


in accordance with Fig. 285, and 
two separate wjittmbters (not a 
pol 3 T;)hase wattmeter) must be 
employed, both of which must be 
supported upon insulating stands. 

The precautions already men- 
tioned in connection with the 
measurement of power irf^ single- 
phase, high-voltage circuits apply 
with equal force in the present 
case. 

Measurement of iron losses 
by wattmetsr. The commercial 
method of measuring the losses in 


sheet iron and steel employed in 
the manufacture of electrical machinery and transformers is by 
means of a wattmeter and alternating current of sine wave-form 
The test samples are 


in the form of strips 
25 cm. long by 5 cm. 
wide and are assem- 
bled to form a closed 
magnetic circuit, the 
weight of material re- 
quired being about 
3 \ lb. The test strips 
are carefully insulated 
from one another by 
strips of insulating 
material having the 
same width and thick- 
ness as the test strips, 
but a length 2 cm. 
shorter than the latter. 
The insulated strips 
are then built into 



four equal bundles, Fuo. 286 . — Epstein Iron Testing Square 

each about 1 cm. thick, [Cambridge instrument Co.] 


and are inserted into 


the magnetizing solenoids, each of which is about 23 cm. 
long and has internal dimensions of 5 cm. by 1 cm. The 
solenoids are arranged in the form of a square, as shown in 
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Fig. 286,* and each is wound with two equal, and uniformly 
distributed, secondary windings and a primar^^ or magnetizing, 
winding, the letter l^ing placed outside the former. The mag 
netic circuit at the corners is completed by small angle pieces 
of the material under test, these pieces being interleaved with 
the test strips and secured by non-metallic clamps, as shown in 
Fig. 287. 

One of the secondary windings is connected to an accurate 
voltmeter, and is used for determining the flux and flux density 
in the test sample, and the other secondary winding is connected 




Fig. 287 —Arrangement of Corner-pieces m Kpstcin Iron Tt'slinj? 

* » Square 

to the moving-coil circuit of a sensitive electro-dynamic wattmeter, 
the fixed, or current, coil of which is connected in series 'with the 
primary winding. This (primary) winding is supplied with current 
from an alternator giving a sine wave -form, and the frequency is 
measured by a frequency meter. 

The reading of the wattmeter, when corrected for the losses in 
the secondary circuits (i.e. the loss in the pressure circuit of the 
wattmeter, the loss in the voltmeter, and the small I^R losses in the 
secondary windings), gives the iron loss (hysteresis and eddy 
currents) in the tost sample. 

It is customary to iftcasure this loss at two frequencies (e.g. 25 
and 50 cycles) and at two flux densities (e.g 5000 and 10,000 lines 
per cm. 2), as from these readings the hysteresis loss can be separated 
from the eddy current loss. 

Precautions are necessary when making the observations to 
ensure that the normal cycle of magnetization is obtained. For 
example, the material must first be demagnetized by applying the 

* This method of arranging the samples and the method of testing is due 
to Epstein. The apparatus (Fig. 286) is called the “ Epstein iron -testing 
square/' and its construction has been standardized m Europe, this country, 
and the United Statas of America. 

31 -^ 6245 ) 
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exciting current and reducing this gradually to zero At subsequent 
applications of the exciting current the circuit must bo closed 
through a high resistance, which must be cut out^ gradually imtil 
the desired magnetization is obtained. Again, when a change is 
made from a higher to a lower flux density, the exciting current 
must be reduced gradually to the lower value. 


Theory of wattmeter method of measuring iron losses. The instantaneous 
value of the E.M.F. induced in each secondary winding is 

Cj — - 10 ® X .^2 dO/df 

and the R.M.S. value is 

X 10-8 = AkfNJB^A X 10 

where kf is the form-factor of the flux wave-form, the number of turns 
in each secondary windmg, O the flux linked with these turns, / the fre- 
quency of the magnetizing current, the crest value of the flux density 
in the test sample, and A the magnetic cross-section of each bundle of test 
samples. 

The cross-section, A^ is determined indirectly from the mass, length, and 
density of the test strips. Thus, if IF is the mass in grammes, A = 7*77 W /4Z, 
whore 7-77 represents the density in grammes per cm.*, and I is the len^h, 
in cm., of the tost strips. » 

Whence B^ = E^ X 108/(4A;,iVJ^) 

Therefore the flux density in the tost samples may be determined from 
the E.M.F. induced in the secondary windmg, together with a knowledge of 
the frequency and form-factor of the flux wave-form. Since, for the reasons 
given in Chapter XI, the tests should be carried out witii sinusoidal flux 
wave-form, the value of = l-ll. 

The instantaneous power supplied to the primary winding is given by 
~ + 1 ^'® + Lii di^ldt 

where is the instantaneous value of the impressed E.M.F., the primary 
current, Ri the resistance of the primary winding, the numlir of turns in 
the primary winding, O the flux linked with these turns, and L the self- 
inductance due to any flux not included in O. 

The mean power (i.e. tho power expended during a period) is given by 


1 fT . 

tJo 


dt =~ "i" ■ 


+ 


1 CT . xV. d^) ^ .1 ■ r dL ^ 

TJo 1<^ dt TJo dt * 

1 fT . Nt d^ „ 

TJo 10“ dt 

I / T’ di, 

since L-^dt 0. 

Hence the quantity j lepresents the power expended in 

iron losses, together with the power supplied to the secondary circuits. This 
quantity may be expressed in the form 

N^n r.N^d(!>\ N^/\ fT , \ 

wXtJo *‘Tcn - WAT Jo 7 

Now if P is the reading (in watts) of the wattmeter, R the resistance of the 
pressure circuit of the wattmeter, and R^ the resistance of the secondary 
winding to which this circuit is connect^, then, from the theory of the 
electro-dynamic wattmeter given in Chapter XII, we have 

^ f+b; * = i+WiJ *) 
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or = (1 + RtlR)P 

and if i^a is ^ry small in comparison with if, we have 



Therefore the reading of the wattmeter, multiplied by the ratio of the 
numbers of turns in primary cuid secondary windings, gives the iron losses 
arid the losses in the instruments (pressure circuits). 

Whence = P - 

where i* denotes the iron losses, the reading of the voltmeter, and P, 
the resistances of the pressure circuits of wattmeter and voltmeter respectively. 

To obtain the iron losses in watts per kg. of the test scunples, corrections 
must be applied for the ma,ss of the comer pieces and the decreased flux 
density at the lapped joints. Let W denote the mass, in grammes, of the 
test strips, Wi the mass of the comer pieces, the maximum flux density in 
the strips (as determined from the voltmeter reading), I the length of the test 
strips, li the maximum projection of the comer pieces beyond the test strips 
(Fig. 2S7), and d the width of the overlap at the corner pieces. Then, since 
the comer pieces are of the same material and thickness as the test strips 
and the cross-section. A, is uniform throughout the magnetic circuit, the flux 
density in the overlapping portions of the test strips and comer pieces 

ia iBm * 

Hence if 2w2 is the mass of the strips and comer pieces in which the flux 
density is iR^n* ^Hiea) ^ specific iron loss in watts per kg., then the 
total iron loss (P,) is ^ven by 

“■P.c;.,) W [* I F- 

where x is the index of the flux density to which the iron loss is proportional. 
The value of x lies between 1*6 and 2. 

If a; = 1*6, the term (1 - (J)®) becomes equal to 0*67, and if a: — 2, this 
term becomes equal to 0*75. If we take the value 0*7 for the term (1 - (i)®). 
then 


^tika) + Wj^lW -lAwJwJ 

Observe that P./W is the apparent value of the specific iron loss which is 
obtained by diviamg the corrected wattmeter reading by the mass of the 
test strips, and the term in parenthesis is the correction factor for the comer 
pieces and the lapped joints. 

Instead of dotorminmg^t/;, directly, it may be expressed in terras of the 
quantities W, h Thus 
<5 

w~~T w~r 


since 


W I I 


Whence 


^%ika) W"(l-0*4a;i/ir H- 1-4;,//) ' 


(223) 


* Actually the flux density is about 1 per cent lower on acoount of mametlo leakan. The 
effect of leakage and the slight non-uniformity in the flux density (due to the length of 
the magnetic path being slightly different for each comer piece) has been Investigated by 
the Bureau of Standards and the maximum error due to these causes Is only a fraction cn 
1 per cent. 
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If the quanftlty W^(l -0‘4iWilW -f is considerotl as the “equivalent 

mass,** Wgt of the test sample, then Pi{jcg) -= Ptl^e- 

Separation of iron loss into hysteresis and eddy-current components. If the 

specific iron loss follows the equation 

-i- 

where tho first term represents the hysteresis loss and the second term the 
eddy-current loss, these components may bo sej^arated by ^determining 
Ptijeg) for two different frequencies at a given fliix density. The exponents 
X, y, may be evaluated by determining for two different flux densities 

at a given frequency. 

Thus, if observations arc mad'* a+ freqiKmcios and flux denmty 5^^, 

wo have 


/. "■ 



O 1 Va 

^t{kg)2 

/a 



\ Wl 


Whence 


where a, 6, denote the hyistercsis and eddy-curn'ut losses, respectively, j^er 
kg. j)cr cy(‘lo at tlio flux density 

Jl " Ji 

7 . _ III ~ P l(kQ)llf2 • 

/i -L 

If /| 2/j tho computation is greatly .simplified, for thfMi 


a -- 2P, 






\Uu)i 


“/2 Wl /3 ■ 


EiXample. Tlie following data refer to a typical set of observations and 
results — 


Mass of test strips, 1.'127 grammes. 

Mass of comer pieces, 80-2 gi amines 
Length of test strips, 2o cm. 

Projection of comer ])ieccs beyond test &tri])s (dimension /p Fig. 267), 
0*8 cm. 

Correction factor 

1 1 


1 -0-4(86-2/1:127) H l-4(0-8/2/5) 1 •0206 

Equivalent mass of test strips 1.327 1 0206 1355 grammes. 


Frequency 

Flux 

density 

("m)- 

Wattmeter 

reiidinu 

(watts). 

Ixisses in 
instrunieiits 
(\\atts). 

Iron 

losses 

(watts). 

0 

Speeiflc 
iron loss 
(W/kK.). 

Hysteresis 

loss. 

Eddy- 

current 

loss. 

(erga iier cycle per 
gramme). 

50 

10,000 

3-58 

008 

3 5 

2-583 

304 

124 

25 

10,000 

1*58 

004 

1-54 

1136 

304 

62 


Alternating-current potentiometer methods o£ measuring E.BLF. 

The potentiometer principle of comparing E.M.Fs. enables measure- 
ments of high accuracy to be performed, as the balance is obtained 
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• 

by a null method. In the direct-current potentiometer the balance 
is obtained bet\^cen the magnitudes of the “ unknown ” E.M.F. 
and the potentflal difference between certain points in the potentio- 
meter wire, but in the alternating-current potentiometer the balance 
must be obtained between the phases of these quantities as well as 
between their magnitudes. 

The theory of the alternating-current potentiometer is quite 
simple^ Thus, if the “ unknown ” E.lVl F. is represented by 

E = Ej(p^ i Cl rL je^, 

and the potential difference against which it is balanced is 
represented by 

Y y jq)^ — i d= 

then the condition of balance* is 

F = ^, 

Hence V = E, and (f. ^ q e- 
Or, alternatively, ± — d_ 

which requires b — L 

and , ±jv.i -- i je^ 

Hence, two adjustments, which must be carried out in succession, 
arc necessary in obtaining the balance with an alternating-current 
potentiometer. 

Two methods of effecting the double adjustment have been 
devised: In one method (due to Drysdale) a phase-shifting trans- 
former is employed ; in the oth(*r nu'thod (due to Gall) the in-phase 
and quadrature compom'nts of the two quantities are balanced^ 
separately. The application of these methods will now be 
considered. 

Drysdale-TiDsley altemaimg-current potentiometer. This instrument 
consists of a direct-oiirr^it potentiometer with the addition of a phase- 
shifting transformer and a precibion olectro-dynamie ammet-er. A selector 
switch (to enable four “ unknown ” E.M.Fs. to bo connected to the instrument 
and to be transferred to the potential slides without changing the external 
connections) and a change-over switch (to enable the potentiometer to be 
used on cither a direct-current, or an alternating-current, circuit) also form 
part of the instrument. The resistance coils forming part of the potentiometer 
wire circuit are, of course, wound non-inductively. 

When the instrument is used for alternating-current measurements, an 
alternating-current, of constant magnitude, is maintained in the potentio- 
meter-wire circuit, the correct value* of the current (60 mA. ) being mdicated 
by the electro-dynamic ammeter. This current is obtained from the secondary 
(or rotor) of a phase-shifting transformer, the primary (or stator) of whicii 

* I.e. the ** standard " value of the current in the potentiometer wire when the instrument 

is used witli direct current 
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has a two-phase winding and is excited from a supply circuit of constant 
voltage and frequency. Usually, the exciting current is derived from a 
single-phase supply circuit : in this case one winding is supplied directly, 
and t)^ other through a phase splitting condenser and resistance, as shown 
in Fig. 288. [The theory of this method of “ phase -splitting ” is given 
on p. 126.] Special features are introduced to ensure that the E.M.F. 
induced in the rotor is of sine wave -form and is of constant magnitude for all 
relative positions of rotor and stator. 

Since the constancy of the rotor current for different relative positions of 
rotor and stator depends upon the production of a perfectly uniform 
ro'^ating field in the stator, i.e. upon the ciccuracy with which tl |9 phase 
splitting is effected, the phase splitting operation is performed in the 
following manner — ■ 

The resistance and capacity are first roughly adjusted to their appropriate 
values with the rotor index pointer at zero and the rheostats in the potentio- 
meter-wire circuit are ewi justed to give the standard current of 60 mA. The 
rotor index pointer is then set at 46® leading^ and if the current has altered in 



Fig. 288. — Principle of Alternating-Current Potentiometer 


value the capacity is readjusted to restore the current to its standard value. 
Next the pointer is set at 45® laggimf, and if the current has altered the 
res stance is readjusted to restore the current to its standard value. The 
pointer is then returned to zero, the rheostats in the potontiometer-wire 
circuit are readjusted, if necessary, and the above cycle of operations is 
repeated. 

The rotor is fitted with on index pointer (marked axis) representing the 
position of the magnetic axis of the rotor, a scale divided into quadrants, and 
a worm and worm wheel for adjusting the position of the rotor relatively 
to the stator. 

The E.M.F. to be determined is applied to tke potentiometer wire via 
potential slides, and a vibration galvanometer, connected in this circuit, 
is employed for indicating the condition of the balance. 

The loanee (i.e. zero deflection of the galvanometer) is obtained by 
adjusting successively the positions of the potential slides and the rotor. 
For example, firstly, the positions of the potential slides are adjusted to give 
the minimum deflection of the galvanometer ; secondly, the rotor is adjusted 
to obtain a lower minimum ; thirdly, the cuijustments are repeated imtil 
zero deflection is obtained. The magnitude and phase of the E.M.F., when 
the balance is obtained, are read off from the potential slides and the rotor 
f ointer and scale. 

Gall-Tixudey co-ordinate potentiometer. This instrument (Fig. 289) consists 
of two potentiometers (which are called the “ in-phase ” and ‘‘ qua^ature ” 
potentiometers) fitted into a common case. The potentiometers are supplied 
with equal currents (60 mA.) having a mutual pheuse difference of 90*, the 
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currents being obtained from a single-phase supply 83 rst 6 m through a step- 
down isolating transformer, the latter being for the double purpose of isolating 
the potentiometer circuits from the supply system and for obtaining a suitable 
voltage (6 V.) foa these circuits. 

The correct value of the current in the “ in-phase ** potentiometer is 
indicated (to about 1 part in 10,000) by a sensitive reflecting electro -dynamic 
instrument which is connected m this circuit. The electro-dynamic mstru- 
ment is not permanently calibrated (as is the case witli the instrument used 
with the Drysdalo potentiometer), but the current in tlie potentiometer wire 
18 adjusted to its standard value (50 mA. ) by means of direct current and a 
standai^ cell, in the same manner as if the potentiometer were being used on 



Fig. 289. — Co-ordinate Potentiometer 
[H. Tinsley and Co.) 

a direct -current circuit. The control (torsion head) of the electro -dynamic 
instrument is then so adjusted to bring the “ spot ” to a definite position on 
the scale, and this position therefore indicates the standard value of current 
in the potentiometer \|^^re when the supply current is either direct or 
alternating. 

The adjustment of the current in the “ quadrature ** potentiometer to its 
correct value and phase difference is effected by connecting in this circuit the 
primary winding of a standard mutual inductance and balancing the E.M.F. 
induced in the secondary winding against a definite potential difference of 
the “ in-phase ” potentiometer. If the mutual inductance is so constructed 
as to be free from eddy currents, the E.M.F. induced in its secondo^ will 
have a phase difference of 90® with respect to the current in the primary. 
Therefore, when this E.M.F. is balanced against the potential difference of 
the “ in-phase ” potentiometer, the current in the “ quadrature ” potentio- 
meter has a phase difference of 90® with respect to that in the in-phase 
potentiometer. 

By suitably choosing the value of the mutual inductance in relation to the 
frequency of the supply circuit, a simple relationship may bo obtained between 
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induced E.M.F. and frequency. For example, if the mutuid inductance is 
0*3183 (= 0*1 /tc) H., the E.M.F. {E^) induced in the secondary winding 
when the standard current (50 m A. ) is passing in the primary winding is 
given by — i 

= 2TzfMIj^ = 27r/ X (0*1 /tc) X 60 x lO * =//100. 

Thus J &2 = 0-6 V. for 60 frequency. 

Therefore, if the supply frequency is 60, the potential slides of the “in- 
phase *’ potentiometer are set to 0*6 V. and the magnitude and phase of the 
current in the “ quadrature ** potentiometer are adjusted in succession until 
no deflection is obtained on the vibration galvanometer, the (alternating) 


Four sets of 
Potential Terminals 



Fig. 290. — Connections of Co-ordinate Potentiometer 
(Note. — T he lower portion of the dlasram (inside the dotted rectangle) refers to the 
isolating transformers J., F, and the phase-splitting transformer, C] 


current in the “ in-phase ” potentiometer being m^tintained at the standard 
value. 

The “ unknown ** E.M.F. to be determined is applied, via a vibration 
galvanometer, to both sets of potential slides (which are now connected in 
series with ecw3h other) and a balance is obtained by adjusting the potential 
slides, and, if necessary, changing the positions of the reversing switches, 
which are connected in series with them (see Fig. 290). The “ in-phase *’ 
component of the E.M.F. is then given, in magnitude and sign, by the settings 
of the potential slides and reversing switch, respectively, of the “ in-phase ” 
potentiometer. Similarly, the “ quadrature ’* component of the E.M.F. is 
given in magnitude and sign by the settings of the potential slides and 
reversing switch of the “ quadrature “ potentiometer. By means of shunts 
incorporated in the instrument, the ** constants ’’ of either set of potential 
slides may be changed to one-tenth normal, thereby enabling small mag- 
nitudes of either of the E.M.F. components to be accurately determined* 
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The magnitude of the “ unknown ” E.M.F. is, of course, given by 
^[(u^-phase E.M.F. -f (quadrature E.M.F. )*J, 
and its pha^ difference with respect to the current in the in-phase potentio- 
meter wire (which is tlie quantity of reference for all E.M.F. measurements) 
is g) — tan'i (quadrature E.M.F.) /(m-phaso E.M.F. ). 

Potentiometer method o£ measuring impedance. The impedance 
to be measured has a standard non-induclancc resistance connected 
in series with it, and is supplied with current from the same source 
as the* potentiometer. The potential difTerences at the teiminals 
of the standard resistance's and the impc'daiiee are then determined. 
Let these quantities, as determined by the Drysdalc potentiometer, 
be Vijipi and F2/9?2> respectively, where Fg, are the settings of 
the potential slides and (p^ the settings of the phase -shifting 
transformer. Then, if is the value of the standard resistance, 
the impedance of the ap])aratus under test is given by 

^ = [ 7 ~ /(y ’2 -yi ) 

Whence Z ^ 

Observe that, although the phase angles q)2 are not involved 
in the determination of tlie numerical value of the impedance, a 
knowledge of these angles enables the resistance and reactance to 
be calculated. 

Tf the measurements are made on the Gall co-ordinate potentio- 
meter and are denotc'd by zb ± ^'iid zb e'l zb where 
zb represent the settings of the potential slides of the 

“ in-phase ” potentiometer, and zb i ^'2^ settings of the 
“ quadrature ” potentiom(*ter when dett'rmining the voltages across 
the standard resistance and impedance, respectively, then 

Z ^ R,Vlie\^ + eV)/fe,2 ^ c^^)] 

Bridge methods of measuring inductance, capacity, and frequency. 

A large number of bridge methods employing alternating current 
have been devised for the measurement of inductance and capacity,* 
but we shall here only consider briefly one or two methods. 

The general method of comparing inductances or capacities is 
by the impedance bridge, the theory of which was discussed in 
Chapter VI as an exercise on parallel circuits. With this method 
the value of unknown inductance or capacity is determined in terms 
of a standard known inductance or capacity respectively. An 

* I’hese methods are discussed in Altematimj -Current Bridije Metiaurementa 
(Hague), to which the student is referred for full details and proofs. 
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advantage possessed by the impedance bridtre is that the frequency 
does not enter into the calculations of the results. 

When a telephone is employed as a detector, difficulties may 
be experienced in obtaining an exact balance if the telephone is not 
at the same (earth) potential at the observer. This difficulty may 
be overcome by the Wagner earthing device, which enables the 
detector to be operated at the equivalent of earth potential without 
actually earthing any point of the bridge itself. ^ 

The application of this device to the impedance bridge (arranged 
for the comparison of capacities) is shown diagrammatically in 
Fig. 291. An adjustable auxiliary circuit, e, /, consisting of a 
condenser and a non-inductive resistance, is connected across the 
supply and the centre point of this circuit is earthed. The bridge 

is first approximately balanced 
(with switch S in position 1) ; 
the telephone is then trans- 
ferred to points d and f (by 
placing switch S in position 2), 
and a subsidiary balance is 
obtained by adjusting the 
resistance and capacity of the 
auxiliary circuit. This balance 
indicatf'S that the points d 
and / are at earth potential. 
A final balance is then ob- 
tained on the bridge with 
the switch S in position 1. 

The method is applicable to 
all impedance bridges provided 
that the auxiliary circuit is 
similar in its make-up to the arms of the bridge across which it 
is connected 

Anderson bridge. This bridge is conveniert^^ for the determination 
of inductance when a standard condenser is available. The value 
of the “ unknown ” inductance is obtained in terms of the capacity 
of the condenser, and the frequency is not involved in the calcula- 
tion. A high degree of accuracy is obtainable if the bridge is used 
under favourable conditions. 

The connections are shown in Fig. 292a, in which LS represents 
the inductance to be measured, G the standard condenser, PQ ratio 
coils, R a fixed resistance, and r a decade box of resistance coils. 
All the resistances should be non-inductive and suitable for 
alternating-current bridge measurements. In some cases it may 



Fig. 291. — Wagner Earthing Device 
Applied to an A.C. liridge 
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be desirable to include a variable non-inductive resistance in series 
with the unknown ” inductance, as this may facilitate the 
adjustments fo!* balancing the bridge. 

In carrying out a tost, the ratio coils P, Q should be given equal 
values, and the value of r — together with the variable resistance, 
if any, in series with the inductance — adjusted until balance is 
obtained. Then, generally, 

L == 10-^ CR[r(l + Q IP) [ Q] . (224) 

and when P = Q, 

L = 10-« 0i?(2r + C) . . (224a) 

where L is given in henries, C in microfarads, and P, Q, R, r in ohms. 




Fia. 292 -Anderson J3ridge fur Measurement of Inductance 


[Note. If r has a high value the detector and source of supply 
should be interehanged in order to obtain the maximum sensitiveness 
of the bridge and deh^ctor. ] 


Theory of the Anderson bridge. The theory may be developed by the 
application of Kirchoff’s laws to the network. Thus, if the currents m the 
meshes are rt‘prosented bj*^ +- 7^, as shown in Fig. 2926, we have 

/^Zp + (/„ - + (/„ - /^)Z, - 0 

(/^ - /,)Za d (7^ - 7 JZ, h 7^Z^ ^ 0 

(/x I V- + Ux + I V~ Iv)Zr Ux + ly)Z^- 0 

Solving for the galvanometer current, 7^, we obtain 

T — ~1~ ^r) "b ^r) ~ 

A function of the impedances 


and since for balance ly = 0, we have 

'^E^q('^c + -^r) + + ^r) ~ 

Now \iZ^ = R,Zp=^ P, Zq ^Q,Z^^ r, Z^ = - j(l fcoG), Z, - S + jwL, 
this equation reduces to 


-J 


RQ 

cjCP 


RrO S L 

+ -^ + fl(« + r) = -yj5o+y 


Whence, equating the in-phase components, we have 
L =C[Prg/F-f i2(Q + r)] 

= C?7?[r(l -f- C/P) + Q] 


(224) 
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and, equating the quadrature components, we have 
RQIcdCP = SIcdC 
or ^-^RQIF 

Campbell frequency bridge. This bridge is suitable for the 
measurement of frequencies preferably of the order of JOOO and 
upwards. In its simplest form it requires the use of a standard 
variable mutual inductance, a standard mica condenser of good 
quality, and a telephone (which is employed as a detector)! The 
connections are shown in Fig. 293a. Balance is obtained by varying 
the mutual inductance. The reactance of the condenser is then 
equal to the reactance of the mutual inductance, and we have the 
relationship 

mM = 1 la>C 

or aj^-V(l/AIC) (226) 

If the condenser is imperfect i.c. it has dielectric losses) a sharp 

balance cannot be ob- 
tained with the simple 
arrangement shown in 
Fig. 293a. ,, To compen- 
sate for the imperfection 
of the condenser, the 
arrangement shown in 
Fig. 2936 may be em- 
ployed. The imperfect con- 
denser is represented by 
a capacity C and a low 
resistance p connected in 
series. This condenser is 
connected in series with a standard variable mutual inductance M — 
as in the simple form of bridge (Fig. 293a) — but in its primary and 
secondary circuits are also included the primary circuits of two 
other mutual inductances. Mi, ilfg (one of which should be variable), 
the secondary circuits of which are connected together. 

Balance is obtained by varying M and either Mi or ilfg- 

When a balance is obtained, we have 

1 jeo^C = M + (o^LMiMJ(R^ + (o^L^) . . (226) 

where M, Mi, M^y denote the values (in henries) of the mutual 
inductances, C the capacity (in farads) of the condenser, and L, R 
the inductance and resistance, respectively, of the closed circuit 
formed by the secondary circuits of the auxiliary mutual inductances 
Ml, M^. 



nient of Frequency 
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Method of testing watt-hour and power factor meters at varying 
power factors. Two methods are available for polyphase meters 
and three Inetl^da for single-phase meters, two of the latter being 
similar to the methods employed with three-phase meters. The 
methods common to single-phase and polyphase meters are — 

1 Supplying the current and potential coils of the meters from 
separate alternators, which are mechanically coupled together and 
have the same number of poles The stator of one alternator is 



Fig. 294 — Connections for Testing Polyphase Watt Hour Meters 
on Fictitious Load 


so constructed that its magnetic axis can be displaced relatively 
to that of the other alternator, and by these means any desired 
phase difference may be obtained between the E M.Fs. of the 
alternators. Thus, conditions equivalent to any desired power 
factor may be obtained in the meter circuits. The connections 
in the case of a singlj"-p}iase meter have already been given in 
Fig. 281d. 

2. Supplying the potential coils from the secondary winding of a 
phase-shifting transformer, the primary of which is excited from 
the system supplying the curient coils. 

A diagram of connections for this method is given in Fig. 294, 
from which it will be observed that the current coils of the meters 
are supplied through step-down transformers (and, if necessary, 
current transformers), and the potential circuits are supplied, 
through auto-transformers, from the secondary windings of the 
phase-shifting transformer. Regulation of cu rrent in the “ current ” 



494 


ALTERNATING CURRENTS 


circuit of the meters is efiocted by means of a regulating choking 
coil connected in the primary circuit of the step-down transformer, 
and regulation of voltage for the potential circuits is effected by 
means of tappings on the auto-transformers. 

The equivalent power in the meter circuits is determined by 
means of a standard electro-dynamic wattmeter, and the equivalent 
power factor is obtained either from the dial of the phase-shifting 
transformer or the volt-amperes in the meter circuits. 

The equalizing connections between the current and potential 
circuits are for the pmpose of ensuring that the fixed and moving 
coils of tho wattmeter are at the same potential. 

[Note. In both the above cases the meters are tested on a 
fictitious load, and the teats are effected with the expenditure of 
only a small amount of energy, viz. that necessary to supply the 
losses in tho instruments and apparatus.] 

Another method — ^which is apiDlicable only to single-phase meters, 
and does not require the special apparatus which is necessary with 
the preceding methods — is based upon the *phase relationship 
between the currents and voltages in a three-phase system. The 
connections are shown in Fig. 295a, and Fig. 2956, and vector 
diagrams are shown in Fig. 295c. The load should be non-inductive 
and may consist of banks of incandescent lamps. * 

The current coil of the meter under test, A/, and that of the 
standard wattmeter, IF, are connected in series with the line wire, 
No. 3, which is common to the two loads. When a power factor 
between unity and 0*6 is requii’ed, tho potential circuits of the 
instruments are connected between this line (No. 3) and one of the 
other lines (Fig. 295a), according to whether a lagging or leading 
power factor is required. But when a power factor between 0*5 
and zero is required, the potential circuits are connected across 
lines 1 and 2, as shown in Fig. 2956. 

The vector diagram for these conditions is shown in Figs. 296c. 
The current, /, is the current coils of the instruments in the vector 
sum of the currents in the loads. The latter are represented by 
the vectors 01^, 01 ^ — which are in phase with the line voltage 
vectors ^^2-3, respectively — ^and the current in the instru- 

ment is represented b^ 01. Hence, if the loads are equal, 01 bisects 
the angle between the vectors OF1.3, ^ perpendicular to 

both OVi .2 and OV 2 . 1 . These conditions represent power factors 
(in the meter circuit) of 0-866 (lagging), 0*866 (leading), zero 
(lagging), zero (leading). 

With unequal loads, the vector 01 will occupy a position inter- 
mediate between the vectors OV^.g, OF2.3. 
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In the extreme case, when one load {B) is zero, 01 \s in phase 
with OFj.g, and leads 60° with respect to OFg.,. Hence these 
conditions * represent power factors of unity and 0*5 (leading), 
according to whether the potential circuits arc connected across 
lines 3 and 1, or across lines 3 and 2. In the other extreme case, 
when the load A is zero, the eonditions are equivalent to power 
factors of unity and 0-5 (lagging), according to whether the potential 
circuits are connected across lines 3 and 2, or 3 and I . 



Fig 29 /) Connf clions for fVsljnj: Smuflo Plidsi^ W.itt Hour 
Melei'i at Vanoiib Pcmei Factors 


In all these cases it is assumed that the symmetry of the three- 
phase.eystem is unaffected by the unbalanced loading. 

If the direction of the phase rotation of the three-phase system is 
unknown, the phase of the current (i.e. whether lagging or leading) 
may be ascertained by a simple test, which consists of connecting 
an inductance temporarily in the pressure-coil circuit of the standard 
wattmeter, and noting the readings, with and without the induc- 
tance, for the same load conditions. If the reading with the 
inductance in circuit is larger than that without the inductance, 
the current is lagging ; if the reading is smaller, the current is 
leading. 
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Determination of the phase sequence or direction of phase rotation 
in a three-phase systenu A number of methodR are available, some 
of which utilize the principles discussed in Chapter IX in'connection 
with unbalanced star-connected circuits, while others — such as 
those employed in phase-rotation relays, and similar switchboard 
instruments — ^utilize the principle of the induction wattAeter. 

A simple phase-rotation indicator, in which an unbalanced star- 
connected circuit is employed, requires only two similar incan- 
descent lamps (which form a visual indicator) and either an 
inductance (preferably iron -cored) or a condenser. These aj'o 



Fro. 296. — Cii’cuit and Vector Diagrams for the Lamp-Resistance 
Method of Determining Direction of Phase Rotation 


connected in star as shown in Figs. 296a, 2966. When either of 
these circuits is connected to a three-phase system, the lamps will 
have unequal voltages impressed upon them, and this feature is 
utilized to determine the direction of the phase rotation, as Avith 
the inductive circuit (Fig. 296a), the phase, or lino wire, connected 
to the bright lamp is lagging with respect to that connected to the 
dim lamp, and with the capacitive circuit (Fig. 2966) the phase 
connected to the bright lamp is leading with respect to that connected 
to the dim lamp. 

The vector diagrams are shown in Figs. 296c, 296d, and are 
drawn by the method employed in connection with Fig. 169. The 
line voltages are represented by the vector triangle ABC, the line 
currents (which are obtained from the phase currents of the 
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equiTaletit delta-connected circuit) axe represented by the vectors 

O/i, 0/„ Oh. 

'Since the vokbages across the lamps are in phase with the currents 
0/j, 0 / 2 , the potential of the neutral point is determined by 
drawing from the comers A and B of the triangle ABC^ parallels 
AOi^f BOi, to the vectors BI^, O/ 2 , respectively, to meet at the 
point Oj. 

[Nora. The vectors BI^, BI 2 represent the currents in the 
lamps A and B respectively. ] 

Then AO^ represents the voltage across lamp A, BO^ the voltage 
across lamp B, and COi the voltage across the remaining branch 
(inductance or condenser) of the circuit. 

Observe that with the inductive circuit (Figs. 296a, 296c), BOi 
is greater than AQ^ ; but that, with the capacitive circuit (Figs. 
2966, 296d), AO^ is greater than BOi. Hence, since the vector 
diagrams have been drawn for clockwise phase rotation, the bright 
lamp is connected in the “ lagging phase when an inductance is 
employed (Fig. 296a), and in the “ leading phase when a condenser 
is employed (Fig. 2966) ; the terms “ lagging phase and ‘ leading 
phase ” referring to the phases in which the lamps are connected. 

In a practi^l form, of this indicator for 200/220 V., 50-cyclo 
circuits, ordinary 20 W. or 30 W., 200 V., lamps are employed, and 
the condenser has a capacity of from 1 to 2 /eF. The voltage 
impressed upon one lamp is about 80 per cent of the line voltage, 
and that impressed upon the other lamp is about 25 per cent of the 
supply voltage. 

Example. Two equal non -inductive resistances and a condenser are 
connected in star, as in Fig. 290, and the combination is connected to a throo- 
phass supply system. The capacity of the condenser is so chosen that the 
reactance of the condenser branch is equal to the resistance of one ot the 
non-inductance branches Dotermme the voltages across the lamps and 
condenser. 

Let R denote the resistance in each of the non-mductive branches. Then 
-jit denotes the roactance^f the condenser branch. 

The line currents may be dotermmed either by the mdireot method, which 
involves the conversion of the star-connected circuit into the equivalent 
delta-connected circuit, or by the direct application of Kirchoif's laws to the 
star-conneoted circuit. As the former method introduces some features of 
mterest for the circuit under consideration, it will be adopted in present 
case. 

Thus, denoting the equivalent impedEuices between the line wires 1~2, 2-3 
3-1 (F^. 2966), as Z^,-Zq, taken in order, we have, from equation (76), 

Z^^R + R-hR. Rli-jR) - R{2 + jl) 

Z^^R -jR - R . 3 RIR == R{1 -32) 

9o ^-:tR + R -jR . RIR - R{t -j2) 


82 — ( 6246 ) 
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Hence, for clockwise phase rotation, the currents in the equivalent delta- 
connected circuit are 

j _ y Z {0-4 -jO‘2) 

“ {2 + jl) ^ ^ 


• R {1-32) ^ ) 

V {- 0 5 \ 3 O 866 ) 

• ® R {1-32) 


0 446-30 027) 


The currents m the star-connected circuit are then /^ = /^ - /g, 
" /b ~/a» 1 3 ~ Ic~Ih* voltages across the branches of this 

circuit are 0 = Rl^, F 2 0 == ^ 12 * Yao ^ -3^fz‘ 

Whence Fio - V {0-846 -j0173) 

Via-- y V(0*846^ ^ 01732) ^ 0-8C6 V. 

F 20 V {-0 154-J0-173) 

V2 0 y V{^ 1542 -I 0-1732) _ 0 232 V. 

V^o- y {0 + 3 O 692) 


Wattmeter method of determining the direction of phase rotation 
in a three-phase system. When tho power in the ^jystem is being 
measured by the two-wattmet(T method (using separate watt- 
meters) the phase rotation may be determined at tho same time by 
taking two extra readings with a reactance (e.g. either a condenser 
or an inductance) inserted at the junction of tho two pressure-coil 
circuits, as shown in Fig. 297. The star-connected circuit thus 
formed is similar to the circuit in Fig. 296, and, therefore, the 
changes in the magnitudes and phases of tho voltages impressed 
upon the pressure coil circuits of the wattmeters, due to the insertion 
of tho reactance, will depend upon the direction of the phase 
rotation of the three-phase system. 

Vector diagrams representing the conditions when a condenser 
is connected in the pressure-coil circuits are shown in Fig. 
297. A study of these diagrams will show that ii A, B, de- 
note the readings of the wattmeters when the connections are 
normal {A being the larger reading*), and A', B\ denote the 
readings when the condenser is connected in the pressure-coil 
circuits, then if 

A'-A, orif B' > B, 

* I'he special case when tho two readings are equal is coufiidered in the 
example which follows. 
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wattmeter B is connected in the “ lagging ” phase when the power 
factor is “ lagging ’* and is in the “ leading ” phase when the 
factor is “^eadjpg.** 

To ascertain whether the power factor — or, more correctly, the 



Fio. 297. — Vector and Circuit Diagranis for Two-Wattmoier 
Method of Dotennining Direction of Phase Rotation 


current in the main circuit — is lagging or leading, the following 
simple test is applied* — 

Open the common connection between current and pressure coils 
of the wattmeter which gives the larger reading when the connections 

* This test depends upon the phase relationship between the line voltages 
and currents of a symmetrical tliree-phase system. Thus, with normal 
connections the phase difEerence between the currents in the coils of the 
wattmeter giving the larger reading is (30® — (p), and when the common ond^ 
of the pressure coil is transferred to the other line the phase difference becomes 

(90® - if) when the power fleeter is lagging and (90® -f <p) when the power 
factor IS leading* 
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are normal. Connect this end of the pressure coil to the line wire 
in which the second wattmeter is connected. If the new reading 
is positive, the current is lagging ; if negative, *the current is 
leading. 

Experimental Verification. The following readings were obtained on two 
wattmeters connected, in accordance with the diagram in Fig. 297, to a three- 
phase circuit, the power factor of which could be varied as desired. The 
power factor was indicated by a power factor meter, and the direction of 
pliase rotation was determined by an independent test— 


Reading of Wattmeter 
Connected in Line No. 1 

Reading of Wattmeter 
Connected m Line No. 2. 

Power 

Factor. 

Phase 

Rotation. 

20 

47 

lagging 

2-1-3 

2 * 

35* 

lagging 

2-1-3 

48 

21 

leading 

2 1-3 

17* 

44* 

leading 

2-1-3 

24 

48 

leadmg 

1-2-3 

46* 

17* 

loading 

1-2-3 

49 

20 

lagging 

1-2-3 

37* 

3* 

lagging 

1-2-3 


• Those readings were taken with a condenser Inserted in tlie, potential circuit of 
wattmeters. 


Example. Two similar wattmeters are connected in the usual manner 
for measurmg the power in a three-phase circuit and provision is made for 
inserting a condenser in the pressuro-coil circuits in the manner shown in 
Fig. 297, The reactance of the condenser is equal to the resistance of one 
of the pressure-coil circuits of the wattmeters.* Determine, for power factors 
of 1*0, 0-707, 0-6, 0-2, and both directions of phase rotation, the relationship 
between the readings of the wattmeters (i) wdien the connections are normal ; 
(ii) when the condenser is connected in the pressure-coiI circuits. The line 
voltage, current, and frequency are constant. 

The voltages impressed upon the potential coils of the wattmeters when the 
condenser is in circuit are calculated as in the above example, and are given by 

Fj., == V {0-846 - j0-173\ - V { - 0154 - r0173), for clock- 
wise phase rotation, and by < 

- F {0154 -f j0173), FVd - y { - 0-846 f j-0t73) for 

counter-clockwise phase rotation, the voltage between Imes 1 and 2 being 
the quantity of reference. 

Hence, for clockwise phase rotation and with the condenser in the pressure - 
coil circuits the reading {W\) on the wattmeter connected in line 1 is equal to 
/|Fi-o cos (18-4° + 99 ), and that {W' 2 ) of the wattmeter connected in line 2 is 
/,F 2 -o cos (18*4° -J- (p), the plus sign being taken for lagging power factors. 
Similarly, for counter-clockwise phase rotation, the readings are ; W' 1 = hy\^ 
cos (18-4* -f <p), TF%= cos (18-4® + 9?). 

* If A is the resistance of the pressure-coil circuit, the capacity required Is given by 
C -* 10*/o>A fiF, If the frequency Is 60 and R — 8,180 O., C -» 1 fxF, 
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The results are best expressed in tabular form — 


• 

Power 

Factor. 

Piase 
Rotation | 

1 

TFj (without 
Condenser) j 

I ir\(wlth 
j Condenser) 

TTj (without 
Condenser). 

W\(wlth 

Conaenser). 

1 0 

C 

0 866 

0 712 VIx 

0 866 


0-22 Vlt 

1 0 

cc 

0 866 F/i 

0 22 VI X 

0 860 

F/J 

0-712 F/a 

0 707 (lag) 

c 

0 966 1 

0 398 VIx 

0 269 


0-104 Vis 

0-707 (lead) 

c 

1 0 259 V/t 

0 774 Vlx 

0 966 


0-207 F/J 

0-707 (lag) 

cc 

1 0 259 ri. 

0 104 VIx 

0 966 

Vl\ 

0-398 Vil 

0-707 flead) 

cc 

0 966 VI. 

0 207 vi: 

0 259 


0-774 Vil 

0 6 nag) 

c 

0 866 V/, 

0 174 VIx 

0 


0-0466 VI* 

0 5 Head) 

c 

0 * 

0 65 VIx 

0 860 

vr^ 

0-174 FT* 

0 6 (lag) 

cc 

0 

0 0460 VIx 

0 806 

vil 

0-174 FT* 

0 5 (load) 

cc 

0 866 VI, 

0 174 VIx 

0 

1 

0-66 F/a 

0 2 (lag) 

c 

0 664 VT, 1 

-0 102 VJx 

-0 315 


- 0 0274 Vlt 

0 2 (lead) 

c 

-0 315F/1 ; 

0 i3i VIx 

0 664 

yd 

0-116 Vlt 

0 2 (lag) 

cc 

-0 315 Vl \ 

- 0 0274 VI. 

0 664 

Vl\ 

-0-102 F7, 

0 2 (lead) 

cc 

0 664 Vl\ 

0 116 Vl\ 

- 0 31 5 

vil 

0 433 F7^ 


Watt-hour meter method of determining direction of phase 
rotation in a three-phase system. For this method, an induction- 
typo polyphase watt-hour meter with the terminals marked accord- 
ing to the B Fi 8 A specification is required. The tests applied 



Fi(x 298 — Circuit and Vector Diagrams for the Comparison of 
Phase Rotation by Lamps 


depend upon the power factor of the load connected to the meter, 
and are as follows — 

1. When the load •is non-inductive. Disconnect the “red” 
eleme'Ut of the meter from the circuit and connect a non-inductive 
resistance* m series with the potential or shunt circuit of the 
“ blue ” element. Take a reading. Next disconnect the “ blue ” 
element from the circuit and connect the non-inductive resistance 
in series with the shunt circuit of the “ red ” element and take a 
reading with the same load as before. Then the element which 
gives the higher reading is connected in the “ leading ** phase of the 
supply system. 

♦ The value of the resistance should be of the order of 500 ohms per iOO 
volts of the normal operating voltage. 
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2. Wh^n tho current is lagging. The test is similar to that for 
case (1), but the non-inductive resistance is not required.* 

Comparison of phase rotation of two three-phase systems. A 
simple method of comparing the phase rotation of two three-phase 
systems — e.g. two alternators which are to be operated in parallel — 
is to connect three similar lamps to the systems according to the 
scheme shown in Fig. 298a. Then, assuming the frequencies to be 
equal, if the sy.stt'ms have the same phase rotation, the lalnps A 
and R — which are CT*oss-connected in relation to tho supply systems 
— will glow brightly, and lamp ( ' will be either very dim or completely 
dark. On the other band, if th(‘ phase rotations are not in the 
same direction, «// the lamps will either glow with equal brightness 
or be completely dark. 

Vector diagrams for these cases are shown in Figs. 2986, 298c, 
respectively The vectors OEi, OE^, represent the equivalent 
phase voltages of one system and OE\, OK' represent the 

equivalent phase voltages of the other system* Then, if tho two 
systems have the same phase rotation and equal phase voltages 
(K), and d is the phase difference between the systems, the voltages, 
V f,, Fu, Fc, impressed upon the lamps ore 

F^ -- 2E^\n\e, Fb -= 2E^m i(120° ± 0), 

V, - 2A’8ini(120° h d). 

In the special case, when 0 = 0, 

F^ ^0. Fb - 2,E sin 60° = F, F, - 2E sin 60° = F, 
where F(= \/3 . ^) is the line voltage of each system 
If the phase rotations are not the same, then 

F^ = 2E sin \0, Fb - 2E sin JO, F, = 2E sin JO. 

If tlie phase rotations arc the same, but the frequencies differ 
slightly, then 0 varies with respect to time and passes through a 
cycle of 360° during the time that one system is gaining or losing 
a cycle with respect to the other system\ Hence, during the 
interval, the lamps A, B, C will each complete in succession the 
cycle dark-bright-dark-bright-dark . 

The order in which the lamps B and C light up dejiends upon 
which system has the higher frequency. This feature may be 
utilized in connection with the S3mchronizing of small alternators, 
and was formerly applied by Siemens to S 3 mchroscopes. 

Determination of ratio and phase angle of instrument transformers. 
These quantities may be determined directly by means of the 
Gall co-ordinate potentiometer (Fig. 289). In the case of a current 
transformer, the secondary winding is connected to the normal 
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instrument load, in which is included a standard non-inductive 
low resistance. A similar resistance is connected in the primary 
circuit. The potential differences across these resistances duo to 
the primary and secondary currents are measured by the potentio- 
meter, and from these measurements and a knowledge of the 
values of the standard resistances both the ratio and phase angle 
can be calculated. 

In yie case of a potential transformer, the secondary winding is 
connected to an instrument load and also to a potential divider 
from which a suitable voltage is 
obtained for the potentiometer. A 
similar potential divider is connected 
across the primary winding. The 
voltages are measured by the potentio- 
meter, and the ratio and phase angle 
may be calculated from tliese measure- 
ments and a knowledge of the ratios 
of the potential dividers. 

When a co-ordinate potentiometer 
is not available, the methods now fo 
be described* may b^ adopted, the 
principles of which are b«*^sed upon the 
potentiometi'r method of comprising 
E.M.Fs. A standard variable mutual 
inductance, standard non-inductive resistan(‘es, and a vibration 
galvanometer are required for the tests. 

Ratio and phase angle of current transformer. The connections 
are shown in Fig. 299, in which R^ represent standard non- 
inductive low resistances, M a standard variable mutual inductancef 
and VG a vibration galvanometer. and M arc adjusted succes- 
sively until there is no deflection of the galvanometer. Then, if 
the standard resistances are entirely non-inductive, the ratio is 
given by • 

. . (227) 

and the phase angle is given by 

0 = (oM IR 2 ..... (228) 

Proofs. In the proofs we shall consider that the standard resistances 
i?i, jBj have slight inductances respectively. Then, when the current 

in the vibration galvanometer is zero, we have 

h HB. + -iwM] = Ii(B, + jwLi) 

r. Sr+Jtoii ~ ’ L «i‘ + ‘0*V J 



Fia. 299. — Method of Deter- 
mining Ratio and Phase Anglo 
of Current Transformer 


i.e. 
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Whence L ^ 

V L -Ki’ + Oi^W J 

^ /[■ 1 

ifiVL i + to“v/«,» . 

which, when — 0, Lg ~ 0, reduces to 

^ = fcoW«/^,= ) 

Similarly, the phase angle, /?, is given b> 

R Ian ^ ~ — M) 

P RiR^4- 

which, w'h< n i>i — 0, Lj — 0, retliices to 
. P = tan ^ coM jR^ 


(227a) 


(228a) 


Ratio and phase angle of potential transformer. Tho connections 
are shown in Fig. 300, m which a non-inductive high resistance /?i, 



P’lo 300 — Method of Dfteimmmg Ratio and Phase Angle of 
Potential Transformer 


together with an inductance L and a smaller non-inductive resistance 
(a portion of which, r, is shunted by a condenser C), are connected 
across the primary winding. The secondary winding, to which the 
instrument load is connected, is reversed and connected through a 
vibration galvanometer across the resistance i? 2 , and the inductance 
L. Zero deflection on the galvanometer is obtained by successive 
adjustment of r, and, if necessary, C and L. Then, if the 
resistances R^ are non -reactive, the ratio is given bv 

Vy Ry + ^2 /fl + \oy(L -Cr^)l(Ry + R2)]n 
V, R^ 1 \ [ay(7.- Cr^)/R^Y J 

and the phase angle, /S, is given by 

3 =- tan-* coRi(L - CV^) /[R^iRi + R^) 


( 230 ) 
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Proofs. The resistanres R^, i?j, are assumed to be without reactance. 
The impedance between the pomts o, b (Fig. 300), is given by 

Z = + co^Oh*)]+}w[L-Ci^l(\ •( w*CV*)] 

and if to'CV* is negligible m comparison with unity, 

Z = Et+MI'-C>‘) 

lienee, when the current in the vibration galvanometer is zero, we have 


Vr- 


ViZ 

Ri + Z 


Vy Rt \ Z ^i_R_^ 

F2 Z R,\jo>(L-Cr‘) 

PAih f ih) -f -JJry f RAl' -(">'■) 1 

RA I (o^(E tV2)2 I ^ + 


Whence 


Zj _ /r ^ 1 

V i ' R2‘ + a>‘(L Cr^y J 

//, f R, /ri ) l(„(L-<r^)/(R, I /.’j)!-] 

^2 VL II M'' J 


and 


tan fi 


RAh\ 


(joRAL-Gi^) 

I Rz) ¥<oHh-Gr-y 



CHAPTER XVI 


INITIAI. (transient) CONDITIONS IN SIMPLE ELECTRIC 
CIRCUITS 


In all the preceding discussions of electric circuits, particularly 
those given in Chapters III and IV, the relationship between 
impressed E.M.F. and current was obtained bj^^ assu'nnvg the law 
of variation of the current, e g. by assuming a sinusoidal current 
to be flowing in the circuit. The conditions relating to the sudden 
application of a sinusoidal E.M.E. to circuits possessing resistance, 
inductance, and capacity will now be investigated. 

Relationship between impressed E.M.F. and initial current for a 
non-inductive circuit. Let the impressed E.M.F. be represented by 
the equation e = sin Mt. Then, if 11 denotes the resistance of 
the circuit, the internal E M.F. (Cj^) at any instant is given by 
Cn = - m, and this E M.F. must balance the impressed E.M.F. 

Hence, for any value (c) of the impressed E.MF the current 
must equal e/i?. Therefore, at whatever point on the E.M.F. 
wave the circuit is closed, the current rises instantly to the normal 
value corresponding to the value of the E M.F. For example, if 
the circuit is closed at the instant the impressed E.M.F. attains 
its maximum value, the current rises immcdiab^ly from zero to its 
maximum value. Thus the conditions become permanent as soon 
as the circuit is closed and there are no transient phenomena 
Relationship between impressed E.M.F. and initial current for a 
purely inductive circuit. Let the inductance of the circuit be L 
and the resistance be zero. Then at every instant the impressed 
E.M.F. balances the E.M F. of self-inductance, and the relationship 
between impressed E M F. and current is given by the equation 

e =- L dijdt = sin (ofy 
which may be re-arranged in the form 


di € 


L 


cot. 


Transposing, we have 

di = (EynlL) sin cot . dt, 

and, upon integrating this expression, we obtain 
£ = - {E^jeoL) coscot -J~ A 


. ( 231 ) 
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where A is the arbitrary constant of integration, the value of 
which is determined by the conditions existing at the instant the 
circuit is eloseef. 

For example, let the circuit be closed when cot has the value y. 
The current at this instant is zero. Hence, substituting for a>t 
and i in equation (231), we obtain 

0 — - (E^/coL) cosip h A, 
whendl A = (E^jeoL) cosip. 

Therefore, the general equation for the current is 

1 ^ - (E^i'coL) coscot f (E^,Ja)L) cosy) 

= (E^JeoL) (cosip - cos cot) . (232) 



Fig. 301. — Wave-forms of Initial Curronfc in Purely Inductive 
Circuit 

[Note — ^The wave-form of the impressed E.M.F. is shown dotted ] 


It can be shown that, except for the special cases when ?/; == 0° 
and ip = 90®, this equation represents a sinusoidal curve with its 
axis displaced from the abscissa axis (see curves T, II, III, Fig 301 ).^ 

In the special case when ^ = 0® the current curve does not cross 
the abscissa axis, and, therefore, the current never reverses (i.o. the 
current is pulsating instead of alternating). 

In the other special case, when =» 90®, the current curve is 
sj’^miAetrical with respect to the abscissa axis, and the permanent 
conditions — as were considered in Chapter III — obtain from the 
instant at which the circuit is closed. 

In Fig. 301 are shown the current wave-forms — calculated from 
equation (232) — corresponding to xp = 0^, ip = 30®, == 90®, when 

the impressed E.M.F., at the instant of closing the circuit, has the 
values 0, 0-5 E^, E„^. 

Since equation (232) does not contain a transient term, the 
conditions represented by this equation are permanent, i.e. the 
succeeding curreilt waves will be exact reproductions of the initial 
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wave, and the current will continue in the same form in which it 
started. , 

In practice, purely inductive circuits devoid of resistance and 
losses cannot be obtained, and with all highly inductive circuits 
the resistance, together with the losses in the iron core, produce 
damping effects, so that, a short time after the circuit is closed, 
the current wave-form assumes its normal shape. 

Relationship between impressed E.M.F. and initial currenl^for an 
inductive circuit (resistance and inductance in series). The general 
equation connecting impressed E.M.F and current is 

e = Ri + L dijdt = E^ sin co/, 
which, when re-arranged, becomes 

di R . E„, 

— -f — 1 = sm fc/ . . (233) 

ut jj IJ 

This is a linear differential equation of the first order, the general 
form of which is 


dt/ 

Such an equation is integrated by the factor and the 

general solution* is 

= J QefP^dx + c 

or y = dx 

where c is the arbitrary constant of integration. 

The general solution to equation (233) is therefore given by 

t = e-HRIL)dt^ J sin 

Evaluating the supplementary integrals, we have 

i = ^ J £<«//.)« sm <ot.dt + 

The remaining integral is of the form 

J t®* sin hx . dXy 

which, when integrated, gives 

(a sin hx - h cos hx) 
n* + 6* ® 


* An alternative method of solution, m which the roots of an aU>i]iary 
equation are employed, is given on p. 448. 
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Hence the solution to equation ( 231 j) is 

* = Lmwr^] {t. ~ 

Simplifying, we have 

E 

i ~ /g2 ' Jj I” 

• ^ . , 

VIK" + (o^L^)\s/{R^ 

- :;7(fl^,iZ5) - ?=) + . . (234) 

r- sin(ftj^ - (p) -\- CE . . (234a) 

where - E ^J^/(n^ -\~ oy^T/) 

and tan 9 ? oLjE. 

The first portion of equation (234) is the particular solution of 
equation (233), which is obtained when t has large values. This 
(particular) «olution corrc^sponds to the permanent state of the 
current in the circuit. 

The second, or transient, term in equation (234) is the solution 
of the equation Jj di Jdt + Ei = 0 . 1 'his term takes into account 
the initial conditions in the circuit, viz , that initially the current 
is zero, and, therefore, when an E.M F. is applied suddenly to the 
circuit, the current must start from zero at whatever point on the 
E.M.F. wave the circuit is closed. 

The value of the arbitrary constant of integration (c) is dete:tf- 
inined by the conditions existing when the circuit is closed. 

If the circuit is closed at a time ti after the E.M.F. has passed 
through its zero value (which corresponds to ^ = 0 ), the current 
at this instant (^i) i^zero, and, on substituting in equation (234a), 
we obtain 

0 = sin(cu^i -<p) + C€ 

whence c - I sin((efi 9 ^)* 

Therefore the general equation for the current becomes 

1 = 8 in(ce< - 9 ?) - ^{tj;t)RjL sin(a>ii - 9 ?) . (236) 

Observe that at the instant of closing the circuit (i.e. t = ty), 
the value of the exponential term is equal to that of the term 
representing the permanent conditions in the circuit. 



510 


ALTERNATING CURRENTS 


This equaVion, except for the special case when (ot^ = 9 ?, represents, 
when / is small, a series of unsymmetrical periodic curves. The 
dissymmetry gradually decreases with respect to timq and^iltimately 
vanishes (see Fjg. 302). 

When 9 ?, the second, or exponential, term in equation (236) 
is zero and the permanent conditions exist (i.e. the •current is 
sinusoidal) from the instant that the circuit is closed. 

A jgraphical representation of equation (235), in the case of a 
particular circuit, is given in Fig. 302 (curve i), the applied E.M.F. 



Fig. 302 - -Wave -forms of Initial Current in Circuit Containing 
Resistance and Inductance 


being shown at e. The points on the current curve fnay be calcu- 
lated directly by equation (235), but it is easier to obtain the 
current curve in the following manner — 

First plot the current curve corresponding to the permanent 
conditions. This is a sine curve (a, Fig. 302) having a maximum 
value equal to E^I'\/(R^ co'^L^) and lagging (p with respect to 

the E.M.F. curve. 

Next calculate a few points and draw the exponential curve ( 6 ). 
The calculated points are obtained from the equation 

t' ^ I m sin (coti - 9 ?). 

Finally, compound the curves according to equation (235) — 
i.e. subtract (b) from (a ) — and obtain the resAltant curve i. 

[Note. Fig. 302 refers to the case in which L is constant. If, 
however, the magnetic circuit contains iron, the initial state of 
magnetization of the iron, together with the hysteresis loop, will 
have to be taken into consideration in determining the initial 
current and its wave -form. In this case a graphical construction, 
similar to that described in Chapter XI, will have to be employed.] 
Relationship between impressed E.1ILF. and initial current tor a^ 
dnmit containing only capacity. Let an E.M.F., represented by the 
equation e = E^ sin (ot, be applied to a condenser of capacity (7. 
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Then, since the charging current of the condenser at%ny instant 
is equal to C de /dt, we have 


de d 


- ojC cos cat 
(oC E„^ sin ((ot H Jtt) 

which ^ is the equation (25) deduced in Chapter IV for the 
permanent conditions in the circuit. 

Hence in this case — i.e. if the resistanee is zero and there are no 
losses — there are no transient phenomema on closing the circuit. 

If, however, the switch makes bad contact, so that sparking 
occurs at the contacts, transient conditions will occur, as the 
circuit is then equivalent to a condenser and a resistance (which 
possesses unstable characteristics) in series. 

Relationship between impressed E.M.F. and initial current for a 
series circuit containing capacity and resistance. Let a sinusoidal 
represented by e = E sin cat — be a])plied to a series circuit 
containing a condenser, of capacity C, and a r(‘sistance li. Then 
the general equation of the circuit is 

*e = Ri -1- (1 1C) f i dt. 

Differentiating with respect to time, we obtain 
de di i 

It ” ^It'^'C 


Transposing and re-arranging tt'rms, we have 


di 1 . 1 de caE^,^ 

- -f ^ 7/ = ~ir cos coty 

{ c RC R dt R 


which is a linear differential equation of the first order. 

The solution of this equation is obtained in exactly the same 
manner as that for an^inductive circuit (see p. 508), and is 


— Im f^in(ajt qj) + Ae 


(236) 

(236a) 


This equation differs from equation (234a) in the time constant 
and the sign of the phase -angle q>. Except in the special case 
when the circuit is closed at the instant the impressed E.M.F. is 
passing through zero, the initial current waves are represented by 
a series of unsymmetrical waves similar to those shown in Fig. 302. 
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Belationsbiip between impressed E.M.F. and initial current lor a 
series circuit containing capacity, resistance, and inductance. Let 

the applied E.M.F. bo represented by the equation e E^wicot, 
and let R^ L,rC denote the resistance, inductance, and capacity, 
respectively, of the circuit Then the general equation of the 
circuit is • 

Ri 4- X — + — J idt e = sin (ot , . . (237) 


Differentiating throughout in order to clear the integral, we obtain 
_ di ^ d^i i de „ 

Differentiating again, wc obtain 


R ^^ + I + 7. .77 = “ siii 


dH d\ 1 di 
dt^ ^ dt^^ Cdl 
Substituting from equation (237), we have 
I di 


dH d 


- oy 


{r, + LJ^^ 


Differentiating again for the purpose of dealing the integral, and 
re-arranging, we have 

d^t dH d^i di 

(77. ^ 1- (1 + c^-CL) ^ CO*. - 0 




Tlie solution to this equation nia^ be expicssed in the form 
i -f -1 

where ^^2, A^j A^ are constants and /Wi, mg, m3, are the roots 
of the equation 

CLx* -+ CJU’^ t- (I f (o^CL)v^ + m^GRv + oi^ = 0 
The roots are readih obtained, since this equation can be factorized 
thus 

(a* + CO*) (CL'i^ + CRr f- 1) = 0 
Whence the roots are 

mj = CO - 1, mg — - CO \/ - 1 

R , V(^"-4L/0) R ^/{R^--^L|C) 

27 27 ’ ~~~2L 27 


Therefore the general solution is 

«■ — ^ ^ -f F (^^tv(j{*^4L/c)/2i _j. ^^-wdf-mouL 

. ( 239 ) 
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The first terms represent the particular solution and correspond 
to the permanent conditions in the circuit ; the last term represents 
the transient c<»nditioiis. This term corresponds to the solution of 
the equation * 

L di^ldt^ R di I dt + i/C - 0 

Observe that the transient term may takt' one of three forms, 
according to whether OR^ is ~ ^ 4L. 

The ])articular solution— i.t . i -- ^ reduces to 

i — ^i(cos 0)1 ^ j sin o)t) \ A^ (cos cot - j sin cot) 

= {Ai -f- AaJf^o^Ml -f J(Ai- l2)sincj/ 

=- A cosw/ { ^ sin .... (240) 

where A -= A^ + Jg, B j(B^ + B^). 

The constants ^ and 7^ are evaluated by substituting in equation 
(238) the valu(‘ of / given by equation (240). Thus 

dijdt =-m^sinc/( j coBvo^coty 
dH jdt^ =- - o)‘^A cos (jot - co^B sin col 
Whence, from ^equation (238), we have 

- (o^L{A Qo^cot \ ^sincoO t ioR(B cosmt -A sinoO 
-f (d cos co/ + B sin cot) jC - coE cos 0 )t 

Equating sine and cosine terms we have 


(i) 

-ojy.B - cjoRA h BIC - 0 

(ii) 

~ (o^LA + o)RB 1 A jC - coKj,^ 

from which 



E„R 


(XjuC-caLY Jt 


Substituting these quantities in equation (240), we have 


R^ + (l/coC~coLy^l\coC 
or, if coL > 1 fcjoC, as is usually the case, 

. ^ 

* -i- {(oL-\l(uO)^] 

— sin(m^ -cp) , 




sin(co<-9?) . (241) 


33 -^ 5245 ) 


(24la) 



514 


ALTERNATING CURRENTS 


where ~ + (ojL~ I /coC)^] 

and (p = tan ^((oL - 1 JojC) jR. “ , 

This equatign is, of course, identical with tliat deduced in 
Chapter VI by assuming permanent conditions in the circuit. 

The general equation (239) may, therefore, be written in the 
form 

i = sin(ro/ -(p)+e + ^ 4 ^^-tV(n*-^T/r)/iL^ 

. ' (242) 

The evaluation of the transient term of this equation is made 
according to whether is -> - ^2 \/(LIC)* Each case will be 
considered separately. 

Case I . /? '' 2 \/(L/C). This cas(‘ is mon^ interesting than the 

others, as the conditions correspond to an oscillatory discharge 
when a condenst'r discharges through an inductive rcsistarice, the 
constants of which satisfy the above relationship, i.e. <' ^LjC. 
Denote \/(4LIC - R‘^) j2L by 2.. Then we may write 

y/(R^-^LIC)l 2 L^j 2 . 

Accordingly, the transiemt term becomes 

p (^4.^ |_ ^2t) _ J V imDf si,r (;j f y/) 

and equation (242) tak(‘S the form 

i — H[n(o)f -fp) 1- .'1'c‘^^^^“'^^sin(A/ 4 99 ') (243) 

where the constants A\ (f \ include the constants ^o, and are 
to be determined from the initial eonditions. 

As two constants are involved, we must have two equations 
connecting the initial conditions. One (equation connects current 
and time ; the other connects charge {q) and time. The latter is 

obtained from the former, since q J i di. H(uice, by intt^grating 
equation (243) we havef 

q =-- (I 7 J 0 J) cos(e;/ - qj) r 

_l e A\'{LC) Hin(2f A q^' -\ q>") • (244) 

where 99 " = tan ' ^/(4L|C - R^)jR. 

* The quantity '\/{L}C) is called the “ surge impedance ” (sometimes the 
“ natural impedance ”) of the circuit, anil is of importance in connection with 
surges and similar disturbances. 

, f T • . V / « hx-b cos bx \ 

t Note. J sin bx — f ^ ^ j 

^ f sin [bx ~ tan*' (6/0)] 

- V 7^* + 6*) 
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If the condenser is initially uncharged, then, at the instant (<jl) 
of closing the circuit, ? 0, q -- 0. Hence, substituting in 

equations' (2434, (244), \vc have 

0 — sin(o>/i “ T’) "f (^V 2 A)f, 

and 0 = - (Im!^) (*os(fu/i - (p) 

g( 7 ^/ 2 A)«, f- ^ q") 



Fio. 303 — WavN'-foi rns of Initia) (^irnait in ('iicMiit, Conlmnin^ 
H(*sistanoo, liuliiflaiK'o, and in Si*ti(‘s 

INoiF Tlie (lotf» (1 siiu < niN< a, iof»n m iits tlio (litre nt \\ i\o-lor in ( oi i(*s]>oii(lmK 
t(» the st( .i(h -stnt(‘, oi pi i iimik nt, ( nnililnni''' J 


Whence 


' , -I o >CIi\ 

1 ' ( (•> ■^/(AW-C^R^) } 


A' -- —f„f * sin(f<>/i - (/))/sin oot 


/2 cot (w/, - f/?) t wr'/i‘\"j 

■ \ o)x/( 4 LC - r^R^ ^ / J 

• 21 

7 ^j 4 LO - C^R-~) - J ) - T) 

+ icoCR sin 2(oAi - (p) -|- 1 J 


Substituting these values in equation (243), we have 
? — sin((w^ - (p) 

2/tnVr (co^LC- 1 )sin2(co^j -9?) + JcuC^sin 2(fu^i - (p) + 1 ] 

- C^R^) 


c-{t-ti)F/2Tj gjj^ 



^l) -f 


/ 2cotM,-y) +ft>C7t \~[ 

V (oV(*f^O-C^R^) )j ’ 
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This equation shows that the initial wave-forms of the current 
may be of a very complex nature, and examples &re given in 

Fig. 303 ' ‘ ’ 

« 

Cdse II, R = 2\/(L/C'). This corresponds to the critical case 
for the discharge of a condenser through an inductive resistance as 
the discharge is then just non-oscillatory. 

The transient term of equation (242) now takes the form 

or E (Aq -|- Ajl) 

and accordingly equation (242) becomes 

i = I^i sin (o)f - 9?) + e aj,) . . (246) 

The constants A^, A^, must be determined from the initial 
conditions. 

By integrating equation (246) we obtain 

Jidt — q = - ^ cos (mt - q)) - 2 — F~ (A , + Aj 4 2— A^ 

If initially the condenser is uncharged, then at the instant (ty) 
of closing the circuit, we have * 

0 = /^ sin (ru/j - q) f (A^ + Ajiy) f 
and ~ ^ 

r / R \ R^t 

whence ^ 3 — - /,„f Hi (^<^'1 - 9’) “ ‘'o'’ 

{(Oti - (p) 

At =- 2 ^ l,„e (««'>*! j^sin (toll - <p) - fo*’ Mi - 9>)J 



EXAMPLES 

This collection of evainplca mcliidcH qucHtioiiH wet at tho following 
examinations — 

University of London, B.So. (Kng.)* RofertMire LA'. 

City and Guilds of London Institute, Electrical Engineering. — 
• Reference C. d; O. 

The examples have been grouped according to subject matter and chapter. 


T.— GENERAL PRINCIPLES AN1> FORMS i>F HKPRESENTATU)X 
(CHAPTERS I AND II) 

1. Write down (a) the maximum value, (b) the root -mean-square value, 
(c) the frequency of t-he following — 

(1) 100 sin 500^ (2) {A -f B) h\i\ {'Mat — 0 (p) ; (>i) P voh cot ~ Q mu wt ; 

(4) A sin(fo/ f- taii"^ bfa). 

Write down also the phase difference* with respect to B bin(rai - a) in 
cases (3) and (4). 

yAna. Maximum values —(1) 100 , (2) (d B), (3) y/(P^ t Q^), (4) A. 

Frequencies —(1) 79*7, 3(/>/27r, toi'lTZf col'l'K Pliase tlifTeronecH - 
(3) a - tan-ip/Q, (4) a h tan->f>/a. j 

2. Plot curves, in rectangular co-ordinates, for one cycle of the quantities 
a — 10 8in(ait -f^lO®), 6 = sin(a>^ - 30®), and determine graphically the curve 
representing the sum of these quantities. 

yAns, Equation to curve ; c = 14' 2 sin((ot - 3*1“).] 

3. What is the justification for assuming a sinusoidal time variation of tlie 
alternating quantities met with in electrical engineering. In the case of an 
alternating current of sinusoidal form and 10^ frequency the R.M.S. value 
is 0*01 A. Write down the equation for the instantaneous value, measuring 
time from a maximum positive value. What will be the instantaneous 
value after a lapse of (a) 0-2 x 10'^ seconds, (6) 2*7 x 10 ® seconds ? 
(L.C/., 1925.) 

[Ana. Equation— 7 = 0 01414 cos 028,560^ ; (a) 0 00437, (6) - 0 00437.] 

4. What is meant by the root -moan -square value of an alternating quantity ? 

Show that a hot-wire instrument indicates the R.M.S. value of an altematuig 
current or E.M.F. Why is the R M.S. value used in practice in preference 
to the mean value ? • 

5. Define “ form factor ” in connection with alternating E.M.F. wave 
forms. Calculate this factor in the case of (i) a V-shaped wave, (ii) a sine 
wave. For what purposes is a knowledge of form factor required ? (L.U.^ 
1014.) 

[Ana. (i) M55, (ii) Ml.l 

6. An alternating current has the following values after equal time interv€ils 
beginning at zero : 0, 3, 4, 4-5, 5*5, 8, 10, 6, 0, - 3, - 4, -4-6, - 5-5, - 8, - 10. 
- 6, 0. Find the R.M.S. value and form factor. 

[Ana. R.M.S value = 5*8 A. Form factor = 1-146.] 

* The Bnglneerina Exi|ralnatlon Papers of the University of London are published regularly 
by the University of London Press. 
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7. Calculate the form factor of the wave-forms shown in the accompanying 
diagram. ^ 



hO (^) (c) id) 


I-''"- (") (M a) ] 


(<■) 




8. Calculate the form factor of the flux wave-form shown in Fig. 188, p. 335. 

[dns. Form factor -- 1.055. J 

9. Calculate tlie R.M S. value and form factor of the exciting current 

wave-form shown in Fig. 187, 334. 

(.l/w. R.M.iS. value — 1-94 A. Form factor = I‘l8. 

10. Calculate the “ winding di.stribution factor ” (or “ bn‘adth coefficient ”) 

for the winding of a singlo-phas:) alternator having tlirt'o full-pitch coils per 
))air of poles locat<‘d in slot.s 20° apart (i.e. the winding is equivalent to the 
coils shown in Fig. 6, the angles a, being each equal to 20°), the flux 
distribution in the air gap being sinusoidal. ^ 

[Notk — The “ winding distribution factor ” is the ratio : Vector sum of 
E.M.Fa. (in coils connected in scries)/ Arithmetic sum of these E.M.Fs. ] 

LAiw. i(l -f 2 cos 20°) = 0-96.J 

11. Show that if a conductor transmits simultaneously a sinusoidal alter- 

nating current of maximum value 7^^, and a direct current, Ajj, the I^R loss 
in the conductor is equal to h which 

would be obtained if the two currents were transmitted over the same distance 
by separate conductors, the current densities being the .«5ame in the two cases. 

12. Upon what does the validity of vector diagrams as a moans of repre- 
senting electric and magnetic phenomena rest ? Mention the chief cases in 
which they are useful representations of such phenomena, and discuss how 
far they are strictly true in the«io cases. {L.U., 1917.) 

13. What is a vector quantity and how is it represented by a vector 7 
Under what conditions may alternating quantities Ve represented b}’’ vectors 7 
Show how the vector sum of (a) two quantities, (6) throe quant^ities is 
determined. 

What is a vector diagram, and how are the vectors in such a diagram 
distinguished 7 Draw to scale a vector diagram for a circuit consisting of an 
inductive resistance {R = 5 O., L — 0-2 H.) supplied at 100 V., 50 frequency. 

14. Explain the method of representing a vector quantity by the^ notation, 
and show the method may be used in calculations of alternating quantities. 

Two circuits, the impedances of which are given by (a) 8-j7, (6) 5 j6f 
are connected in parallel across a 100 V. supply. Calculate the current 
passing tlirough each circuit, and the total, or line, current. Find also the angle 
of phase difference between the currents and the applied P.D. (^.A^, 1023.) 

[Ans. Ik = 9-43 A., a = 41-2° (leading), /b = 12-8 A., q?b = 60*2° (lagging), 

7 = 16-75 A., (p — 13-3° (lagging).] 
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II. -INDUCTANCE AND CAPA(JITY ((>’HAI*TERS 111 AND IV) 

1. A^ fonsiKts of two [Mjrtioiis. Ali and B(\ Tho volta( 3 ;e across 

AB is 60 V., thjit across fif ' is 1 00 V., and tlicir ])haso diffcrenco is 45°. What 
is the voltaic hotw(*on tlio tonniiials .4 aiul (\ and what is^its pliase difference 
with respect to tJio voltage across B(\ 

[ lajf. B -- 1 t8-(i V'., (f - I?"*, (loading).] 

2. DeHuo (o) iiiducl aiice, (/>) react anct\ (c) iiiipedanee. Calcnlato the 
approximate values of the.se (piaiitities for aii air-con^ coil 50 cm. long and 
10 cn^ diameter wound with l,00(t turns of wire having a resistance of 5 O., 
the fiTiqueney of tl»<^ aj)plied voltage lM*ing .50 f*v'cles ]:)er second. iC, dc O.. 
1924.) 

|dn.v (( 1 ) 0 0197 If., (/>)r)-2 0., (c) 7-96 0.) 

.*1. Prove the relation.shit> between impres.sed K.M.P. and current for an 
inductive circuit which is carrying a sinusoidal alternating current. 

Such a circuit having a resistance of l.j (). and an inductance of O-OU H. is 
coniK^eted to a 200 \^, i50-cycle siqiplv system. Determine the current and 
the phase difference b(‘tween current and impr(‘s,sed E.M.F. 

1 1-28 A. Pha^^o diftcrem-o - 82-2° (lagging).] 

4. An imluctiv'e cir<*uit has a resistance of 60 0. aiul an /ndiietance o 
(>•.*16 H., and is supplied at 220 V., 50 frequency. Calculate {ft) the reuetance 
of the circuit ; (5) the impedance : (c) the current ; {({) the phase difference 
between impressed K.M.F. and current. 

L/l/iv. A" -= 113-4 (>., /j = 128-3 0,7 - 1-71.5 A., tp 02-U (lagging.)J 

5. Define mutual inductance. 

The reluctance of the core of a certain transformer is 0-002. Find the 
coefficient of mutual inductance between the ]>rimary and secondary coils 
which have 1250 and 40 turns respectively, neglecting magnetic leakage. 

[Ans. 0-313 H.J 

0. A .solenoid i.s wound with 1068 turns in a length of 60-4 cm. and is fitted 
with an internal search having 242 turns and a m<*an cross section of 16-2 
sq. cm., the search coil occupying a symmetrical jiosition at the centre of the 
solenoid. Find the E.M.F. induced in the search coil when an alternating 
current of 2 A. at 50 frequency is passed through t he solenoid. ^ 

\Ana. 0-546 V.j 

7. A certain choking coil with a large air-gap ha.s a winding divided into 
two sections, each consisting of 1.50 turns of a resistance of 0-25 O. If the 
impedance of one section is 8 ()., what will be the impedance of the whole 
winding from end to end ? What would bi* the impedance of the two sections 
if connected in parallel r 

f-lnij. 32 0 (approx.), 8 O. (approx.).] 

8. A coil of insulated copper wire, consisting of 500 turns, having a mean 
diameter of 25 cm., is short-circuited. The conductor is 1mm. diameter. 
It is placed horizontally in the earth’s field (//^ = 0-44), and is then turned 
over through two right angles. What quantity of electricity flows round the 
circuit, given p — 1-8 microlims per cm. cube ? [Note. — denotes the 
vertical component of the earth’s magnetic force.] {G. dh O., 1924.) 

{^Ans. 2-4 X 10-* coulombs.] 

9. The air gap under the i)ole face of a series motor is 0-06 in. in length and 
ha>s an effective area of 80 sq. in. Tlie exciting winding has 5 turns €Uid a 
resistance of 0»005 O. Assuming the reluctance of the iron portions of the 
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magnetic circuit to be one-fifth of the reluctance of the air gap, calculate the 
.voltage at the terminals of the series coil when a current of 150 (R.M.S.) at 
25 cycles is passing. {C. (Ss (/., 1920.) ♦ 

^ ‘ \Ans, 20-8 V.] 

10. Deduce the relation l>etweon the electrostatic C.d.S. imit of capacity 
and the microfarad. Calculate the cajiacity, in microfarads, pf a tubular 
condenser 18*5 cm. long, the outside diameter of the inner tube being 3'45 cm., 
and the inside diameter of the outer tube being 3-7 ctn. The dielectric is air, 
and fringing at the ends may be neglected. (L.V., 1921.) 

\Ans 0000I48|£F.J 

11. What is meant by the “charging current “ of a condenser connected 
to an alternating current supply system ? 1 )raw a diagram showing relationship 
between charging current and impressed E.M.F. 

Calculate the charging current of a 15 /iV. condenser when supplied at 
220 V’'., 50 frequency. 

[Ans. 1-037 A] 

12. Two eoiidensers having capacities of 10 //F. diid 20 //F. are connected 
(i) in parallel, (li) in series, and the combination is supiilied at 250 V., 50 
frequency. Determino the lino currents in eacli case. 

«>(i) 2-355 A., (ii) 0-52.5 A. J 

13. What capacity condenser inuht bo connected in series with a 50 V., 

30 W lamp in order that the lamp may rectuve its normal current when the 
lamp and condenser are connected to a 110 V., 50-cyclo supply ? {C. db C?., 

1920.) 

f[Ans. 19-6/ir.J 

14. Deduce from first principles a formula for the capacity of a concentric 
cable in terms of the radii of the conductors and the specific inductive capacity 
of the dielectric. Determine the capacity per mile of such a cable if the 
diameter of the inner conductor is 1*5 cm., the specific inductive capacity of 
the dielectric is 2-5, and the thickness of dielectric is 0-5 cm. (L. f/., 1916.) 

[Ails 0-438 ^F.j 

15. Calculate the inductance and capacity per mile of a concentric 
cable when the diameters of the inner conductor and inner insulation are 
3 mm. and 10 mm. respectively, and the specific inductive capacity of the 
insulator is 2-5. Prove the formula you employ. {L.V.y 1917.) 

\Afi8. 0-69 mH.. C =l-85uF.] 

16. Mathematical formulfc show that the effects of inductance and of 
capacity in a circuit are mutually opposed and tend to neutralize each other. 
Show how this interaction takes place physically. (Vy. 1917.) 

III. -POWER AND POWER FACTOR (CHAPTER IV) 

1. What is meant by the “ power factor ” of a circuit ? 

Show how the power factor of a circuit may be determined experimentally, 
and draw a diagram of connections. 

Cedculato the power factor of on inductive resistance which takes a current 
of 5 A. and a power of 100 W. at 100 V. 

\Am. 0 - 2.1 

2. What is the power factor of the circuit in Example 13 (consisting of the 
.30 W., 50 V. lamp and the 19-5 /iF. condenser) ? 

[Ana. 0-456 (leading).] 
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3. Calculate the current in, aiul the power factor of, a circuit of which the 
resistance is 5 i). and the inductance is 0-01 H. when the supply pressure is 
200 V. , 50 frequency. 

\Anf>. 3:i8A,eohy7- 0-845.] 

4. Define the term “ pow'cr factor ” a« H])plied to alternating-current 
circuits. What power factor does one usually find for the following: 
(a) a water resistance, {h) the primary circuit of an alternating-current trans- 
former when the secondary is imloaded, (r) a hand-fed alternating-current 
arc ? Illustrate each case by moans of rectangular co-ordinato diagrams of 
wave-f%rmH. Assume the wave of the 8up}>ly electromotive force to bo 
sinusoidal. (LJ\, 1922.) 

\Ans. (a) l-O, (5)0-1 to 0-2, (c) 1-0. Sco acroinpanyiiig diagrams. ] 





(a) {b) (r) 

5. A circuit contain'-, three coiK, J, //, (\ in senes When 1 A. direct 
current is passed througli them, the voltage tlrop across (nicIi, taken in order, 
18 5, 2, 10. When an alternating current of 1 A. and of frequency 50 is 
passed, the voltages are 5-0, 0, and II. Find th(* power factor and power 
dissipated in each wire. (L.T\^ 1924.) 

* l^ns. Cos 9 ? 0-8 Pi, - r> W , Pb - W -= 10 W.) 


1V.~SFKIES AND i’AKALLRC ClRtaJlTS ((CHAPTERS VT AND VIT) 

1. If the alternating current supplied to a single-phase circuit under full- 
load lags 45° behind the voltage, and the imluctanee is maintained constant, 
prove that the full-loa<l cannot bo exceeded, liowover mucli the resistance of 
the circuit is varieiJ. (L.f/., 1919.) 

2. A condenser of 10 pF. capacity is connected in series with a coil having 
an inductance of 250 mH. and a resistance of 400 (). An altt^rnaiing E.M.F/ 
of 100 V., sine wave-form, and 50 frequency is applied to tliis circuit. What 
current will flow through it. {L.V.j 1921.) 

\Ans. 0-216 A.] 

3. A resistance of 12 0. and an inductance of 0-18 H. are connected in 
series and supplied at W)0 V., 40 frequency. Find the cuirent and power 
factor. 

What values of resistanee and inductance, when connected in parallel, will 
take the same current, at the same power factor, as tlie above circuit ? 
(LAJ.y 1912.) 

[Any. 10-05 A , cos 9 ? 0-265 ; 183 O., 0-194 H.] 

4. Two intlucLive resistances, having reactances of 5 O. and 2 O., and 
resistances of 3 O. and 4 O., respectively, are connected in parallel and 
supplied at 100 V. Caleiilalo the lini' current. 

\A ns. 38 A ] 

6. An alternating-current circuit includes two sections, AB and BC\ in 
series. The section AB consists of two branches in parallel. The first of 
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these is formed of a nuti-iuduelive reHistaneo of (iO (). m series with a eondenser 
of 50 /iF. ; while the socoiid eouaists of a resisturiei' of 00 (). having an induc- 
tance of 250 mH. The s»‘c;tion H(! consists of a resistance of IflO O. having 
an inductance of 300 m FI The frequency is 50 cycles phr second and the 
voltage across Section AB is 500 V. \Vhat is the voltage across BC ‘t 
{L.V., 1014.) 

•[Ans. 955 V.] 

0. What is meant by the resonance frequency of an altc'riiating current 
circuit ? Deduce expre.ssions for the resonance frequency of (1) a series 
circuit, and (2) a fiarallel circuit. Show by diagrams how the lind current 
and power factor of such circuits, supplied at constant voltage and varying 
frequency, vary with tho supply frequency. 

An inductive coil having a resistance of 35 O. and an inductance of 0-5 H. 
forms part of a senes circuit, for which the resonance frequency is 55 cycles 
per second, if the supply fr(‘queney is 50 cycles and the voltage is 100 V., 
determine (1) the lino current, (2) the powi'r factor, and (3) tho voltage across 
tho inductive coil. 

(1)2-08A., (2) 0*728 (leading), (3) 335V. J 

7. A condenser, tho losses in which are negligible, is connectod in stu'ies 
with an air choking coil having a self -inductance of 0-1 H. across the terminals 
of an alternator, the voltage of which is maintained^'onstant at 100 V. The 
frequency is gradually incnuised iiniil at 250 cycles per second the current 
reaches a maximum value of 50 A. (Jalculate the capacity of the condenser 
and tho ammeter reading at 200 cycles per second. {(K d? C/., 1925.) 

[Am. 4 05 /iF., 1*42 A.J 

8. The two branches of a [inrallel circuit consist of (i) an iniftictive resistance, 
and (ii) a shunted condenser connected in scries witli an inductionloss resis- 
tance. The inductive resistance has an impedance of 00 (). and the ratio of 
reactance to resistance is 3. Tho condenser has a capacity of 10 /iF., and is 
shunted by a resistance of 0*1 megohm. The value of the inductionless 
resistance connected in series with the shunted condenser is 100 0. Tho 
supply pressure is 200 V., and the frequency is 50 cycles ])or second. 

Determine (a) tho current in tho two branches, (/>) the line current, (c) tho 
power supplied 

[Ans. [a] li 0-fiA., Iij- 3-33 A. {b) I -- 2’Sl A. (c) F = 246*4 W.J 

9. Show how conden.scrs are connected for improving power factor. It is 
desired to install a condenser to obtain 200 k.V.A. (leading) on a 600 V. 
system at a frequency of 50 cycles per second. Tf each element has a capacity 
of 1 /<F., how many elements will be needed ? (17. dh G., 1924.) 

[Am. 1765 elements.] 

e 

10 A single-phase motor takes a current of 80 A. on full -load when its 
power factor is 0'83. What capticity must bo placed in parallel with it to 
make the power factor unity upon a 500 V., 50 frequency circuit ? (L.f7., 
1917.) 

[Ans. 286 /(F.J 

11. A condenser is placed in parallel with two inductive loads, one of 20 A. 
at 30® lag, and one of 40 A. at 60° lag. What must bo the current in the 
condenser so that tho current from the e.xternal circuit shall be at imity 
power factor ? [C. dh G., 1925.) 

[Ans. 44-5 A.] 

12. A choking coil of negligible resistance, when connected to a 600 V. 
50 cycle circuit takes 1 A. at 0*8 power factor. What capacity must be 
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placed in parallel with it in order to make tho j>ov\'er factor of the combination 
equal to unity*? {L.V., 1921.) 

• r j .!« itV 1 

13. An air-corod clioking coil is .subject e<l to an altefiiating voltage of 
100 V. Tho current taken is 0-1 A. and the jiower factor 0-2 when the 
frequency is 50. Find the capacity winch, if jilaccd in jinrallol with the coil, 
will cause the main current to be a minimum. What will l>o the impedance 
of this parallel combination (n) for currents of frcquciu-y 50, (b) for currents of 
frequency 40 ? {L.U., \Q}4.) 

[.-In.9. Capacity = 3-J4/iF. IinpcOances : (a) 5,000 O., (6)l,940O.J 

14 Define the terms “admittance,” “conductance,” and “ su.sceptance,” 
with reference to alternating-current circuits. Calculate their respective 
values for a circuit consisting of a rc.sistance of 20 O. in series with an 
inductance of 0-07 II. when the frequency is 50 cycle.s per second. {C. d? C/., 
1925.) 

Ldns Y - 0 0330, y 0 0220, b - 0-0248. \ 

15. TJie total load on n factory is 1,000 kW. at a power factor of 0-95 
lagging. If 800 kW. of the load has a power factor of 0-8 lagging, wliat is tho 
power factor of the remaining portion of the load ? 

r l/of 0-59 (loading). J 

16. An alternator supplies cuiToiit to two single-iihasi' motors located some 
distance apart, each motor taking 7-5 kW. at a jiow’er factor of 0-8. ^Pho 
ro.sistanco of tho lin<5 wires between tho alternstor and one motor is 0-2 O. 
and that of tho lino wires between tho motons is also 0-2 O. Jh'tormine the 
voltage at the mlternator'^m order that tho voltage at the further motor may 
bo 100 V. 

\Ana. 145-8 V.J 

17. A 200 V., 50 cycle alternator is loaded with two choking coils which 
may be connected either in .series or parallel. One coil has a resKstanco of 
1-5 O. and an inductance of 60 mil. ; the other coil has a resistance of 2-5 O. 
and an inductance of 30 mil. Determine the cuiTcnt in the circuits and tho 
power factor of the load (i) when the coils an' connected in series, (ii) when 
they are in parallel. 

{Ans. (i) T = 7-04 A., co’.<p = 0-14. (ii) =_- 10-05 A., Ij, ^ 20-7 A*, 
I = 31-2 A. ; cos rp ~ 0-2 ] 

18. The load on a single-phase alternating-current siip})ly system is 100 kW. 
at a power factor of 0-71 (lagging). If pha.so advancing apparatus is available 
for parallel connection, taking leading current at a power factor of 0-1, what 
must be its load in kV.A. if the power factor of the whole system is to bo 
raised to (a) 0-8, (6) 0-9,* and (c) 0*95. 

\A716. (a) 24-15 kV.A., {h) 51 kV.A., (c) 66*5 kV.A.] 

19. A load of 2,500 kW. at a power factor of 0-8 is supplied by two alter- 
nators operating in parallel. If the output of one machine is 1,000 kW. at 
a power faetor of 0-95 lagging, at what output is the other machine operating ? 
(L.U., 1917.) 

\A718. 1,500 kW. nt cos ( 716-697 (lagging). J 

20. Two transformers, A and /?, have a ratio of transformation of 3,300 
to 220. When run on short circuit, A took 600 W. at 100 V. on the primary 
to make 230 A. flow in the secondary ; B took 1 , 100 W. at 80 V. to make the 
same current (230 A.) flow in its secondary. The two transformers are run 
in parallel on the same primary and secondary bus-bars, with a total load of 
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100 kW. at U-8 power factor. Find approximately how the load will be 
-divided between the transformers. {L.IJ., 1922.) e 

\Ans Pa = 31 kW. (270 A. at cos (p = 0-52) ; Pb =f «9 k<V. (332 A at 
cos q) = 0‘95). ] 

Hint. The equivalent impedance of each transformer is calculated from data of the short- 
circuit test. Thus the iirimnry current ( orres])ondinK to a secondary current of 230 A. 

230/(3300/220) =- 15 3 A. approximately. Equivalent impe<lanco of A (refefred to primary) 
is ZyK = 100/16-3 = 6 5 O. Equivalent resistance of A (referred to primary) is 
/ti a' =• 600 ‘ilG 3* = 2-56 O. Equivalent impedance of A (referred to secondary winding) 

6-6/(3300/220)* «= 0-029 O. Phase angle of Imiiedance is »= cos-^ (^iaV^ia')» 

The parallel-conne<'ted transformers and the load are equivalent to a simple series-parallel 
circuit supplied at the secondary voltage (220 V.), the parallel branches conslstldU of the 
equivalent lmi)edance8 (referred to the secondary winding) of the transformers, and the series 
IKirtlon cxinsirfting of the load. 

21. Two tranfi£ormer.s, A and P, of equal rating share a load of 180 kW. 
at 0-9 power factor (laggmg). At full -load the voltage drop due to resistance 
111 transformer .4 is 1 fier cent of the normal terminal voltage, and that due 
to reactance (5 per cent. The corresponding figures for transformer B are 
2 per cent and 5 iior cent respocfively. Find the load in kW. on each 
transformer. (L. P., 1925.) 

1\ = 101-7 kW., Pb 78-3 kW.J 

22. Show that the jicrforinaiice of a polypimsc induction motor operating 
with constant applied voltage and frequency can be approximately represented 

by the equii'alent circuit shown in the accompany- 
ing diagram. Point out the assumptions made and 
y develoj) a vector diagram for the circuit which 
J enables the lino and load currents to be deter- 
mined directly. With the values given — which 
^ relate to one winding of a star Qpnnected three- 
phase motor — determine (a) the maximum power 
input, (6) the maximum power expended in the resistance P, (c) the value of R 
which gives the maximum power factor (/y.t/., 1925.) 

[vJuj. Vector diagram is similar to that sliown in Fig. 68. (a) 616 kW., 

(6) 446 kW., (c) 6-6 0.] 


V.- -POLYPHASE CIRCUITS (CHAPTERS VllI AND IX) 

1. Disc-uss the theory of the measurement of three-phase power in 
(1) balanced, and (2) unbalanced circuits, and mention the difficulties which 
arise in practice in making the moaaurements. Show how a single-pheuse 
wattmeter can be used to measure the power in a three-phase mesh -connected 
balanced load when the neutral point of the system is not available. (L.U., 
1924.) 

t 

2. Describe the two wattmeter method of measuring the power supply to 
a three-phase system, and show how the two wattmeters may be combined 
to give a single -pointer instrument. 

Prove that if the two wattmeters read accurately over the range of frequency 
necessary, the indications can be used to measure the power supplied by any 
throe-wire system with alternating, direct, or any form of pulsating current. 
{L,U.y 1925.) 

3. Establish and explain fully a method of determining the total power, 

and the power factor, of a tliree-phase balanced circuit, from the readings of 
a single wattmeter. If the current and voltage are also measured, write 
ilown an alternative expression for the power factor. To what causes would 
you attribute any discrepancy between the values obtained by the two 
methods in a given test ? {L.U., 1914.) 
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4. Explain, with the aid of vector and connection diagrams, liow you would 
measure the p<^er input to a three-phase motor. The readings of two watt- 
meters properly connected for this test are respectively 2*5 kW. and 0*25 kW., 
the latter rea^ng being obtained after reversing the connections of the 
current coil. Find the power and power factor. (&. <4? G'.,^924.) 

[Ans. r = 2-25 kW.. cosy? = 0-427.] 

5. Two three-phase alternators are running in parallel and supplying power 
to a transmission line 83anmetrically loaded. Two wattmeters properly 
connected give readings of 300 emd 900 kW. respectively, and both wattmeter 
dedections follow the variations of the load. The readings of ammeters 
connected in the line and in the circuits of the two alternators are in the 
ratio 5:3:4. Determine how much load each alternator is taking, and the 
readings that would be indicated by each of four wattmeters properly 
connected in pairs in the circuit of each alternator. (L.U.f 1919.) 

[Afis. 272 kVV., 928 kW.; 606 kW., -2.‘14k\V., r>l6kW., 412kW.l 

0 . The primaries of three single -phase transforrncrt* are to be f lei la-con- 
nected to a three-phase supply with 20,000 V. between lines, and the 
secondaries star-connected to give 2,000 V. betwetMi lines. Draw n diagram 
of connections and give tlie voltage ratio of the t ransformors. (L. //., 1919.) 

\Ans. 20,000/I,ir)r».l 

7. Two single -phase transformers are used to convert a balanced three- 
phase into a balanced two-phase pressure. The pressure on the three-phase 
side is 6,600 V. and that on the two-phase side is 2,200 V. Find the number 
of turns in each transformer when the induced pressure j)er turn is 10 V. 
(L.t/., 1019.) 

[Ans,^ Transforn^lor A fFig. 140) : V, 660, N, 220 ; i?, iVi > 672, 

= 220 .] 

8. Describe and give the theor\ of a inethoa of transforming from two 
phase to three phase, using static transformers. Deduce the numerical 
relationships between the currents and voltages associated with the two- 
phase and three-phase systems. Show tliat if the load on one side of the 
transformer is balanced it will also be balanced on the otlier side. Ignore 
magnetizing currents and losses. {L.U., 1923.) 

9. Two electric furnaces are supplied with single-phase current at 80 V. 
from a three-phase 11,000 V. system by means of two single-phase Scott-^ 
connected transformers with similar secondary windings. When the load 
on one transformer is 600 kW. and the load on the other is 800 kW., what 
current will flow in each of the three-phase lines (i) at unity power factor, 
(ii) at 0-5 power factor ? Neglect the phase displacement and losses in the 
transformers. (C, db Q.) 

\^An6, Two solutions iwe possible : (a) 800 kW. load on transfoimer A (Fig. 140), 

. (1) 77 A., 77 A , 62-6 A. ; (2) 154 A.. 164 A., 106 A. ; (6) 800 kW load 

on transformer B (Fig. 140), (1) 62 A., 62 A., 83-5 A. ; (2) 124 A., 
124 A., 167 A.] 

10. Determine the relative voltages of the secondary windings of the three- 
phase/nine -phase transformer connections shown in Fig. 136. 

[Ans (A)— (ad 2-88 V, (h^) 2-63 V • (B)— (o^) 2-63 V, (b^) 1-88 V ; where V is 
the voltage between adjacent terminals of the load.] 

11. Determine the relative voltages of the secondary windings of the 
three-phose/twelve-phase transformer connections shown in Fig. 137. 

[Ans. (A)— (a,, 6.) 3-34 F, (c,) 3-86 F ; (B)— (a,, bj) 3-34 F. (c^. d^) 1-93 F; 

(O—Ui, 6,) 3-73 V; (Z))— (Oj bj) 2-73 F; where F is the voltage 
^tween adjacent te^inals of the load. ] 
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12. A three* phast^ induction motor is Huj)plied from mains at 440 volts. 

It is coupled to a pump taking 50 B.H.P. The efficiency of the motor is 
i)2 per cent and its power factor is 90 per cent. What is thetiurrent in each 
phase? (C. f;., 1925.) 

[An«. 69 A.] 

1 3. Two three-phaw* generators operating in parallel supply a non inductive 
load of 500 kW. at 3,300 volts. If tlie output from one machin<!^ is 200 kW. 
at 0-75 power factor, lagging, what is the output from the other machine. 
(L.I7., 1910.) 

\An9 300 kW., cos ^ 0*860 (lading).] 

14. A power station supplies a three-phaso current of 100 A. at unity 

power factor from bus-bars at 10,000 V. between phases, to a point 3 miles 
away through a cable 0*035 sq. m. cross section per core. What is (a) the 
power sent out, (h) tlie power n eeived, (r) the ]>orcentage loss, (d) the annual 
cost of the losses at 0*5 pence ])er unit for a constant supply, given 
p 0*7 X 10 “ ohm per inch cube ? (C'. dh 6^., 1925.) 

(a) 1,7.30 k\V . (6) l,G16kW., (r) 0*38 per cent, (d) £2,080.] 

15. A three-phase transmission system carrying currents of the same 
wave-form supplies curri'iit to a delta-eonnceted winding. Determine an 
expression giving the value of th<' current at any in.s^ant in an arm of the 
della in terms of the line currents, there being no circulating current in the 
delta, (live the analytic and trraphic solutions for the case when the wave- 
form is sinusoidal. (L.t/., 1925.) 

16. Show tliat wlien the fall of voltage due to resistance and reactance is 

small compared with the line voltage, the fall of voltage along a three -idiase 
transmission lino per ampere per mile is given by the expression cos(p 

-f X sin 9 ?), where /i is the resistance ])er mile of conductor, X the reactance 
per mile of conductor, and cos 99 the power factor of the load. 

Find the fall of voltage along a three-})hase transmission line, the line 
pressure at the load being 30,000 V. and the length of the line lieing 30 miles, 
when 5,000 kV.A. are delivered at a power factor of 0*8, the current lagging. 
The resistance and reactance ]ier mile are 0*72 O. and 0*6 O. respectively. 
(L.rr., 1925.) 

[yl/i,9. 4,700 V.] 

17. A three-phaso, 5()-eycle, generating station supplies an inductive load 
of 5,000 kW. at a powder factor of 0*7 by means of an overhead transmission 
line 5 miles long, with conductors .symmetrically arranged. The resi.stance 
per mile of each wire is 0*61 ()., and the self -inductance per mile of the loop 
formed by any two conductors taken together is 0*0035 H. The pressure at 
the receiving end is maintained constant at 10,000 V. If a condenser is 
connected across the load to increase the power facjtor at the receiving end 
from 0*7 to 0*9, calculate (a) the value of capacity per phase of condenser, 
(b) the station voltage when the condenser is in use, (c) the station voltage 
when the condenser is disconnected. (C. d: (7., 1924.) 

\An-. (o) 28-7//F., (6) 12,220 V., (c) 12,950V.] 

18. What load at 0*8 power factor, lagging, can be delivered by a three- 
phase line 5 miles long with a pressure drop of 10 per cent. The station 
voltage is 11,000 V., and the resistance and reactance per mile of lino are 
0*09 O. and 0*08 O. respectively, (f'. <4? G., 1923.) 

[Ana. 14,400 kW.] 

19. An unbalanced star-connected load is supplied from a three-phase, , 
three-wire system at a line voltage of lOOV. The current taken by one 
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branch {A ) is 20 A. at a power factor of 0*8 lagging, and that taken by a second 
branch (B) is 10 A. at a power factor of 0*75 (lagging). Determine the current 
in, and thc^po^er factor of, the third branch, C. Also determine Ihe total 
power supplied t^ the load and the readings of two wattmeters eonnected, 
according to tlie tw'O-wattmeter method, with the current coils in tlie branches 
A, B. 

\An8. Jc = lfl 6 A., cosyc -= 0-993. P 1762 \V., /’a -= 782 W., Pb- 980 W.l 

20. A combined ]iower and lighting load is supplied by a three-phase, 
four-wire flistribution system. The three-phase motor load absorbs 1 ,000 kW. 
at a power factor of 0-8, while the lam])s l>etween tlie outers and the neutral 
take 2(t). 300, and 400 kW. respt'ct ively. Calculate the current in each of 
the four wires wlien the su])ply ])ressure betwet'ii outers is 400 volts. 
(C. tfc C., 1924.) 

I 2.540 A., 2,940 A., 3,350 A. Neutral eurront, 752 A.l 

21. A four-wire, three-phase system has eomieeted to it thr(‘e-])hase motors 

of .500 kW. capacity a7id 0-9 ])ower factor, and a lighting load betw'ccMi each 
phase and ihe neutral wore of 300, 200, and 100 kW. rc'.speet ively. What w’ill 
be the current in 1hf‘ lUMitral w'ire and (‘ach of the lines, the voltage Indween 
lines being 400 1917.) 

|Ja.v. 718 A. (nenhal), 2,090 A., 1,620 A., 1,205 A. I 

22. Determine the necessary cross-seetion of (uu-h \vir(‘ of >i thn'c-pliase 
transmission line, 2 miles in hnigth, <lesigned to deliver .500 kW. at 6,000 V., 
unity pow'er factor and 95 per cent efticiency. ’^Phe spi'cific r(*sistauce of the 
material used is 0-7 T7iici*ohm ])er inch culu'. (LJ\, 1923.) 

I.Iart. 0-023 sq. in. 1 

23. Neglecting ilie ]jressurc dro]) due to tl)(‘ iinpcslaTiee of tlie line, calculate 
the station output aiid its pow'er factor w'hen the lhrce-])hHse load eon-sists of 
an over-excited rotary converter giving 500 kW. at 0-975 ])ow'’er factor 
(leading), a 400 h.f). induction motor operating at a pow'cr factor of 0-85 
(lagging), and a 500 kV.A. tran.sformer with a powi r factor of 0-95 (lagging). 
Make >our owm assumptions as to the ctlieieney of each portion of thi‘ load. 
{LJL, 1919.) 

[dn.s. 1,274 kW. at co-, (f = 0-944. Note. — Assiirncrt ollicioncios : Rotary 
converter 94 jjer (-ent, in<liietioii motor 93 p«*r cent, trnnsfornier 98 per cent. ] 

24. Provo that in a svmmetricully arranged three-phase transmission line ’ 
the inductive ilrop and re.sistanee drop btMwcen any two wires is the same as 
that which would occur if half the total power w'^ere transmitttsl at the same 
voltage and frequenej'^ along two of the w'ires. 

All overliead three-jihast^ line consists of three wires, each 0-8 in. in diameter, 
spaced 4 ft. apart. The current flowing per wore is 300 A. at 50 eyi'les. 
Calculate the resistance %nd inductive droj) per mile of line; the specific 
resistofico of copper is 0-67 microhm per inch cube. {L.U.y 1921.) 

[Am. HI = 20-3V.,X7 ^16-3V.l 

25. A three-phase generator supplies pow'or to an unbalanced star-con- 
nect-ed re.sistanee load. Assuming the star point of the generator only to be 
earthed, show how to find the potential of the .star point of the load. {L.V.y 
1924.) 

26. A three-phase supply at 400 V., 50 frequency, and 0*9 power factor 
is required for a factory 1-3 miles from a generating station. The total power 
at the factory is 500 kW. If the voltage lost in transmission is 10 per cent of 

^ the received voltage, calculate the necessary cross-section of eaeh conductor. 
Assume the resistancie of a cable 1 mile long and 1 sq. in. in cross-section is 
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0*43 0. The effects of inductance and capacity may be neglected {L.V., 
1924.) 

[Ans.f ]-05sq. in.] 

0 

27. A sub-station receives, over a three-phase line, 5,000 kW. at a frequency 
of 60 and a voltage of 33,000 V. from a station 20 miles distant. The power 
factor of the load is 0-85 Jagging. Each line wire has a resistan^ of 0*683 O. 
and a reactance of 0-734 O. per mile. Assuming a balanced loa(jf, find (n) the 
P.D. at the generating station, (6) the power lost m the line, (e) the percentage 
voltage regulation, (d) the power factor at the generator. {L.U.y 1924.) 

\Ans. (a) 36.470 V.. (6) 432 kW., (c) 10-5 per cent, (d) cos 9?^-^ 0-84 ] 

28. 1,000 kW. of three-phase power are to be delivered over a distance of 
20 miles to a star-connected receiving circuit, tlie power factor of which is 
0-85. The voltage between lines at the receiving end is 20,000, and the 
frequency is 50. What must be the voltage at the transmitting end if tlie 
resistance per mile of each lino conductor is 1-5 0. and the inductance per 
mile is 0-0015 H, ? (L.U.y 1918.) 

\Ans. 21,810 V.j 

29. The measured capa<*ity between any two cores of a three-phase cable 
is 5 //F. Calculate liow many kV.A. nre lu'edefl to keep the cable cliarged 
when connected to 10,000 V., 50 cycle, three-phase bi^fs-bars. (C. db (V., 1924.) 

[Ans. 472kV.A.l 

30. A symmetrical three-core cable surrounded by an earthed metal sheatli 
IS connected to a three-phase supply. The frequency is 60 and the voltage 
between line 20,000 V. The capacities of tne cable are represented by the 
following data : the capacity between tlio sheath and the t^hree conductors 
bunched together is 0-5 /<F., the capacity between one conductor and the 
other two connected to the sheath is 0 6 fiV. Find tlie charging current in 
each core, and prove the formula you use. (L.U., 1915.) 

\An9. 2 96A.J 


VJ.— NON -SINUSOIDAL WAVE FORMS (PHAPTF.R XI) 

1. An alternating current is made up of several sinusoidal components of 

amplitudes fj, 1 3, . . , and frequencies /, 3/, .5/, .... Prove the expres- 

sion for the effective value of the amperes as given by the reading of an 
accurate hot-wire ammeter. (L.U.y 1917.) 

2. An E.M.F. e — 100 sinn>/ -f 8 sin 3 cot is applied to a circuit which has 
a resistance of I O., an inductance of 0-02 H., and a capacity of 60 /<F. 
A hot-wire altimeter is connected in series witli the circuit, and a hot-wire 
voltmeter is connected to the terminals. Calculate the ammeter and voltmeter 
reading and the power supplied to the circuit. Given 01 — 300. (L.U.y 1922.) 

\Ana 71V., 6-18 A 20*8 W.] 

3. An alternating current represented by i — lOsinoit is superimposed 
upon a direct current of 80 A. What is the R.M.S. value of the resultant 
current ? 

[Atut. 80-25 A ] 

4. An E.M.F. represented by the equation e — 156 sin 314t + 60 sin 942f is 
applied to a condenser having a capacity of 20 fi¥. What is the R.M.S. 
value of the charging current 7 (C. db Q.y 1920.) 

[Ana. 0*912 A.] 


- t ) 
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5. Estimate the R.M.S. value of an alternating current of irregular wave 

shape in term^of the fundamental component and the harmonics. An alter- 
nating preastue is represented by r — 1,000 sin mt -f 250 sin 3 + 200 sin Scat. 

Estimate the reading that will bo given by an electrostatic voltmeter connected 
to the circuit. (Z/. C/., 1924.) > 

[Ans. 742 V.l 

6. A condenser of 1*5 //F. capacity is supplied with a voltage having a 
wave form e = 1,000 sin (ot + 350 sin 3 -f 270 sin 5 cot, the frequency being 
80 cycles per second. Calculate tlio current taken, as measured on an 
ammeter. If energy is being taken from the supply circuit at the same time, 
how do the harmonics affect the power factor ? {L.U., 1911.) 

[Ans. 1-06 A.] 

7. A star-connected, three-phase alU'mator, tlie phase E.M.Fs. of which 
are symmetrical but non -sinusoidal, supplies a balanced star -connected locul. 
Show that if the E.M.F. wave-form contains 3rd, 9th, 15th, etc., harmonics, 
a difference of potential will exist between the neutral points of generator 
and load, and that if these neutral points are connected by a fourth line wire 
the current in this wire is ma<le up of components having frequencies 3, 9, 15, 
etc., times the fimdamental frequency. 


VII. -MAOXETIC CIRCUITS (CHAPTER XI) 

1. Define “ form factor and prove that the hysteresis loss in a transformer 
to which a given R.M.S. voltage at a given frequency is applied increases when 
the form factor of the applio<^ voltage decreases, and vice versa. {L.IL, 1919. ) 

2. The conneefion between the magnetizing current and flux for a particular 
altomating-curront electromagnet is shown by the following table, which 
gives values for one-half of tin* magnetization loop, the complete loop showing 
the usual symmetry with respect to the axes — 

Flux (kUolines) 0 30 75 120 150 179 176 165 138 102 60 0 

Magnetizing 

Current (A.) 6-5 6-25 8 10-5 14-25 20 5 13*5 6-8 0 -3 -45 -6-5 

Plot tlie loop on squared paper, and by its aid deduce and plot the wave- 
form of the magnetizing ciirren,'^ when the flux follows a sine law, the amplitude 
of the flux being equal to the maximum value of the flux in the above 
magnetization loop. {L.U., 1921.) 

3. A transformer lias its primary winding connected to mains whose 
voltage varies according to the sine law at a frequency of 50. The secondary 
coil has 50 turns and gives 100 V. when on open circuit. Tlie section of the 
transformer core is 20 sq. in. Determine the maximum valu^ oi the flux 
density in the core. Proie the formula used. (L.U., 1916.) 

• [Ana. = 7,000 lines per sq.cm.] 

4. A choking coil is required to give a reactive voltage drop of 100 V. when 
carrying a current of 10 A. at 60 frequency. The winding consists of 200 
turns of 0*013 sq. in. copper wire, the mean length of turn being 16 in. The 
laminated iron portion of the magnetic circuit has a mean length of 18 in. 
'ond a magnetic cross section of 6 sq. in. Determine the lengfth of the air 
gap if its effective cross section is 10 sq. in. Determine also the effective 
resistance, reactance, impedance, and power factor of the coil. The specific 
loss (hysteresis and eddy-currents) in the core at the working flux density: 
and 60 cycles is 1*6 W. per kg. 

■* [Ana. Length of air gap 1*22 cm. (= 0*48 in.), ■« 0*396 O. ; AT =» 10 O. 

^ 10K)1 O ; cos 9 ) = 0*394,] 

34— (6246) 12 pp. 
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5. Calculate the total length of air gap in a choking coil having 300 turns 
through which 100 A. flow at a frequency of 60 cycles per second, and which 
is required to produce an inductive drop of 100 V. Assume that the maximum 
flux density in the gap is 10,000 lines per sq. cm. and that the iron needs 10 
per cent of the thtal ami>ere-tums. Draw a sketch of such a coil. (C7. db 
1023.) 

4*8 cm.] 

6. A single-phase core -type transformer has the following dimensions : 
cross-section of each core 515 sq. cm., distance between axes of cores 63 cm., 
cross-section of each yoke 650 sq. cm., distance between axes of yokes 96 cm. 
Calculate the flux produced by 1,330 ampere-turns having given the following 
relationship between B and H for the magnetic circuit — 

B . . 6,000 9,000 10,500 13,750 

H . . 1*3 2*6 5*9 18-6 (L. 17., 1923.) 

[An?, = 6-7 X 10® linos. 

7. Calculate the no-load current for a single-phase transformer having 
given the following data : Primary voltage 2,200, supply frequency 50, 
no-load loss 600 W., number of turns in primary winding 1,200, magnetic 
cross-section of core 35 sq. in/, magnetic length of core 80 in., permeability 
(at flux density corresponding to normal primary voltage) 1,200. 

, [An«. 0*37 A.] 

8. A transformer for 10 kV.A., 2,200 V. (primary), 50 cycles, takes 100 W. 
at rated voltage and frequency when its secondary is open. If the mag- 
netizing current is 90 per cent of the exciting current, what is the no-load 
power factor of the transformer ? What is the exciting current in amperes 
and as a percentage of the rated full -load current ? {LAf., 1918.) 

[Antt, cos - 0*436. 7^ — 0*106 fi. or 2*3 percent.] 

VIII.— MEASURING INSTRUMENTS AND MEASUREMENTS 
(CHAPTERS XII, XIII, XV) 

1. How do wave shape and frequenc3'^ affect the readings of soft -iron 
alternating-current ammeters and voltmeters ? Explain carefullj the nature 
of the errors when instruments calibrated on a sinusoidal wave are u‘^d (a) on 
a peaked, and {b) on a flat-topped wave. {L.V , 1917.) 

2. What is meant by tVic root-mean-square value of an al tomato current or 
voltage ? The voltage between two terminals has a maximum value of 
150 V., and varies according to the sine law. A hot-wire voltmeter is 
connected across these terminals. What voltage will it read ? What will 
be the reacting if the voltnieter is joined to the terminals through an inductive 
conductor the resistance of which is 100 O. and the inductance 500 mH. ? 
Assume the frequency is 50 and the resistance of the voltmeter is 500 Q. 
(L.r., 1916.) 

[Ans. 106-1 V ; 86*0 V.] 

3. A soft iron voltmeter for a maximum reading of 1 20 V. has on inductance 

of 0*6 H. and a total resistance of 2,400 O. The instrument is calibrated to 
read correctly on a 60 cj'clo ckciiit What must be the specifloation of a 
series resistance to be used with the voltmeter so that its range is increased 
five-fold ? (L.C/., 1923.) 

[Ana. Rj- 9,676 0.] 

4 The relationship between the inductance, current, and position of the 
moving system of a 2 A. moving iron ammeter is — 

Scale Heading (Amp.) . 0*8 1*0 1*2 1*4 1*6 1*8 2-0 

Deflection (Degrees) 16 26 36*5 49*5 61*5 74*5 86*£/ 

Inductonce (z/H.) 673*2 674*2 676*2 676*6 677*8 678*8 679*5 
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Deduce an expression for the deflecting^ torque in terms of the rate of 
change of indvotance with position of moving system, and calculate the 
deflecting torque at scale readings of 1 A. and 2 A. {L.U.y 1925.) 

[Ans. 0-028 gm. -cm., 0-063 gm.-cm.] 

5. An alternating current voltmeter with a maximum scale reading of 

50 V. has a resistance of 500 O. and an inductance of 0-09 H. The magneti-zing 
coil is wound with 50 O. of copper wire and the remainder of the cirtiuit is a 
series non-inductive resistance. What additional apparatus is needed to 
make this instrument read correctly both on direct current and altemating- 
currenlt circuits of 50 frequency ? (L.U., 1924.) 

[Ans. A condenser of capacity 0-185/iF. connoctod in parallel with the 
soiios resistance.] 

6. Obtain an expression for tlie law of the electrostatic voltmeter in terms 

of the strength of tlie control and the late of change of capacity with dcfltrtion. 
Point out the requirements for a uniform scale, and sliow that in order to 
gain the maximum sensitivity for a low reading voltmeter the eloarances 
between the vanes should bo as small as possible, 1924.) 

[Ans. For uniform scale : dOldO = k/Of or C -= k log^ 0, whore G is tho capacity 
corresponding to the deflection 6. Seo nUo j). 391.] 

7. Describe, giving appropriate sketches, tho construction of the shielded- 
pole type of induction ammeter, pointing out tho Advantages and dis- 
advantages of this type over the other alternating-current aminoter.s. Upon 
what general conditions does tlie production of the necessary rotating or 
sliding field depend ? Show how these conditions are satisfied in the 
instrument described. 

(live a vecto# diagram showing the relation between the current and tho 
fluxes. How will the torque exerted on the moving sj^stem vary with tlie 
current and with the frequency ? (L.U., 1924-6.) 

8. Discuss tho causes of inaccuracy, othi r than the power consumed 
within the instrument , in a moving-coil dynamometer type (cloctrodynamic) 
wattmeter. 

Under what conditions are these errors most imjiortHiit, and how can they 
be reduced by careful design ? How' can allowances be made for tho residual 
errors? (Ty.U., 1924.) 

9. A wattmeter is connected up as in the accomyianying diagram to measurqf 
the power supplied to an alternating-current circuit. 

The following readings were taken : A 2 4, V 
— 200, W — 22. The resistance of the pressure circuit 
of the wattmeter is 8,000 O., that of the current coil 
0-46 O., and that of the voltmeter 2,000 O. What are 
the true watts supplie<^ to the load, and what is its 
pow'er factor ? Neglect the inductances of tho 
instruments. [L.ll., 1924.) 

10. State the correction factor for a dynamometer (electro -dynamic) type 
of wattmeter. Give a method of measuring accurately the power in a circuit 
in which the power factor is < 0*1. (C. <f* Q., 1923.) 

11. The foUowdiig data refer to an electro-dynamic wattmeter having “a 
current range of 3 A. and r pressure range of 2,600 V. 

Resistance of pres8ure*coil circuit, 25,000 O. ; inductance of pressure coil 
circuit, 0*532 /iH. ; resistance of fixed coils, 5*5 O. 

Determine the error when this instrument is used on a 100 cycle circuit at 
• power factors of (a) 0*9, and (6) 0*15 flagging), the current being 3 A. 

[Ans. (a) 6-4 X 10“* p>er cent, (b) 8-86 X lO'* per oent.] 



[Ans. 17 W.] 
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12. An electro -dynamic wattmeter has a shunt coil with a resistance of 
760 O. and a series resistance of 2,250 O. A condenser of 1 /bcF. capacity is 
arranged so that it can be shunted across the series resistancA. If two 
readings of the wattmeter are taken, without the condfonser shunt and 

with the condfenser shimt connected, determine a formula by which the 
power factor of the circuit in which the power is being moeisured can be 
found in terms of these readings. Frequency 60 cycles. (L.C7.,» 1922.) 

[Ana, tan 9 ? = 2-12 - 1-956 W^W^] 

13. Describe the construction and give the principles of operation of an 
induction type watt-hoiu* (or energy) meter. I’oini out the arrangnments 
made to obtain accmacy at varying power factors, and discuss the extent 
to which the accuracy is dependent upon constancy of frequency. {L. U., 1925. ) 

14. Describe, with skeiclies, some tj'pe of })ower factor meter for use on 
single-phase circiiits, giving an account of the theory of the instrument. 
Discuss the effects of variations of voltage and frequency on tlie accuracy of 
the readings. {L.U.y 1924-5.) 

15. What precaution.s are necessaiy to secure accuracy in the design of 
three-phase power-factor indicators ? What are the special difficulties that 
occur in making a successful single-phase inslrument ? (L.lJ.y 1917.) 

1(). In what senses is the term “ power factor ” used in connection with a 
three-phase unbalanced supply system ? What is the correct definition 
under these circumstances ? Describe an instrument for measuring the 
power factor of such a system, giving a diagram of connections and pointing 
out wherein the instrimient satisfies, or fails to satisfy, the theoretically 
correct conditions. 1924.) 

17. Describe, with sketches and diagrams, the consiructioi^of a good form 
of oscillograph for delineating the wave shape of an alternating current, and 
state what precautions must be taken in the design of the instrument if an 
accurate record of the wave shape is to be obtainecl. (L.f/., 1924.) 

18. Describe, with sketclies, the construction of a modem vibration 
galvanometer. What are its advantages and disadvantages for uses in 
alternating-current bridge measurements compared with a telephone receiver. 
Explain the effect of damping on the sensitivity of the galvanometer. 
(L.r., 1924.) 

19. Describe two methods, not involving the uses of a wattmeter, for 

measuring the power expended in an alternating-current circuit. What 
special precautions must be taken when using those methods if an accurate 
result is to be obtained ? Prove any formula used. (i^. 1924.) 

20. Prove tlie law of the quadrant electrometer for both steady and alter- 
nating voltages, and show how tliis instrument may' be used to measure the 
inductance of an ammeter shunt or other low’’ resistance of the order of 
0-001 O. {LJJ„ 1925.) 

21. When using an electrostatic wattmeter to measure the dielectric loss 
in a leaky condenser at high voltage, the follo'wing readings were obtained : 
Voltage applied to the condenser, 30,000 V. ; voltage between the moving 
vanes of the wattmeter and the earthed end of the high voltage supply, 260 V.; 
voltage across the 130 O. resistance connected between the quadrants, 26‘8 V.; 
deflection of the wattmeter (scale divisions), - 37 ; constant of the wattmeter, 
3-62. 

A step-up transformer was used to supply the 30,000 V. and the vanes of 
the wattmeter were connected to a tapping brought out from the secondary ^ 
’winding of this transformer near the earth^ end. 
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Cedculate the power faetor and the dielectric loss of the condenser at 
30,000 V. • 

Prove fifhy formula* used, and indicate the circumstances under which the 
wattmeter deflection is likely to he negative. 1924.) 

[Ans P = 205*6 W^. : cos g? = 0*0332. J 

Note. The deflection will be negative if the term in equation (221) representing the power 
loss in the series resistance R is greater than the power being measured. 

22. Explain how an alternating pressure can bo compared with a con- 

tinuous pressure, and hence how an alternating-current voltmeter can 
ultimr^ely be referred to the datum of the voltage of a standard cell. 
Describe clearly the steps and tlie kind of instruments necessary. [C. C/., 

1924.) 

23. Why is it necessary when using an alternating-current potentiometer 
to maintain a source of supply of unvarying frequency ? Describe tht 
instrument and its accessories, and compare tlie accuracy possible with it 
and with a direct-current potentiometer. {L.lJ.y 1924.) 

24. Describe the wattmeter method of deterinininc: the iron losses in a 
sample of transformer stampings. Show liow the co])per loss in the mag- 
netizing winding may bo excluded from the wattmeter reading. Explain 
how the hysteresis and eddy-current losses may bo separately determined 
from the test results. (L.U.y 1925.) 

25. In a simple inductance bridge (shown in tlie 
accompanying diagram) intended for the measurement 
of inductance at telephone frequencies, trouble is 
frequently experienced owing to the residual reactance 
of the resistances. Showvihat if in the arms ffi, 7/^, 
the ratio of rAistanco to residual reactance is the 
same for each, no error is introduced. {L.U.y 1924.) 

26. An alternating-current bridge is arranged ns follows: The arms AJi 
and BC consist of non-inductive resistances of 100 O., the arms BK and C7> 
of non-inductive variable resistances, the arm KC of a condenser of ea})aeity 
1 fiF.y the arm DA of an inductive resistance. The altcrnatmg-curreut source 
is comiected to A and C and the telephones to E and D. A balance is obtained 
when the resistance of the arm CD is 50 O., and tlio arm BE 2,500 O. 

Calculate the resistance and inductance of the arm DA. 

If there are harmonics in the wave-form of the source of alternating current" 
what will be the effect ? {L.U., 192.5.) 

{Ans. fj = 0*255 H.. R = 60 O.J 

27. Explain, with a diagram of connections, an electrical method of 
measuring the frequency of an alternating current in terms of the capacity of 
a condenser and the mutual inductance between two circuits, using a telephone 
or vibration galvanometer as an indicator. Wliat precautions must bo taken 
if thi5 method is to be accurate for telephonic frequencies ? {L.U., 1924.) 


IX.— TRANSFORMERS AND MISCELLANEOUS 
(CHAPTERS XIV AND XVI.) 

1. Describe a method of determining experimentally the ratio and phase 
angle of an instrument potential transformer. Explain the principle of the 
method. 

Assuming a non-inductive load, discuss the variation of ratio and phase 
angle with variation of voltage and frequency. {L. U,, 1925.) 

2. Develop a simple expression for the pressure-drop in a transformer. 
If the copper loss in a transformer is 1 pev cent of the full load output at unity 

84a-*-(6245) 
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power factor, and the inductive pressure is 3 per cent of the normcd pressure, 
find the regulation at full-load when the power factor is 0*8. (O.’ dh O., 1923.) 

[Ans. (i) Pressure drop ^ J{R cos 93 + X sin 99), where R aryl X are equivalent 
resistance and reactance, respectively, of the transformer, and cos <p 
is thij power factor of the load (11) 2-6 per cent.] 

3. Explain what is meant by (a) equivalent resistance, (6) leakage reactance 

of a transformer. Calculate these values from the following test figures 
obtained on the primary side of a stop-down transformer, the secondary being 
short-circuited. Applied P.D. 40 V., current 60 A., power input 800 W. 
(C. d! G., 1925.) . ^ 

[Ana. Equiv’^alent resistance (referred to primal y) 0-222 O, Equivalent 
reactance (refeired to pi unary) = 0-63 () J 

4. A 50-cycle single -])haso transformer lias a ratio of transformation of 
5 to 1 and a full -load s(‘condary current of 200 A. The resistance and 
reactance of the primary are 0-8 O. and 2-5 O. respectively, and the corre- 
sponding values for the seeondary are 0*04 O. and 0-1 O. If the low-voltage 
winding is short-circuited, what voltage must be applied to the other winding 
so that full-load current may be obtained in the former ? Neglect the 
no-load current. (L. 1923.) 

[Ans. 212 V.] 

5. A coil of inductance 20 mH. and resistance 2- 2*0. has applied to it an 
alternating PIM.P. of 50 frequency. Near the coil there is an eddy-current 
path of indvictanco 0-5 //H. and resistance 50 fiO. The mutual inductance 
between this path and tlie coil is 10 juH. 

Find the percentage change in the equivalent resistance and inductance of 
the coil caused by the eddy currents. {L.U., 1924.) 

[Ans. Per cent increase in equivalent resistance = 0-8.3 ; prf cent decrease in 
equivalent indue taneo 0-91. 

Hint. The solution Is obtained from the equal ions connecting (1) the primary and secondary 
currents, (11) the E.M.Fs. in the primary circuit. Thus — 

(I) /g ~ Ilf 

(II) A’- jcoM 

where the subscripts 1, 2, refer to the primary (coil) and secondary (eddy-current path) 
circuits respectively, and M is the mutual inductance between them. 

0. A condenser of 10 //F. capacity charged to 20,000 V. is suddenly dis- 
chorged through an inductance of 0*001 H. Find the maximum current and 
the frequency of the resultant oscillation. {L.TJ.y 1924.) 

[AnSf - 2000 A.,/ = 1592. Note i = Ey/{CIL) sin (</V(^C'))*] 
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, induction, 382 

Amplitude factor, 13 
Anderson bridge, 490 

Brake, eddy ciyrent, 409‘ 

Bridge measurements, 489 
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Capacitive circuit, current in, 6H, 302 

, transient conditions, 510 

Capacity, definition of, 54 

, unit of, 55 

of spherical conductor, 50 

, parcel plate condenser, 58 

, concentric cylindric condenser, 

59 

, parallel cylindric condenser, 01 

, measurement of, 470, 490 

Cathode ray oscillograph, 454 
Circle diagram. See Load Diagram, 
164 * • 

= , construction for centre of, 

168 

Complex algebra (symbolic notation), 
23 
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’ forms, 26 
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28 
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sion, 31 

wave, equation to, 294 

, shape of, ^295, 297 I 
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Concentric cable, capacity of, 61 
Condenser, definition of, 56 

- — , practical forms of, 57 

— , calculation of capacity, 67 
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- — -, coniinercial forms of, 64 
Condensers in electric lighting, 88 
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Conductance, 101 
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cuit, 156, 164 
Current transformer, 459 
, theory of, 464 

- - - - , data of, 466 

, correction factor, 469 

Cycle, definition of, 1 
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Dit'lectnc constant, 63 
Delta-connected load, 193 

, calculation of, 237 

^ conversion to star con- 
nection, 197 
Delta connection, 192 

, circulating current in, 315 

Determinants, 285 
Double -delta connection, 217 
Drysdale potentiometer, 485 
Duddell oscillogi’apli, 444 

Eddy currents, 331, 338, 347 
Efficiency of transmission line, 133, 
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of series-parallel circuit, 147 

Electric field, stored energy, 64 
Electric lighting, use of condensers 
in, 88 

Electrodynamic ammeter, 375, .“81 

voltmeter, 380 

wattmeter, 394 

power factor meter, 417 

calibration, 423 

synchroscope, 432 

frequency meter, 438 

Electrostatic method of power mea- 
surement, 475 
multiplier, 392 
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Electrostatic oscillograph, 451 

voltmeter, 388 

E.M.F. and current, non -sinusoidal, 
290 

(induced) wo-ve form, 334 

and current in series circuits — 

Non-inductive, 43 
Purely inductive, 44 
Inductive with resistance, 45 
Purely capacitive, 67 
Capacitive, with resistance, 68 
Capacitive and inductive, 69 
F]p8tein square, 480 
Equivalent series-parallel circuit, 156 

resistance, 468 

star and delta circuits, 197 

Exciting current, 335 

Fictitious load, testing with, 477, 
494 

Flux distribution in core plates, 343 

wave form, 332, 334 

Form factor, 12 

of sine curve, 13 

Fourier series, 317 
Four-phase system, 228 

methods of supplying from 

two-pliase system, 230 

, measurement of power in, 

231 

Frequency, definition of, 1 

, measurement of, 435, 492 

meter, mechanical resonance, 

435 

, electrodynamic, 438 

, induction, 440 

, moving iron, 439, 441 

Furnace (smelting) characteristics, 
87 


Galvanometer, 442 
Gall potentiometer, 486 
Generator voltage, determination of, 
255 

Graphic calculation of load currents, 
236, 263, 269 

of equivalent impedance, 

243 

of neutral point potential, 

250, 264 

of generator voltage, 266 

of load voltage, 259, 261 

of current in neutred wire, 

266 

Harmonic analysis, 317 


Harmonic analysis, . Runge and 
Thompson method4322 
Harmonics, effect of, 289,( et aeq. 

, determination of, 306 

Hot wire instruments, 366 
Hysteresis, 335, 337, 347 


Impedances in series, 82 

in parallel, 98 

, measurement of, 489 • 

bridge, 489 

Impedance triangle, inductive cir- 
cuit, 49 

- — — , capacitive circuit, 69 

— , inductive -capacitive cir- 
cuit, 71 

Inductance, 35 

, coefficient of self, 36 

, - - of mutual, 39 

— — , practical unit of, 37 
, calculation of, 37 

• of transtriission line, 38 

-, effect of wave distortion, 307 

, measurement of, 470, 490 

, relation between self and 

mutual, 41 

Induction frequency meter, 440 

• ammeter, 382 « 

voltmeter, 384 

wattmeter, 401 

— - watt-hour meter, 408 
Inductive circuit, current in, 44, 300 

, transient conditions, 606 

Instrument transformers, 459 
Instruments, watt-hour meter, 408 

, watt -meter, 394 

, classification, 363 

, sag magnifying device, 356 

, electro -thermic, 356 

, moving iron, 363, 368 

■ , series resistance, 367, 401 

, compensation for frequency 

error, 373, 387 

, electro-dynamic, 376, 394 

, induction, 382, 401 

, electrostatic, 388 

Inversion, 99 

of admittance diagram, 116 

Iron loss, 349 

— -, measurement of, 480 

, separation of, 484 


Joint impedance, series,' 82 

, parallel, 98 

admittance, 99 
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Kibchoff’s laws, 272 

Lao, 8, 18* 

Lead, 8, 16 

Lamination of cores, 338 

Load diagram, parallel circuit, 128 

, series circuit, 130 

, parallel circuit, 141 

, construction of from test 

data, 138, 154, 167 

equivalent general circuit, 

163 

, application of, 155 

Magnetic circuit, calculations of, 349 
Magnetization of iron, 331 
Magnetizing currents wave form, 333 
Mesh connection, 181 
Moving-iron ammeter, 363 

power-factor motor, 424 

synchroscope, 431 

frequency meter, 439, 441 

voltmeter, 367 

Multiplier, electrostatic, 392 
Mutual induction, 39 

, calculation of, 40 

Mutually inductive circuity 41 
s 

Neotbal point, 179 

, potential of, 245 

' of, variation of, 249 

, floating, 253 

^ P.D. between generator 

and load, 247 

wire, 192, 205, 224 

Nine-phase system, 221 

, supply from tliree -phase 

system, 222 

No load and short circuit diagram, 
129, 143, 162 

Non-inductive circuit, current in, 43, 
299 

Open delta (V) connection, 199 
Oscillograph, 444 

Paballel circuits— 

Calculation of, 98, 117, 128 
Resonance in, 102 
Joint impedemee of at resonance 
frequency, 106 
Power factor control of, 108 
Locus diagrams for, 113 
Graphic determination of joint 
a impedance, 114 


Period, definition of, 1 
Phase, 6, 173 

angle of transformer, 602 

difference, 7 

splitting, 127* 

rotation, determination of, 496 

, effect of, 236 

sequence, determination of, 496 

• — — indicator, 497 

lamps, 602 

Polar, 149 

- - - co-ordinates, 14 

, application to non -sinusoidal 

quantities, 15 

Polarity of transformers, 463 
Polyphase alternator, 172 

— systems, 172 
wattmeter, 406 

watt -hour meter, 413, 415 

— , adjustments, 414 

systems (con/d.), application of, 

189 

^ commercial, 190 

, K.M.Fs., 174 

■ — - -, power in, 175 

, balanced, 175 

, conventional representa- 
tion of, 173 

, m ter connection of, 179 

-, comparative weight of 

conductors, 189 

, advantages of, 189 

Potential, electrostatic, 54 

— transformer, 460 

, theory of, 466 

-, correction factor, 469 

Potentiometer, 484 
Predetermination of performance o^ 

transmission line, 139 

of general circuit, 169 

Power apparent, 79 

component, 79 

factor, calculation of, 80 

correction. 111 

, definition of, 79 

meter, single phase, 417, 

429 

^ , three-phase, 420, 426 

— , scale shape, 422 

; , calibration, 423, 493 

, moving iron, 424 

, two-phase, 429 

, non -sinusoidal E.M.Fs. 

and currents, 311 

^aphical representation, 72 

in polyphase system, 176 

in three-phase system, 199 
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Powef, in three-phase systenr, 
measurement of, 201 

, two wattmeter 

method, 202 

in six -phas0> system, 220 

in two-phase system, 228 

in four-phase system, 2S2 

instantaneous, 72, 77 

, mean, 78 

measurement by three volt- 
meters, 474 

ammeters, 475 

by electrometer, 475 

in three-phase circuit, 479 

in high voltage circuits, 

473 

of, 79 

, non -sinusoidal E.M.Fs. and 

currents, 310, 316 
reaetive, 79, 147, 208 


Ratio of transformer, 502 

measurement of, 465, 467 

Resonai^e, 304 

, series circuit, 93 

frequency, 95, 102 

— — in practice, 97 

, dangers of, 102 

Root-mean-square value, 10 

of sine curve, 10 

, importance of, 12 

of non-sinusoidal curve, 16 

, vector representation of, 

21 

of complex wave, 306 

Rotating magnetic fields, 176 

ScolT connection, 225 
Semi-polar, 149 
Series circuits — 

Calculation of, 81, 116, 130 
Maximum power in, 86, 133 
Current limiting properties, 87 
Resonance in, 93 
Resonance frequency of, 95 
Special cases, 117 

Series-condenser system of electric 
lighting, 88 

Series-par^lel circuit, calculation of, 
120 

, loeui diagram, 141 

, equivalent circuit, 156 

Series resistance for voltmeter, 367 

for wattmeter, 401 

Shielded-pole electromagnet, 384, 
405 


Shielding (magnetic), 376 

(electrostatic), 389, 390 

Sine curve, polar representation of, 15 

, properties of, 9 

, arithmetic value of, 9 

, R.M.S. value of, 10 

Six-phase system, 210 • 

, supply from three-phase 

system, 212 

, meewfurement of power in, 

220 • 

Skin effect, 42 

Specific inductive capacity, 63 
Star-connected load, 192 

, conversion to delta con- 

nectidn, 197, 241 

, calculation of, 244, 253 

Star connection, 180 
Susceptance, 101 

Symbolic expressions for E.M.Fs. in 
two-phase system, 234 

in three-phase ^ys- 

* tern, 235 

Synchroscope, moving iron, 431 

, electrodynamic, 432 

, theory of action, 433 

Third harmonic, 297, 315 
Three ammeter method of power 
measurement, 475 
Three-phase system, 173, 190 

— — ^ calculation of currents in, 

266, 275 

, E.M.Fs., 235 

, incorrect connections, 195 

, measurement of power in, 

199, 201 

, mesh (delta) connection, 

192 

, non-sinusoidal E.M.Fs., 

312 

, reactive power, 208 

, star connection, 190 

, with neutral wire, 192 

supplj to six-phase load, 212 

to nine-phase load, <222 

to twelve-phase load, 223 

to two-phaae load, 225 

Torque, moving-iron instrument, 370 

, eleotrodynamic instrument, 377 

, induction instrument, 385 

, electrostatic instrument, 391 

Transient conditions, 506 
Transformer connections, 462 

correction factors, 469 

, elementary theory of, 50 

instrument, 459 # 
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Transmission line, capacity of, 61 

, inductance of, 38 

^}>erformance of, 139 

Three-voltmeter# method of power 
measurement, 474 

Three-wattmeter method of measur- 
ing power, 201, 232 
Tuned circuit, 94 
Twelve-phase system, 221 

-, supply from three-phase 

. system, 223 
Two -phase system, 17^ 

, calculation of current in, 

260, 272 

compared with three- 

phase system, 225 

, intorcomiected, 224 

— , measurement of power in, 

228 

- - - — , sui)ply from three-phase 

system, 225 

Two-wattmeter method of measuring 
power, 202, 205, 220, 228, 232 

Variometer, 42 
V connection, 199 

Vector diagram for R-L series circuit, 
48, 85, 90 

for R-C series t'lrcuh , 69, 

85, 90 

for general series circuit, 

70, 91 

for parallel circuit, 98, 

108, 113 

, polar, 17 

, crank, 18 

, nomenclature, 17 

quantities, representation of, 

17, 23 

, addition of, 19 


Vector, quantities, subtraction^ of, 20 
, complex algebraic repre- 
sentation, 23 

, conventional representa- 
tion, 307 

Vibration galvanometer, 442 

'■* — , tuning of, 443 

Voltmeters — 

Hot wire, 360 
Moving iron, 367 
Series resistance, 367 
Compensation for frequency error, 
373, 387 
Induction, 384- 
Electrostatic, 388 
Voltage regulation, 134 

Wagner earthing device, 490 
Watt-hour meter, 408 

, adjustment of, 410 

accuracy, 412 

- - — , testing. 493 

method of determining phase 

sequence, 501 
Wattless component, 79 
Wattmeter, correction for losses in, 
399 

, electro-dynamic, 394 

— — , inductance of, 400 
— , induction, theory of, 408 

method of determining pliase 
sequence, 498 
, polyphase, 406 

- - -, standard, 396 

, theory of, 397 

Wheatstone Bridge Network, 122 
Wave distortion, effect on meajsure- 

monts of L and Cy 307 ^ 

Zigzag connection, 197 


PRINTED IN GREAT BRITAIN AT THE PITMAN PRESS, BATH 

• B9— (5245) 




AN ABRIDGED LIST OB 

TECHNICAL BOOKS 

PUBLISHED BY 

Sir Isaac Pitman & Sons, Ltd. 

Parker Street, Kings way, London, W.C.2 

The prices given apply only to Great Britain 


A complete Catalogue giving full details of the following books 
will be sent post free on application 


CONTENTS 


PAGE 

Aeronautics , . 9 

Art and Craft Work. . 2 

Artistic Craft Series . 2 

Astronomy. . , 10 

Civil Engineering, Build- 
ing, ETC . , 7 

Common Commodities and 

Industries Series . . 20-^ 

Constructional Engineer- 
ing . . ^ . . . 6 

Draughtsmanship . 4 

Electrical Engineering, 

Etc. . . . .11,14 

Illuminating Engineering, 10 

^ Marine Enginbbrimg . , 9 

Bo— 9 


PAGE 

Majhematics and Caicu- 

LATIONS FOR ENGINEERS . iS, 1^ 

Mechanical Engineering . 8 

Metallurgy and Metal 

Work .... 5 

Mineralogy and Mining . 5,6 

Miscellaneous Technical < 
Books .... 17 

Motor Engineering . . 10, 11 

Optics and Photography . 9 

Physics, Chemistry, etc . 4,5 

Technical Primers . . 17-20 

Telegraphy, Telephony, 

AND Wireless. . . 14,15 

Textile Manufacture, etc. 3 



2 


THE ARTISTIC CRAFT SERIES 


ALL PRICES ARE NET ^ 

THE ARTISTIC CRAFT SERIES , ^ 

Bookbinding aK.d the Care of Books. By Douglas CockerelK 

Fourth Edition 10 6 

Dress Design. By Talbot Hughes . • . 12 6 

Embroidery and Tapestry Weaving. By Mrs. A. H. Christie. 

Fourth Edition . . . . . . . 10 6 

Hand-Loom Weaving. By Luther Hooper . . 10 6 

Heraldry. By Sir W. H. St. John Hope, Litt.D., D.C.L. . 12 6 

Silverwork and Jewellery. By H. Wilson. Second Edition 8 6 
Stained Glass Work. By C. W. Whall . . . . 10 6 

Wood-Block Printing. By F. Morley Fletcher . . .86 

Woodcarving Design and Workmanship. By George Jack. 8 6 
Writing and Illuminating and Lettering. By Edward 

Johnston. Fifteenth Edition . . . . . .86 

ART AND CRAFT WORK, ETC. 

Block-Cutting and Print -Making by Hand^ By Margaret 

Dobson, A.R.E. . . . 12 6 

Cabinet -Making, The Art and Craft of. By D. Denning . 7 6 

Cellulose Lacquers. By S. Smith, O.B.E., Ph.D. . .76 

Handrailing for Geometrical Staircases. By W. A. Scott. 2 6 

Lacquer Work. By G. Koizumi 15 0 

Leather Craft, Artistic. By Herbert Turner . . .50 

Leather Work: Stamped, Moulded, Cut, Cuir-Bouillt, 

Sewn, etc. By Charles G. Leland. Third Edition . .50 

Lettering, Decorative Writing and Arrangement of. By 

Prof. A. Erdmann and A. A. Braun. Second Edition. 10 6 

Lettering and Design, Examples of. By J. Littlejohns, R.B.A 4 0 
Lettering, Plain and Ornamental. By Edwin G. Fooks . 3 6 

Manual Instruction : Woodwork. By S. Barter. . .76 

Manuscript and Inscription Letters. By Edward Johnston. 7 6 
Manuscript Writing and Lettering. By an Educational 

Expert ......... 6 0 

Metal Work. By Charles G. Leland. Second Edition. . 5 0 

Needlework in Religion. By Mrs. Antrobus and Miss Preece 21 0 
Ornamental Homecrafts. By Idalia B. Littlejohns . . 10 6 

Plywood and Glue, Manufacture and Usf of. By B. C. 

Boulton, B.Sc. . . . . .76 

Pottery, Handcraft. By H. and D. Wren. . .12 6 

Stained Glass, The Art and Craft of. By E. W. Twining . 42 0 

Stencil-Craft. By Henry Cadness, F.S.A.M. . , . 10 6 

Weaving for Beginners. By Luther Hooper .50 

Weaving with Small Appliances — 

The Weaving Board. By Luther Hooper .76 

Table Loom Weaving. By Luther Hooper .76 

Tablet Weaving. By Luther Hooper . . .76 

Wood Carving. By Charles G. Leland. Fifth Edition . .76 

Woodcarving, Handicraft of. By James Jackson . 4 0( 



TEXTILE MANUFACTURE 


3 


TEXTILE MANUFACTURE, ETC. 

Artificial Silk and Its Manufacture. By Joseph Foltzer. 
Translated into English by T. Woodhouse. Fourth 

Edition 

Artificial Silk. By Dr. V. Hottenroth. Translated from the 
Ge|pan by Dr. E. Fyleman, B.Sc. ..... 

Artificial Silk. By Dr. O. Faust 

Artificial Silk or Rayon, Its Manufacture and Uses. 

By T. Woodhouse, F.T.I. Second Edition 
Bleaching, Dyeing, Printing, and Finishing for the Man- 
chester Trade. By J. W. McMyn, F.C.S., and J. W. 
Bardsley ......... 

Colour in Woven Design. By Roberts Beaumont, M.Sc., 
M.I.Mech.E. Second Edition, Revised and Enlarged. 
Cotton Spinner's Pocket ^ok. The. By James F. 

Innes . . . . . . * . 

Cotton Spinning Course, A First Year. By H. A. J. Duncan, 

A.T.I. 

Cotton World, The. Compiled and Edited by J. A. Todd, 

M.A., B.L 

Dress, Blouse, and Costume Cloths. Design and Fabric 
Manufacture. By Roberts Beaumont, M.Sc., M.I.Mech.E., 

and Walte/G. Hill 

Flax and Jute, Spinning, Weaving, and Finishing of. By 
T. Woodhouse, F.T.I. ....... 

Flax Culture and Preparation. By F. Bradbury. Second 
Edition 

Furs and Furriery. By Cyril J. Rosenberg 
Hosiery Manufacture. By W. Davis, M.A. 

Men's Clothing, Organization, Management, and Tech- 
nology IN the Manufacture of. By M. E. Popkin. 

( In the Press.) 

Pattern Construction, The Science of. For Garment 

Makers. By B. W. Poole 

Textile Calculations. By J. H. Whitwam, B.Sc. 

(Lond.) 

Textile Educator, Pitman's. Edited by L. J. Mills, Fellow of 
th& Textile Institute. In three volumes .... 
Textiles, Introduction to. By A. E. Lewis, A.M.C.T. 
Towels and Towelling, the Design and Manufacture of. 

By T. Woodhouse, F.T.I., and A. Brand, A.T.I. . 

Union Textile Fabrication. By Roberts Beaumont, M.Sc., 

M.I.Mech.E 

Weaving and Manufacturing, Handbook of. By H. 
Greenwood, A.T.I.. ....... 

Woollen Yarn Production. By T. Lawson 
Wool Substitutes. By Roberts Beaumont 
» Yarns and Fabrics, The Testing of. By H. P. Curtis. 


s. d, 

21 0 

30 0 
10 6 

7 6 

6 0 
21 0 
3 6 
5 0 
5 0 

42 0 

10 6 

10 6 
30 0 
7 6 

( 

45 0 

25 0 

63 0 
3 6 

12 6 

21 0 

5 0 
3 6 
10 6 
5 0 



DRAUGHTSMANSHIP 


4 


DRAUGHTSMANSHIP * , ^ 

Blue Printing and Modern Plan Copying. By B. J. Hall. 

M.I.Mech.E 6 0 

Blue Print Reading. By J. Brahdy, B.Sc.. C.E. . » . 10 6 

Drawing and Designing. By Charles G. Leland, M.A. Fourth 

Edition ......... 3 6 

Drawing Office Practice. By H. Pilkington Ward, M.Sc., 

A. M.Inst.C.E c 7 6 

Engineer Draughtsmen’s Work. By A Practical Draughts- 
man .......... 2 6 

Engineering Hand Sketching and Scale Drawing. By Thos. 

Jackson, M.I.Mech.E., and Percy Bentley, A.M.I.Mech.E. . 3 0 

Engineering Workshop Drawing. By A. C. Parkinson, B.Sc. 4 0 

Machine Design, Examples in. By G. W. Bird, B.Sc. . .60 

Machine Drawing, A Preparatory Course to. By P. W. 

Scott 2 0 

Manual Instruction : Drawing. By S. Barter . . .40 

Plan Copying in Black Lines. By B. J. HaH^ M.I.Mech.E.. 2 6 

PHYSICS, CHEMISTRY, ETC, 

Biology, Introduction to Practical. By N. Walker. . 5 0 

Botany, Test Papers in. By E. Drabble, D.Sc. . . .20 

Chemical Engineering, An Introduction to. By A. F. Allen, 

B. Sc. (Hons.), F.C.S., LL.B \ . 10 6 

Chemistry, A First Book of. By A. Coullhard, B.Sc. (Hons.), 

Ph.D., F.I.C 3 0 

Chemistry, Definitions and Formulae for Students. By 

W. G. Carey, F.I.C - 6 

Chemistry, Test Papers in. By E. J. Holmyard, M.A.. 2 0 

With Points Essential to Answers . , . . .30 

Chemistry, Higher Test Papers in. By the same Author. 

1. Inorganic. 2. Organic. ..... Each 3 0 
Dispensing for Pharmaceutical Studenis. By F. J. Dyer 

and J. W. Cooper. Second Edition . . . .76 

Electricity and Magnetism, First Book of. By W. Perren 

Maycock, M.I.E.E. Fourth Edition. . . . ,60 

Magnetism and Electricity, Higher Test Papers in. By 

P. J. Lancelot Smith, M.A. . . ... .30 

Magnetism and Electricity, Questions and Solutions in. . 

Solutions by W. J. White, M.I.E.E. . . . , .50 

Engineering Principles, Elementary. By G. E. Hall, B.Sc. 2 6 

Engineering Science, A Primer of. By Ewart S. Andrews, 

B.Sc. (Eng.). Complete Edition . . . . .36 

Part I. First Steps in Applied Mechanics . . .26 

Pharmacy, A Course of Practical. By J. W. Cooper, Ph.D., 
and F. N. Appleyard, B.Sc., F.I.C., Ph.C. (In the Press) 
Physical Science, Primary. By W. R. Bower, B.Sc. . * 5 0 

Physics, Experimental. By A. Cowling. With Arithmetical 
Answers to the Problems 
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* Physics, Chemistry, etc. — contd. , ^ 

Physics, Test Papers in. By P. J. Lancelot-Smith, M.A. . 2 0 

Points Essential to Answers, 4s. In one book • . .56 

Volumetric Analysis. By J. B. Coppock, B.Sc. (Lond.), F.I.C., 

F.C.S. Second Edition . . . . . . .36 

Volumetric Work, A Course of. By E. Clark, B.Sc. . .46 

METALLURGY AND METAL WORK 

Aircraft and Automobile Materials — Non-Ferrous and 

Organic. By A. W. Judge, Wh.Sc., A.R.C.S. . . . 25 0 

Ball and Roller Bearings, Handbook of. By A. W. 

Macaulay, A.M.I.Mech.E. . . . . .76 

Engineering Materials. Volume I. By A. W. Judge, Wh.Sc., 
A.R.C.S. . . . . . . (In the Press) 

Engineering Workshop Exercises. By Ernest Pull, 

A.M.I.Mech.E., M.I.Mar.E. Second Edition, Revised. . 3 6 

Files and Filing. By Ch. Fremont. Translated into English 

under the supervision of George Taylor . . . . 21 0 

Fitting, The Principles of. By J. Homer, A.M.I.M.E. Fifth 

Edition, Revised and Enlarged . . . .76 

Ironfounding, Practical. By J. Horner, A.M.I.M.E. Fourth 

Edition . , . . . . . . . 10 0 

Iron Rolls, The Mant^acture of Chilled. By A. Allison . 8 6 

Metal Turning. By J. Horner, A.M.I.M.E. Fourth Edition, 

Revised and Enlarged . . . . . . .60 

Metal Work, Practical Sheet and Plate. By E. A. Atkins, 

A.M.I.M.E. Third Edition, Revised and Enlarged . .76 

Metallurgy of Cast Iron. By J. E. Hurst . . . 15 0 

Pattern Making, The Principles of. By J. Homer, 

A.M.I.M.E. Fifth Edition 4 0 

Pipe and Tube Bending and Jointing. By S. P. Marks, 

M.S.I.A 6 0 

Pyrometers. By E. Grifl&ths, D.Sc. . . . . .76 

Steel Works Analysis. By J. O. Arnold, F.R.S., and F. 

Ibbotson. Fourth Edition, thoroughly revised . . . 12 6 

Turret Lathe Tools, How to Lay Out. Second Edition . 6 0 

Welding, Electric. By L. B. Wilson. . . . .50 

Welding, Electric Arc and Oxy- Acetylene. By E. A. 

Atkins, A.M.I.M.Ef . . . . . .76 

WoRifSHOP Gauges and Measuring Appliances. By L. Bum, 

A.M.I.Mech.E., A.M.I.E.E 5 0 

MINERALOGY AND MINING 

Blasting With High Explosives. By W. Gerard Boulton . 5 0 

Coal Carbonization. By John Roberts, D.I.C., M.I.Min.E. 

F.G.S 25 0 

Colliery Electrical Engineering. By G. M. Harvey. 

Second Edition ....... 15 0 

• Compressed Air Power. By A. W. Daw and Z. W. Daw 21 0 
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COfJSTRUCTIONAL ENGINEERING 


Mineralogy and Mining — contd. * * s, d. 

Electrical Engineering for Mining Students. By G. M. 

Harvey, M.Srf, B.Eng., A.M.I.E.E 5 0 

Gold Placers, The Dredging of. By J. E. Hodgson, 

F.R.G.S .50 

Electricity Applied to Mining. By H. Cotton, M.B.E., 

M.Sc., A.M.I.E.E 35 0 

Electric Mining Machinery. BySydneyF. Walker, M. I. E.E., « 

M.I.M.E.. A.M.I.C.E., A.Amer.I.E.E 15 0 

Low Temperature Distillation. By S. North and J. B. 

Garbe . . . . . . . . . 15 0 

Mineralogy. By F. H. Hatch, Ph.D., F.G.S. M.I.C.E., 

M.I.M.M. Fifth Edition, Revised . . . . .60 

Mining Certificate Series, Pitman's. Edited by John 
Roberts, D.I.C., M.I.Min.E., F.G.S. , Editor of The Mining 
Educator — 

Mining Law and Mine Management. By Alexander 

Watson, A.R.S.M. . . . . . . .86 

Mine Ventilation and Lighting. By C. D. Mottram, 

B.Sc 8 6 

Colliery Explosions and Recovery Work. By J. W. 

Whitaker, Ph.D. (Eng.), B.Sc., F.I.C., M.I.Min.E.. . 8 6 

Arithmetic and Surveying. By R. M. Evans, B.Sc., 

F.G.S., M.I.Min.E .86 

Mining Machinery. By T. Bryson, A.R.T.C., M.I:Min.E. 12 6 

Winning and Working. By Prof. Ira C. F. Statham, 

B.Eng., F.G.S., M.I.Min.E 21 0 

Mining Educator, The. Edited by J. Roberts, D.I.C., 

M.I.Min.E., F.G.S. In two vols. . . . . . 63 0 

Mining Science, A Junior Course in. By Henry G. Bishop. 2 6 
Modern Practice of Coal Mining Series. Edited by D. 

Bums, M.I.M.E,, and G. L. Kerr, M.I.M.E. 

II. Explosives AND Blasting — ^Transmission of Power 6 0 
IV. Drills and Drilling — Coal Cutting and Coal- 

Cutting Machinery . . . . .60 

Tin Mining. By C. G. Moor, M.A. . . . . .86 

CONSTRUCTIONAL ENGINEERING 

c 

Reinforced Concrete, Detail Design in. By Ewart S. * 
Andrews, B.Sc. (Eng.) . . . . . . .60 

Reinforced Concrete. By W. Noble Twelvetrees, M.I.M.E., 

A.M.I.E.E 21 0 

Reinforced Concrete Members, Simplified Methods of 
Calculating. By W. Noble Twelvetrees. Second Edition, 

Revised and Enlarged . . . . . .50 

Specifications for Building Works. By W. L. Evershed, 

F.S.1 5 0 

Structures, The Theory of. By H. W. Coultas, M.Sc., 

A.M.I.Struct.E., A.I.Mech.E 15 0 ^ 
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CIVIL ENGINEERING, BUILDING, ETC. 

Audel's Masons' and Builders' Guides. In four volumes 

Each 

1. Brickwork, Brick-laying, Bonding, Designs 

2. Brick Foundations, Arches, Tile Setting, Estimating 

3. •Concrete Mixing, Placing Forms, Reinforced 

Stucco 

4. Plastering, Stone Masonry, Steel Construction, 

Blue Prints 

Audel's Plumbers' and Steam Fitters' Guides. Practical 
Handbooks in four volumes ..... Each 

1. Mathematics, Physics, Materials, Tools, Lead- 

work 

2. Water Supply, Drainage, Rough Work, Tests 

3. Pipe Fitting, Heating, Ventilation, Gas, Steam 

4. Sheet Metal Work, Smithing, Brazing, Motors 

" The Builder " Series — 

Architectural Hygiene ; or. Sanitary Science as 
Applied to Buildings. By Banister F. Fletcher, 
F.R.I.B.A., F.S.^., and H. Phillips Fletcher, F.R.I.B.A., 
F.S.I, Fifth Edition, Revised ..... 

Carpentry and Joinery. By Banister F. Fletcher, 
F R.I.B.A., F.S.I., etc., and H. Phillips Fletcher, 

F.R.I.B.A., F.S.I. , etc. Fifth Edition, Revised 
Quantities and Quantity Taking. By W. E. Davis. 
Sixth Edition ........ 

Building, Definitions and Formulae for Students. By T. 

Corkhill, F.B.I.C.C., M.I.Struct.E. (In the Press) 

Building Educator, Pitman's. Edited by R. Greenhalgh, 
A.I.Struct.E. In fhree volumes ..... 

Field Manual of Survey Methods and Operations. By A. 

Lovat Higgins, B.Sc., A.R.C.S., A.M.I.C.E. 

Field Work for Schools. By E. H. Harrison, B.Sc., L.C.P., 
and C. A. Hunter ........ 

Hydraulics. By E. H. Lewitt, B.Sc. (Lond.), M.I.Ae.E., 

A.M.I.M.E. Third Edition 

Joinery & Carpentry. Edited by R. Greenhalgh, A.I.Struct.E. 
In six volumes ....... Each 

Surveying and Surveying Instruments. By G. A. T. 

Middleton, A.R.I.B.A., M.S.A. Third Edition, Revised 
Surveying, Tutorial Land and Mine. By Thomas 
Biyson ......... 

Water Mains, Lay-out of Small. By H. H. Hellins, 

M.Inst.C.E 

Waterworks for Urban and Rural Districts. By H. C. 
Adams, M.In?t.C.E., M I.C.E., F.S.I 


5. d. 
1 6 


7 6 


10 6 

10 6 
6 0 

i 

63 * 0 
21 0 
2 0 
10 6 
6 0 
6 0 
10 6 
7 6 
15 0 
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MECHANICAL ENGINEERING 

c 

Audel's Engineers* and Mechanics’ Guides. In eight 
volumes. Vols. 1-7 ...... Each 

Vol. 8 ' . 

Condensing Plant. By R. J. Kaula, M.I.E.E., and I. V. 
Robinson, M.I.E.E. ....... 

Definitions and Formulae for Students — Applied Me- 
chanics. By E. H. Lewitt, B.Sc., A.M.I.Mech.E.. 
Definitions and Formulae for Students — Heat Engines. 
By A. Rimmer, B.Eng. ....... 

Diesel Engines : Marine, Locomotive, and Stationary. By 
David Louis Jones, Instructor, Diesel Engine Department, 
U.S. Navy Submarine Department ..... 

Engineering Educator, Pitman's. Edited by W. J. 
Kearton, M.Eng., A.M.I.Mech.E., A.M.Inst.N.A. In three 
volumes ......... 

Friction Clutches. By R. Waring-Brown, A.M.I.A-E-, 

F.R.S.A., M.I.P.E *. . . 

Fuel Economy in Steam Plants. By A. Grounds, B.Sc., 

A.I.C.. A.M.I.Min.E 

Fuel Oils and Their Applications. By H. V. Mitchell, 

F.C.S 

Mechanical Engineering Detail Tables. By John P. 

Ross . . . . . . . . , • . 

Mechanical Engineer's Pocket Book, Whittaker's. Third 
Edition, entirely rewritten and edited by W. E. Dommett, 

A. F.Ae.S., A.M.I.A.E 

Mechanics' and Draughtsmen’s Pocket Book. By W. E. 

Dommett, Wh.Ex., A.M.I.A.E. ..... 
Mechanics for Engineering Students. By G. W. Bird, 

B. Sc., A.M.I.Mech.E. ....... 

Mollier Steam Tables and Diagrams, The. Extended to the 

Critical Pressure, English Edition adapted and amplified 
from the Third German Edition by H. Moss, D.Sc., A.R.C.S., 

D.I.C 

Mollier Steam Diagrams. Separately in envelope 
Motive Power Engineering. For Students of Mining and 
Mechanical Engineering. By Henry C. Harris,^B.Sc. . 

Steam Condensing Plant. By John ‘Evans, M.Eng., 

A.M.I.Mech.E 

Steam Plant, The Care and Maintenance of. A Practical 
Manual for Steam Plant Engineers. By J. E. Braham, B.Sc., 

A.C.G.I 

Steam Turbine Theory and Practice. By W. J. Kearton, 
A.M.I.M.E. Second Edition ...... 

Strength of Materials. By F. V. Wamock, Ph.D., B.Sc. 

(Lond.), F.R.C.Sc.I., A.M.I.Mech.E 

Theory of Machines. By Louis Toft, M.Sc.Tech., and A. T. J. 
Kersey, B.Sc. ........ 


5. d. 

7 6 
15 0 

30 0 

•- 6 

- 6 

21 0 

63 0 
5 0 
5 0 
5 0 
7 6 

12 6 
2 6 
5 0 

7 6 
2 0 

10 6 

7 6 

5 0 
15 0 
12 6 


12 6 



AERONAUTICS; ETC. 9 


MechSMcal Engineering — contd. s. d. 

XkERMODYNAMics, Apflied. Bv Biof. W. Robinson. M.E.. 

M,Inst.C.E. ... . . . ^ . ; 18 0 

Turbo^Blowers and Compressors. By W. T. Kearton. 

A.M.1.M.E 21 0 

Workshop Practice. Edited by E. A. Atkins. M.I.Mech.E., 

M.I.W.E. In eight volumes Each 8 0 

AERONAUTICS, ETC. 

Aerobatics. By Major O. Stewart. M.C., A.F.C. . . .50 

Aeronautics, Definitions and Formulae for Students. 

By J. D. Frier, A.R.C.Sc., D.I.C ^6 

Aeronautics. Elementary ; or, The Science and Practice of ^ 
Aerial Machines. By A. P. Thurston, D.Sc. Second Edition 8 6 
Aeroplane Design and Construction, Elementary Prin- 
ciples OF. By A. W. Judge, A.R.C.S., Wh.Ex., A.M.I.A.E. 7 6 
Aeroplane* Structural Design. By T. H. Jones. B.Sc., 

A.M.I.M.E., and J. D. Frier, A.R.C.Sc., D.I.C. . . . 21 0 

Aircraft, Modern. By Major V. W. Pag6, Air Corps Reserve. 

U.S.A. . . . . . . . / . . 21 0 

''Airmen or Noahs”: Fair Play for Our Airmen. By Rear- 

Admiral Murray F.^ueter^ C.B., R.N., M.P. , . . 25 0 

Airship, Th^ Rigid. By E. H. Lewitt, B.Sc., M.I.Ae.E. . . 30 0 

Learning to Fly. By F. A. SwofTer. M.B.E, With a Foreword 

by Air Vice-Marshal Sir Sefton Brancker, K.C.B., A.F.C. . 7 6 

Pilot’s '' A” Licence Compiled by John F. Leeming, Royal 

Aero Club Observer for Pilofs Certificates. Second Edition . 3 6 

MARINE ENGINEERING 

Marine Screw Propellers. Detail Design of. By Douglas ^ 
H. Jack.son, M.I.Mar.E., A.M.I.N.A, , . , .80 

OPTICS AND PHOTOGRAPHY 

Amateur Cinematography. By Capt. O. Wheeler, F.R.P.S. , 6 0 

Applied Optics. Volume I. By L. C. Martin, D.I.C., A.R.C.S. 

• « (In the Press) 

Camera Lenses. By A. W. Lockett . . . * . 2 6 

Cot^UR Photography. By Capt. O. Wheeler, F.R.P.S., . 12 6 

CoM^^ciAt Phcwgraphy. By D. Charles . . . .50 

Press raoTOGRAPHER, The. By Bell R. Bell. . 6 0 

Wore RoR Amateurs. By H, Orford. Fouiih Edition , 3 6 

ilWpToORAPHic Chemicals and Chemistry^ By T. L. J, ^ 

^ . V 3 6 

ProTOGRAmc ]raiNTiNG. By R. R. Hawkins . {I^ iHe Pr^sf)^ ^ 
IPmTOOKAPHY^AS A Busji^sSi By A. G. Wil^ 5 0 

, pHbTodBAPHY j^d ^Actice. E4itsd by G. E. Brown 

iint^Pi^ess) 
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MOTOR ENGINEERING, ETC, 


Optics and Photography — contd. 

Retouching anjo Finishing for Photographers. By J. S. 
Adamson ......... 

Studio Portrait Lighting. By H. Lambert, F.R.P.S. ' 

(In the Press) 

ASTRONOMY 

Astronomy, Pictorial. By G. F. Chambers, F.R.A.S.. 

Astronomy for Everybody. By Professor Simon Newcomb, 
LL.D. With an Introduction by Sir Robert Ball 

Great Astronomers. By Sir Robert Ball, D.Sc., LL.D., F.R.S. 

High Heavens, In the. By Sir Robert Ball 

Rotation of the Earth, Planets, etc.. The Cause of the. 
By Samuel Shields ....... 

Starry Realms, In. By Sir Robert Ball, D.Sc., LL.D., F.R.S. 

ILLUMINATING ENGINEERING 

Modern Illuminants and Illuminating Engineering. By 
Leon Gaster and J. S. Dow. Second Edition, Revised and 
Enlarged ......... 

Electric Lighting in Factories and Workshops. By Leon 
Gaster and J. S. Dow ....... 

Electric Lighting in the Home. By Leon Gaster «. 

MOTOR ENGINEERING 

Automobile and Aircraft Engines. By A. W. Judge, 
A.R.C.S., A.M.I.A.E. ....... 

Carburettor Handbook, The. By E. W. Knott, A.M.I.A.E.. 

Coil Ignition for Motor-cars. By C. Sylvester, A.M.I.E.E., 
A.M.I.Mech.E 

Gas AND Oil Engine Operation. By J. Okill, M.I.A.E.. 

Gas Engine Troubles and Installation, with Trouble 
Chart. By John B. Rathbun, M.E.. 

Gas, Oil, and Petrol Engines. By A. Garrard, Wh.Ex. . 

Magneto and Electric Ignition. By W. Hibbert, A.M.I.E.E. 

Motor Truck and Automobile Motors and Mechanism. By 
T. H. Russell, A.M., M.E., with numerous^ Revisions and 
Extensions by John Rathbun ..... 

Thorn ycro ft. The Book of the. By “ Auriga " 

Motor-Cyclist's Library, The. Each volume in this series 
deals with a particular type of motor-cycle from the point 
of view of the owner-driver ..... Each 

A. J.S., The Book of the. By W, C. Haycraft. Second 
Edition 

Ariel, The Book of the.. By G. S. Davison. Second 
Edition 

B. S A., The Book of the. By ** Waysider." Third 

Edition 


5 . d. 


4 0 


2 6 

5 0 

5 0 
5 0 

10 6 
5 0 


25 0 

- 6 
- 6 


30 0 
10 6 

10 6 

5 0 

2 6 

6 0 
3 6 


2 6 
2 6 


2 0 
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Motor Engineering — contd. s. d. 

Dougla^, The Book of the. By E. W. Knott. Second 
Edition • 

Imperial, Book of the New. By F. J. Camm 
Motor-cycling for Women. By Betty and Nancy 
Debenham. With a Foreword by Major H. R. Watling 
P. AND M., The Book of the. By W. C. Haycraft. 

JlALEiGH Handbook, The. By “ Mentor.'* Second 
Edition 

Royal Enfield, The Book of the. By R. K. Ryder 
Rudge, The Book of the. By L. H. Cade 
Triumph, The Book of the. By E. T. Brown 
Villiers Engine, Book of the. By C. Grange. 

Motorists’ Library, The. Each volume in this series deals 
with a particular make of motor-car from the point of view 
of the owner-driver. The functions of the various parts of 
the car are described in non-technical language, and driving 
repairs, legal aspects, insurance, touring, equipment, etc., all 
receive attention 

Austin Twelve, The Book of ihe. By B. Garbutt and 
R. Twelvetrees. Illustrated by H. M. Bateman. Second 


Edition . . . . . . . . .50 

Singer Junior, Book of the. By G. S. Davison. . 2 6 

Standard Car, Thl Book of the. By " Pioneer ” .60 
Clyno Car, The Book of the. By E. T. Brown . .36 


Moiorist’s Electrical Guide, The. By A. H. Avery, 
A.M.I.E.E. ...... {In the Press) 

ELECTRICAL ENGINEERING, ETC. 

CCUMULATOU CHARGING, MAINTENANCE, AND RePAIR. By 

W. S. Ibbetson 3 6 

Accumulators, Management of. By Sir D. Salomons, Bart. 

Tenth Edition, Revised . . , . . . .76 

Alternating Current Bridge Methods of Electrical 

Measurement. By B. Hague, B.Sc. . . . . 15 0 

Alternating Current Circuit. By Philip Kemp, M.I.EE.. 2 6 

Alternating Current Machinery, Design of. By J. R. 

Barr, A.M.I.E.E.# and R. D. Archibald, B.Sc., A.M.I.C.E., 

A.M.I.E.E 30 0 

Alternating Current Machinery, Papers on the Design 
OF. By C. C. Hawkins, M.A., M.I.E.E., S. P. Smith, D.Sc., 

M.I.E.E., and S. Neville, B.Sc 210 

Alternating Current Power Measurement. By G. F. Tagg 3 6 

Alternating Current Work. By W. Perren Maycock, 

M.I.E.E. Second Edition 10 6 

Alternating Currents, The Theory and Practice of. By 

A. T. Dover, M.I.E.E. Second Edition . . . . 18 0 

Armature Winding, Practical Direct Current. By L. 

WoUison 7 6 
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ELEiCTRIGAL ENGINEERING— contd. 


5. d. 

Cables, High Voltage. By P. Dunsheatb, O.B.E., M.A^ B.ScT, 

M.I.E.E \ . 10 6 

Continuous Current Dynamo Design, Elementary Prin- 
ciples of. By H.M. Hobart, M.I.C.E.,MJ.M.E.,M.A.I.E.E. 10 6 
Continuous Current Motors and Control Apparatus. By 

W. Perren May cock, M.I.E.E., . . . , .76 

Definitions and Formulae for Students — Electrical. By 

P. Kemp, M.Sc., M.I.E.E t - 6 

Direct Current Electrical Engineering, Elements of. 

By H. F. Trewman, M.A., and C. E. Condlifle, B.Sc., . 5 0 

Direct Current Electrical Engineering, Principles of. 
y By James R. Barr, A.M.I.E.E. . . . , . 15 0 

^^iREcr Current Dynamo and Motor Faults. By R.M. Archer 7 6 

Direct Current Machines, Performance and Design of. 

By A. E. Clayton. D.Sc., M.I.E.E 16 0 

v/Dynamo, The: Its Theory, Design, and Manufacture. By 
C. C. Hawldns, M.A., M.I.E.E. In three volumes. Sixth 
Edition — 

Volume I 21 0 

„ II 15 0 

„ III 30 0 

Dynamo, How to Manage the. By A. E. Bottone. Sixth 

Edition, Revised and Enlarged . . . . .20 

Electric Bells a^id All About Them. By S. R. Bpttone. 

Eighth Edition, thoroughly revised by C. Sylvester, 

A.M.I.E.E 3 6 

Electric Circuit Theory and Calculations. By W. Perren 
May cock, M.I.E.E. Third Edition, Revised by Philip Kemp, 


M.Sc., M.I.E.E., A.A.I.E.E 10 6 

Electric Light Fitting, Practical. By F. C. Allsop. Tenth 

Edition, Revised and Enlarged . , . . .76 

Electric Lighting and Power Distribution. By W. Perren 
Maycock, M.I.E.E. Ninth Edition, thoroughly Revised and 
Enlarged 

Vol. 1 10 6 

Vol. II 10 6 

Electric Machines, Theory and Design of. By F. Creedy, 

M.I.E.E., A.C.G.I . . 30 0 

Electric Motors and Control Systems. B 3 (i A. T. Dover, 

M.I.E.E., A.Amer.I.E.E -15 0 

• Electric Motors (Direct Current): Their Theory and 
Construction. By H. M. Hobart, M.I.E.E., M.Inst.C.E., 
M.Amer.I.E.E. Third Edition, thoroughly Revised . . 15 0 

Electric Motors (Polyphase) : Their Theory and Con- ^ 
struction. By H. M. Hobart, M.Inst.C.E., M.I.E.E., 

, M.Amer.I.E.E. Third Edition, thoroughly Revised . . 15 0 

^Electric Motors for Continuous and Alternating Cur- 

/ RENTS, A Small Book ON. By W. Perren Maycock, M.I.E.E. 6 0 

»'-^LECTRtc Traction. By A. T. Dover, M.I.E.E.^ Assoc.AmeT. 

I.E.E. Second Edition • . . . • • • 25 0 
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Electric: Traction and^POwer Distribution, Examples in. 

* (In the Press) 

Electric Wiring Diagrams. By W. Perreii Maycock, 

M.I.E.E 

Electric Wiring, Fittings, Switches, and Lamps. By W. 
Perren Maycock, M.I.E.E. Sixth Edition. Revised by 

Philip Kemp, M.Sc., M J.E.E. 

ELECTjiRic Wiring of Buildings. By F. C. Raphael, M.I.E.E. 

(In the Press) 

V^ectric Wiring Tables. ^By W. Perren Maycock, M.I.E.E., 
and F. C. Raphael, M.I.E.E. Fifth Edition 
Electrical Condensers. By Philip R. Coursey, B.Sc., 

F.Inst.P., A.M.I.E.E 

>JElectrical Educator. By J. A. Fleming, M.A., D.Sc., F.R.b. 
In two volumes . . 

Electrical Engineering, Classified Examples in. By S. 
Gordon Monk, B.Sc. (Eng.), A.M.I.E.E. In two parts — 
Vol. I. Direct Current ...... 

Vol. II. Alternating Current 

Electrical Engineering, Elementary. By O. R. Randall, 

Ph.D„ B.Sc., Wh.Ex 

p^i^LECTRiCAL ENGINEER’S PocKET BooK, Whitiaker's. Origi- 
nated by Kenelm Edgcumbe, M.I.E.E., A.M.I.C.E. Sixth 
Edition. Edited by He E. Neale, B.Sc. (Hons.) . 

Electrical Instruments in Theory and Practice. By 
W. H. F. Murdoch, B.Sc., and U. A. Oschwald, B.A. 
Electrical Instrument Making for Amateurs. By S. R. 
Bottone. Ninth Edition. ...... 

Electrical Insulating Materials. By A. Monkhouse, Juni ., 

M.I.E.E., A.M.I.Mech.E 

Electrical Guides, Hawkins’. Each book in pocket size . 

1. Electricity, Magnetism, Induction, Experimenis, 

Dynamos, Armatures, Windings 

2. Management of Dynamos, Motors, Instruments, 

Testing 

3. Wiring and Distribution Systems, Storage Batteries 

4. Alternating Currents and Alternators 

5. A.C. Motors, 1'Rans formers. Converters, Rectifiers 

6. A.C. Systems^ Circuit Breakers, Measuring Instku- 
' ments 

7. A.C. Wiring, Power Stations, Telephone Work 

8. Telegraph, Wireless, Bells, Lighting 

9. Railways, Motion Pictures, Automobiles, Igni- 

tion 

10. Modern Applications of Electricity. Reference 
Index 

Electrical Machines, Practical Testing of. By L. Oulton, 
A.M.I.E.E., and N. J. Wilson, M.I.E.E. Second Edition . 
Electrical Technology. By H. Cotton, M.B.E., M.Sc., 
AJM.I.E.E. »•••«•«•• 


s, d. 

5 0 
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37 6 
63 0 
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Electrical Engineering — contd. * s. d. 

Electrical Terms, A Dictionary of. By S. R. Roget, M.A., 

A.M.Inst.C.E*, A.M.I.E.E 7 6 

Electrical Transmission and Distribution. Edited by 

R. O. Kapp, B.Sc. In eight volumes. Vols. I to VII, eftch 6 0 

Vol. VIII . . 3 0 

Electro -Motors ; How Made and How Used. By S. R. 
Bottone. Seventh Edition. Revised by C. Sylvester, < 

A.M.I.E.E 4 6 

Electro -Technics, Elements of. By A. P. Young, O.B.E., 

M.I.E.E 5 0 

Engineering Educaior, Pitman's. Edited by W. J. Kearton, 

M.Eng., A.M.I.Mcch.E., A.M.Inst.N.A. In three volumes. 63 0 

Induction Coils. By G. E. Bonney. Fifth Edition, thoroughly 

Revised . . . . . . . .60 

Induction Coil, Theory of the. By E. Taylor- Jones, D.Sc., 

F.Inst.P. . . . . . . . . . 12 6 

Induction Motor, The. By H. Vickers, Ph.D., M.Eng. . 210 

Kinematography Projection: A Guide to. By Colin H. 

Bennett, F.C.S., F.R.P.S 10 6 

Mercury-Arc Rectifiers and Mercury-Vapour Lamps. By 

J. A. Fleming, M.A., D.Sc., F.R.S 6 0 

Oscillographs. By J. T. Irwin, M.I.E.E. . . . .76 

Power Station Efficiency Control. By John #Bruce, 

A.M.I.E.E 12 6 

4^wer Wiring Diagrams. By A. T. Dover, M.I.E.E., A.Amer. 

I.E.E. Second Edition, Revised . . . . .60 

Practical Primary Cells. By A. Mortimer Codd, F.Ph.S. . 5 0 

Railway Electrification. By bl. F Trewman, A.M.I.E.E. 21 0 

^team Turbo -Alternator, The. By L. C. Grant, A.M.I.E.E. 15 0 

Storage Batteries : Theory, Manufacture, Care, and 

Application. By M. Arendt, E.E. . . . . . 18 0 

Storage Battery Practice. By R. Rankin, B.Sc., M.I.E.E.. 7 6 

Transformers for Single and Multiphase Currents. By 
Dr. Gisbert Kapp, M.Inst.C.E., M.I.E.E. Tliird Edition, 

Revised by R, O. Kapp, B.Sc. ... . . . 15 0 

TELEGRAPHY, TELEPHONY, AND WIRELESS 

All Europe “ Three," The. By R. Balbf, A.M.I.E.E., 

A.C.G.I ‘-6 

Automatic Branch Exchanges, Private, By R. T. A. 

Dennison . . . . . . . . . 12 6 

Baud6t Printing Telegraph System. By H. W. Pendry. 

Second Edition . . . . . . . .60 

Cable and Wireless Communications of the World, The. 

By F. J. Brown, C.B., C.B.E., M.A., B.Sc. (Lond.) . .76 

Crystal and One-Valve Circuits, Successful. By J. H. 

Watkins . . . . . . . . .36 

Loud Speakers. By C. M. R. Balbi, with a Foreword by Pro- 
fessor G.W.O. Howe, D.Sc., M.I.E.E., A.M.I.E.E., A.C.G.I. 


3 6 
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Telegraphy, Telephony, and Wireless — contd. s. d. 

Radio Communication, Modern. By J. H. Reyner. Second 

Edition . . . . . . .50 

Telegraphy. By T. E. Herbert, M.I.E.E. Fourth Edition . 18 0 

Telegraphy, Elementary, By H. W. Pcndry. Second 

Edition, Revised . . . . . . . .76 

Telephone Handbook and Guide to the Telephonic 
E:Jchange, Practical. By Joseph Poole, A.M.T.E.E. 
(Wh.Sc.). Seventh Edition . . . 18 0 

Telephony. By T. E. Herbert, M.I.E.E. . . . . 18 0 

Telephony Simplified, Automatic. By C. W. Brown, 

A. M.I.E.E., Engineer-in-Chiefs Department, G.P.O., London 6 0 
Telephony, The Call Indicator System in Automatic. By 
A. G. Freestone, of the Automatic Training School, G.P O , 


London ........ .60 

Telephony, The Director System of Automatic. By W. E. 

Hudson, B Sc. Hons. (London), Whit.Sch., A.C.G.l. . .50 

Photoelectric Cells. By Dr. N. I. Campbell and Dorothy 
Ritchie ...... (In the Pre^b) 

Wireless Manual, The. By Capt. J. Frost. Second Edition * 5 0 

Wireless Telegraphy and Telephony, Introduciion to. 

By Prof. J. A. Fleming . . . . . . .36 

MATHEMATICS AND CALCULATIONS 
FOR ENGINEERS 

Algebra, Common-sense, for Juniors. 15y F. F. Potter, M A., 

B.Sc., and J. W. Rogers, M.Sc. . . .30 

With Answers , . . . .36 

Algebra, Test Papers in. By A. E. Donkin, M.A, .20 

With Answers . . . . .26 

With Answers and Points Essential to Answers . .36 

Alternating Currents, Arithmetic of. By E. II. Crappcr, 

M.I.E.E 4 6 

'n./Calculus for Engineering Students. By John Stoney, 

B.Sc., A.M.I.Min.E 3 6 

Definitions and Formulae for Students — Practical 

Mathematics. By L. Toft, M.Sc, . . . . - 6 

Electrical Engineering, Whittaker’s Arithmetic of. 

Third Edition, R>6 vised and Enlarged . . . .36 

Electrical Measuring Instruments, Commercial. By R. M 

Archer, B.Sc. (Lond.), A.R.C.Sc., M.I.E.E. . . 10 6 

Geometry, Elements of Practical Plane. By P. W. Scott 2 6 
Also in Two Parts ...... Each 1 0 

Geometry, Test Papers in. By W. E. Paterson, M.A., B.Sc. 2 0 

Points Essential to Answers, Is. In one book . .30 

Graphic Statics, Elementary. By J. T. Wight, A.M.I.Mech.E. 5 0 
Kilograms into Avoirdupois, Table for the Conversion of. 

Compiled by Redvers Elder. On paper . . . .10 

Logarithms for Beginners. By C. N. Pickworth, Wh.Sc. 

Fourth Edition * , . . . . . .16 
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Logarithms, Five Figure, and Trigonometrical Functionc. 

By W. E. Dommett, A.M.I.A.E., and H. C. Hird, AiF.Ae.S. 
(Reprinted from Mathematical Tables) . . .10 

Mathematical Tables. By W. E. Dommett, A.M.I.A.E., and 

H. C. Hird, A.F.Ae.S ,.46 

Mathematics and Drawing, Practical. By Dalton Grange. 2 6 
With Answers . . . . . . . .30 

Mathematics, Engineering, Application of. By W. C. 

Bickley, M.Sc * 5 0 

Mathematics, Experimental. By G. R. Vine, B.Sc. 

Book I, with Answers . . . . . . .14 

Book II, with Answers . . . . . . .14 

Mathematics for ^Engineers, Preliminary. By W. S. 

Ibbetson, B.Sc., A.M.I.E.E. . . . (In the Press) 

Mathematics for Technical Students. By G. E. Hall . 5 0 

Mathematics, Industrial (Preliminary), By G. W. String- 

fellow ........ .20 

With Answers . . . . . . » . .26 

Mathematics, Introductory. By J. E. Rowe, Ph.D. . . 10 6 

Measuring and Manuring Land, and Thatchers' Work, 

Tables for. By J. Cullyer. Twentieth Impression . .30 

Mechanical Tables. By J. Foden . . . . .20 

Mechanical Engineering Detail Tables. By John P. 

Ross .......... 7 6 

Metalworker's Practical Calculator, The. By J.Mfttheson 2 0 

Metric and British System of Weights, Measures, and 

Coinage. By F. Mollwo Perkin . . . . .36 

Metric Conversion Tables. By W. E. Dommett, A.M.T A.E. 1 0 

Metric Lengths to Feet and Inches, Table for the Con- 
version OF. Compiled by Red vers Elder 

On paper ......... 1 0 

On cloth, varnished . . . . . . .20 

Mining Mathematics (Preliminary). By, George W. String- 

fellow .......... 1 6 

With Answers . . . . , . . .20 

Quantities and Quantity Taking. By W. E. Davis. Sixth 

Edition ^ 6 0 

Reinforced GaNCRETE Members, Simplified Methods of 
Calculating. By W. N. Twelvetrecs, M.I.M^., A.M.I.E.IL 
Second Edition, Revised and Enlarged . . . ..50 

Russian Weights and Measures, with their, British and 

Metric Equivalents, Tables of. By Redvers Elder . 2 6 

Slide Rule, The. By C. N. Pickworth, Wh.Sc. Seventeenth 

Edition, Revised ... . . . . . .36 

Slide Rule: Its Operations ; and Digit Rules, The. By A. 

Lovat Higgins, A.M.Inst.C.E. 

Steel's Tables. Compiled by Joseph Steel .... 3 

Telegraphy and Telephony, Arithmetic of. By T. E. 

Herbert, A.M.I.E.E., and R. G. de Wardt . . .50 

Textile Calculations. By J. H. Whitwam, B.Sc. . , 26 0 • 


CO CO 
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^Mathematics for Engineers — contd. s. d. 

Trigonometry^ FOR Engineers, A Primer of. By W. G. 

Dunkley, B.Sc. (Hons.) . . . . . . ,50 

Trigonometry for Navigating Officers. By \V. Percy 

Winter, B.Sc. (Hons.), Lond.. . . . . . 10 6 

Trigonometry, Practical. By Henry Adams, M.I.C.E., 

M.I.M.E., F.S.I. Third Edition, Revised and Enlarged . 5 0 

Ventilation, Pumping, and Haulage, Mathematics of. By 

F. 3irks . . . . . . . . .50 

Workshop Arithmetic, First Steps in. By H. P. Green . 1 0 

MISCELLANEOUS TECHNICAL BOOKS 

Brewing and Malting. By J. Ross Mackenzie, F.C.S., F.R.M.S. 

Second Edition . . . . . . . .86 

Ceramic Industries Pocket Book. By A. B. Searle . .86 

Engineering Economics. By T. H. Burnham, B.Sc. (Hons.), 

B.Com., A.M.I.Mecli.E. . . . . . . 10 6 

Engineering Inquiries, Data i^or. By J. C. C'onnan, B.Sc., 

A.M.I.E.E., O.B.E 12 6 

Estimating. By T. H. Hargrave. . . . .76 

Glue and Gelatine. By P. I. Smith . . . . .86 

Lightning Conductors and Lightning Guards. By Sir 

Oliver J. Lodge, F.R.S., LL.D., D.Sc., M.I.E.E. . . 15 0 

Music Engraving and IVinting. By Wm. Gamble . . 21 0 

Petroleum. l3y Albert Lidgett, Editor of the “ Petroleum 

Times” Third Edition . . . . . . .50 

Printing. By H. A. Maddox . . . . . .50 

Refractories FOR Furnaces, Crucibles, ETC. By A. B. Searle 5 0 

Refrigeration, Mechanical. By Hal Williams, M.I.Mcch.E , 

M.I.E.E., M.I.Struct.E 20 0 

Seed Testing. By J. Stewart Remington . . . . 10 6 


Stores Accounts and Stores Control. By J. H. Burton . 5 0 

Technical Dictionary qf Engineering and Industrial 
Science in Seven Languages : English, French, Spanish, 
Italian, Portuguese, Russian, and German. Compiled 
by Ernest Slater, M.I.E.E., M.I.Mech.E., in collaboration 
with leading authorities. Complete in four volmn^ . 8 0 

PITMAN’S TECHNICAL PRIMERS 

Each in foolscap 8vo, cloth, about 120 pp., illustrated . .26 

In each book of the series the fundamental principles of 
some subdivision of technology are treated in a practical 
manner, providing the student with a handy survey of the 
particular branch of technology with which he is concerned. 

They should prove invaluable to the busy practical man who 
has not the time for more elaborate treatises. 

Abrasive Materials. By A. B. Searle. 

A.C. Protective Systems and Gears . By J . Henderson, B.Sc., 

M.C., and C. W. Marshall, B Sc., A.M.I.E.E. 
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5 . d. 

Pitman’s Technical Primers — contd . t 2 6 

Kelts for Power Transmission. By W. G. Dunkley, B.Sc. 

(Hons.). 

^^ILER Inspection and Maintenance. By R. Clayton. 

Capstan and Automatic Lathes. By Philip Gates. , 

Central Stations, Modern. By C. W. Marshall, B.Sc., 
A.M.I.E.E. 

Coal Cutting Machinery, Longwall. By G. F. F. Eagar, 
M.I.Min.E. 

Continuous Current Armature Winding. By F. M. Denton, 
A.C.G.I., A.Ainer.I.E.E. 

Continuous Current Machines, The Tesiing of. By Charles 
F. Smith, D.Sc., M.I.E.E., A.M.I.C.E. 

Cotton Spinning Machinery and Its Uses. By Wm. Scott 
Taggart, M.I.Mech.E. 

Diesel Engine, The. By A. Orton. 

Drop Forging and Drop Stamping. By H. Hayes. 

Electric Cables. By F. W. Main, A.M.I.E.E. 

Electric Cranes and Hauling Machines. By F. E. Chilton, 
A.M.I.E.E. 

Electric Furnace, The. By Frank J. Moffett, B.A., M.I.E K., 
M.Cons.E. 

Electric Motors, Small. By E. T. Painton, B.Sc., A.M.I.E.E. 

Electric Power Systems. By Capt. W. T. Taylor, M.Insl.C.E. 
M.I.Mech.E. 

Electrical Insulation. By W. S. Flight, A.M.I.E.E. 

Electrical Transmission of Energy. By W. M. Thornton, 

O.B.E., D.Sc., M.I.E.E. 

Electricity in Agriculture. By A. H. Allen, M.I.E.E. 

Electricity in Steel Works. By Wm. McFarlane, B.Sc. 

Electrification of Railways, The. By H. F. Trewman, M.A. 

Electro-Deposition of Copper, The. And its Industrial 
Applications. By Claude W. Denn}^ A.M.I.E.E. 

Explosives, Manufacture and Uses of. By R. C. Farmer, 

O.B.E., D.Sc., Ph.D. 

Filtration. By T. R. Wollaston, M.I.Mech.E. 

Foundrywork. By Ben Shaw and James Edgar. 

Grinding Machines and Their Uses. By Thos. R. Shaw, 
M.I.Mech.E. 

House Decorations and Repairs. By Wm. PAbble. 

Hydro-Electric Development. By J. W. Meares, F.R.A.S., 
M.Inst.C.E., M.I.E.E., M.Am.I.E.E. 

Illuminating Engineering, The Elements of. By A. P. 

Trotter, M.I.E.E. 

Industrial and Power Alcohol. By R. C. Farmer, O.B.E., 

D.Sc., Ph.D., F.I.C. 

Industrial Electric Heating. ByJ.W. Beauchamp, M.I.E.E. 

Industrial Motor Control. By A. T. Dover, M.I.E.E. 

Industrial Nitrogen. By P. H. S. Kempton, B.Sc. (Hons.), 
A.R.C.Sc. 
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PitmaT^’s Technical Primers — contd . 6 

Kinematograi»h Studio Technique. By L. C. ]\Iacbean. 

Lubricants and Lubrication. By J. H. Hyde. 

Mechanical Handling of CtOods, The. By C. H. Woodficld, 
M.I.Mech.E. 

Mechanical Stoking. By D. Brownlie, B.Sc., A.M.I.M.E. 

(Double volume, price 5s. net.) 

Metallurgy of Iron and Steel. Based on Notes by Sir 
Rooert Hadfield. 

Municipal Engineering. By H. Percy Boulnois, M.lnst.C.E., 

F.R. San. Inst., F.Inst.S.E. 

Oils, Pigments, Paints, and Varnishes. By R. H. Truelove. 
Patternmaking. By Ben Shaw and James Edgar. 

Petrol Cars and Lorries. By F. H(ap. 

Photographic Technique. By L. J. Hibbert, F.R.P.S, 

Pneumatic Conveying. By E. G. Phillips, M I E.E., 
A.M.I.Mech.E. 

Power Factor Correction. By A. E. Clayton, B Sc. (Eng.) 

Lond., A.K.C., A.M.l.E.E. 

Radioactivity and Radioactive Substancis. By J, 
Chadwick, M.Sc. 

Railway Signalling : Automatic. By F. Raynar Wilson. 

Railway Signalling : Mechanical. By F. Raynar Wilson. 

Sewers and Sewerage. By H. Gilbert Wh3^att, M.I.C.E. 

Sparking Pl^Jgs. By A. t*. Young and H. Warren. 

.Steam Engine Valves and Valve Gears. By E. L. Ahrons, 
M.I.Mech.E., M.I.Loco.E. 

-Steam Locomotive, The. By E. L. Ahrons, M.I.Mech E., 
M.I.Loco.E. 

Steam Locomotive Construction and Maintenance. By E. 

L. Ahrons, M.I.Mech.E., M.I.Loco.E. 

Steels, Special. Based on Notes by Sir Robert Hadfield, 

Bart. : compiled by T. H. Burnham, B.Sc. (Double volume, 
price 5s.) 

Steelwork, Structural. By Wm. H. Black. 

Streets, Roads, and Pavements. By H. Gilbert Whyatt, 

M. lnst.C.E., M.R.San.I. 

Switchboards, High Tension. By Henry E. Poole, B.Sc. 

(Hons.), Loud., A.C.G.I., A.M.l.E.E. 

Switchgear, High I^ension. By Henry E. Poole, B.Sc. (Hons.), 
A.C.G.I., A.M.l.E.E. 

Switching and Switchgear. By Henry E. Poole B.Sc. (Hons.), 
A.C.G.I., A.M.l.E.E. 

Telephones, Automatic. By F. A. Ellson, B.Sc., A.M.l.E.E. 

(Double volume, price 5s.) 

Tidal Power. By A. M. A. Struben, O.B.E., A.M.Inst.C.E. 

Tool and Machine Setting. For Milling, Drilling, Tapping, 

Boring, Grinding, and Press Work. By Philip Gates. 

Town Gas Manufacture. By Ralph Staley, M.C. 

Traction Motor Control. By A. T. Dover, M.I.E.E. 
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COMMON COMMODITIES SERIES 


s. d. 

Pitman’s Technical Primers — conid. ' 2 6 

Transformers and Alternating Current Machines, ihe 
Testing of. ••By Charles F. Smith, D.Sc., A.M.lnst.C.E., 

Wh.Sc. 

Transformers, High Voltage Power. By Wm. T. Tayler, 
M.Inst.C.E., M.I.E.E. 

Transformers, Small Single-Phase. By Edgar T. Painton, 

B.Sc. Eng. (Hons.) Lond., A.M.I.E.E. 

Water Power Engineering. By F. F. Fergusson, 

A. M.lnst.C.E. 

Wireless Telegraphy, Continuous Wave. By B. E. G. 

Mittcll, A.M.I.E.E. 

Wireless Telegraphy, Directive. Direction and Position 
Finding, etc. By L. H. Walter, M.A. (Cantab.), A.M.I.E.E. 
X-Rays, Industrial Application of. By P. H. S. Kempton, 

B. Sc. (Hons.). 

COMMON COMMODITIES AND 
INDUSTRIES SERIES 

Each book is crown 8vo, cloth, with many illustrations, etc. . 3 0 

In each of the handbooks in this .series a particular product 
or industry is treated by an expert writer and practical man 
of business. 

Acids, Alkalis, and Salts. By G. H. J. Adlam, M. A., •B.Sc., 

F.C.S. 

Alcohol in Commerce and Industry. By C. Simmonds, 

O.B.E., B.Sc., F.I.C., F.C.S. 

Aluminium. Its Manufacture, Manipulation, and Marketing. 

By George Mortimer, M Inst. Met. 

Anthracite. By A. Leonard Summers. 

Asbestos. By A. Leonard Summers. 

Bookbinding Craft and Industry, The. By T. Harrison. 

Books : From the MS. to the Bookseller. By J. L. Young. 

Boot and Shoe Industry, The. By J. S. Harding. 

Bread and Bread Baking. By John Stewart. 

Brushmaker, The. By Wm. KLddier. 

Butter and Cheese. By C. W. Walker Tisdale, F.C.S., and 
Jean Jones, B.D.F.D., N.D.D. 

Button Industry, The. By W. Unite Jones. ' 

Carpets. By Reginald S. Brinton. 

Clays and Clay Products. By Alfred B. Searle. 
njClocks and Watches. By G. L. Overton. 

Cloths and the Cloth Trade. By J. A. Hunter. 

Clothing Industry, The. By B. W. Poole. 

Coal. Its Origin, Method of Working, and Preparation for the 
Market. By Francis H. Wilson, M.Inst.M.E. 

Coal Tar. By A. R. Warnes, F.C.S., A.I.Mech.E. 

Cocoa and Chocolate Industry, The. By A. W. Knapp, 

B.Sc., F.I.e. 
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COMMOV^^MMODITIES AND INDUSTRIES SERIES — COntd. 3 0 

Coffee. From* Grower to Consumer. By B. B. Keable. 

Cold Storage and Ice Making. By B. H. Springet\ 

Concrete and Reinforced Concrete. By W. Noble Twelve- 
trees, M.I.M.E., A.M.I.E.E. 

Copper. From the Ore to the Metal. By H. K. Picard, M.Inst. 
of Min. and Met. 

Cordage and Cordage Hemp and Fibres. By T. Woodhouse 
and P. Kilgour. 

Corn Trade, The British. By A. Barker. 

Cotton. From the Raw Material to the Finished Product. P*y 
R. J. Peake. 

Cotton Spinning. By A. S. Wade. 

^/Cycle Industry, The. By W. Grew. 

Drugs in Commerce. By J. Humphrey, Ph.C., F.J.I. 

Dyes and Their Application to Textile Fabrics. By A. J. 

Hall, B.Sc., F.J.C , F.C S. 

Eleciric Lamp Industry, The. By G Arnchtfo Percival. 

4*' Electricity. By R. E. Neale, B.Sc. (Hons ). 

Engraving. By T. W. Lascelles. 

Explosives, Modern. By S. I. Levy, B A , B.Sc , F.J.C. 
Fertilizers. By H. Cave. 

Film Industry, The. By Davidson Boughcy. 

Fishing Industry, The. J3y W. K. Gibbs, D.Sc. 

Furniture. By H. E. Biristead. Second Edition. 

Furs and ihe Fur Trade. By J. C. Sachs. 

CrAS AND Gas Making. By W. H. Y. Webber, C.E. 

(tLASS and Glass Manufacture. By P. Mason, Honours and 
Medallist in Glass Manufacture. 

Gloves and the Glove Trade. By B. E. Ellis. 

Gold. By Benjamin Wliite. 

Gums and Resins. Their Occurrence, Properties, and Fses. 

By Ernest J. Parry, B.Sc , FM.C , F.C.S. 

Incandescent Lighiing. By S. I Levy, H.A , B.Sc., F.I.C. 

Ink. By C. Ainsworth Mitchell, M.A., F.T.C 

Internal Combustion Engines. By J Okill, M.I.A.E 

Iron and Steel. Their Production and Manufacture By C. 

Hood. 

Ironfounding. By B. Whitelcy. 

Jute Industry, The. By T. Woodhouse and P. Kilgour. 

Knitted Fabrics. By John Chamberlain and James H. 

Quilter. 

Lead. Including Lead Pigments. By J. A. Smythc, Ph.D ,D.Sc. 
Leather. From the Raw Material to the Finished Product. 

By K. J. Adcock. 

Linen. From the F'ield to the Finished Product. By Alfred S. 

Moore. 

Locks and Lock Making. By F. J. Butter. 

Match Industry, The. By W. H. Dixon. 

Meat Industry, The. By Walter Wood. 
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Motor Boats. By Major F. Strickland, M.I.A.E., M.^.M.E. 

Motor Industry, The. By Horace Wyatt, B.A. 

Nickel. By F. B. Howard White, B.A. 

Oil Power. By Sidney H. North, A.Inst.P.T. 0 

Oils. Animal, Vegetable, Essential, and Mineral. By C. 

Ainsworth Mitchell, M.A., F.I.C. 

Paints and Varnishes. By A. S. Jennings, F.I.B.D. 

Paper. Its History, Sources, and Production. By Harr}^ A. 

Maddox, Silver Medallist Papermaking. Second Edition. 

Patent Fuels. By J. A. Greene and F. Mollwo Perkin, C.B.E., 

Ph.D., F.I.C. 

Perfumery, Raw Materials of. By E. J. Parry, B.Sc., 

F.I.C., F.C.S. 

Photography. By William Gamble, F.R.P.S. 

Platinum Metals. By E. A. Smith, A.R.S.M., M.I.M.M. 

Player Piano, The. By D. Miller Wilson. 

Pottery. By C. J. Noke and H. J. Plant. 

Rice. By C. E. Douglas, M.T.MechE. ^ 

Rubber Production and Utilization of the Raw Product. 

By H. P. Stevens, M.A., Ph.D., F.I.C., and W. H. Stevens, 
A.R.C.Sc., A.I C. 

Salt. By A. F. Calvert, F.C.S. 

Shipbuilding and the Shipbuilding Industry. Bv J. 
Mitchell. M.I.N.A. 

Silk. Its Production and Manufacture. By Luther Hooper. 

Silver. By Benjamin White. 

Soap. Its Composition, Manufacture, and Properties. By 
William H. Simmons, B.Sc. (Lond.), F.C.S. 

Sponges. By E. J. J. Cress well. 

Starch and Starch Products. By H. A. Auden, D.Sc., 

F.C.S. 

Stones and Quarrifs. By J. Allen Howe, O.B.E., B.Sc., 

M.Inst. Min. and Met. 

Straw Hats. By H. Inwards. 

Sugar. Cane and Beet. By the late Geo. Martineau, C.B., and 
Revised by F. C. Eastick, M.A. Fifth Edition. 

Sulphur and the Sulphur Industry. By Harold A. Auden, 

M.Sc., D.Sc., F.C.S. 

Talking Machines. By Ogilvie Mitchell. 

Tea. From Grower to Consumer. By A. Ibbetson. 

Telegraphy, Telephony, and Wireless. By Joseph Poole, 
A.M.I.E.E. 

Textile Bleaching. By Alex. B. Steven, B.Sc. (Lond.), F.I.C. 

Timber. From the Forest to Its Use in Commerce. By W. 

Bullock. Second Edition. 

Tin and the Tin Industry. By A. H. Mundey. 

Tobacco. From Grower to Smoker. By A. E. Tanner. 

Velvet and the Corduroy Industry. By J. Herbert Cooke. 
Wallpaper. By G. Whiteley Ward. 
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Weaving. By^. P. Crankshaw. 

Wheat and Its Products. By Andrew Millar. 

Wine and the Wine Trade. 'Ey Andre L. Simon. 

Wool. From the Raw Material to the Finished Product. By 
J. A. Hunter. 

Worsted Industry. The. By J. Dumville and S. Kershaw. 

Second Edition. 

Zinc and Its Alloys. By T. E. Ix)nes. M.A., LL.D., B.Sc. 


Definitions and Formulae for Students 

This sciics of booklets is intended to piovidc the engineciing student 
with all necessary definitions and formulae in a convenient form so 
that he may keep his memory unburdened. 

The series consists of a number of booklets, each of about 
32 pages in demy 16mo. Price 6d. net each. 

Electrical. By Philip Kemp, M.Sc., M.T.E.E. 

Heat TCng1*^ies. By Arnold Rimmcr, B.Eng. 

Applied Mechanics. By E. H. Lewitt, B.Sc., A.M.I.Mcch.E. 

Practical Mathematics. By Louis Toft, M.Sc. 

Chemistry. By W. Gordon Carey, F.I.C. 

Building. By T. Corkhill, F.B.I.C.C., M.I.Struct.E., M.Coll.H. 
Aeronautics. By John D. Frier, A.R.C.Sc., D.I.C. 
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